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Preface

The symbiotic relationship between mathematics and physics has seldom been more

apparent than in the development of quantum mechanics and the spectral theory

of self-adjoint operators in Hilbert spaces since the early years of the last century.

The lofty position that quantum mechanics has attained in science has corresponded

with the creation of powerful and elegant theories in functional analysis and operator

theory, each feeding voraciously on the problems and discoveries of the other. At

the core of this activity, the spectral analysis of the Schrödinger operator has been

intensively studied by many and the achievements have been impressive. These

range from the detailed description of the spectral properties of atoms subject to

electrostatic and magnetic forces, to the study initiated by Dyson and Lenard, and

then by Lieb and Thirring, concerning the stability of matter governed by systems

of particles under the influence of internal Coulomb forces and external fields.

Attempts to incorporate relativistic effects when appropriate in the theory have

encountered many difficulties. Dirac’s equation describes the electron and positron

as a pair and this yields an operator which is unbounded above and below. Such

operators are harder to deal with than those which are semi-bounded, as is typically

the case with the Schrödinger operator. Also it results in the Dirac operator not

being a suitable model to describe relativistic systems of many particles because

their spectrum occupies the whole of the real line and bound states are not defined.

In an effort to bypass these problems with the Dirac operator, various alternatives

and approximations have been suggested and studied for the kinetic energy term

in the total energy Hamiltonian, which preserve some essential features. The so-

called quasi-relativistic operator
√
−∆ + 1 (in appropriate units) shares with the

free Dirac operator D0 the property that its square is the Schrödinger operator,

and has the advantage that
√
−∆ + 1− γ/|x|, where γ/|x| represents the Coulomb

potential due to the electron-nuclear interaction, is bounded below for a range of

constants γ. This operator was studied by Herbst in [Herbst (1977)] and Weder in

[Weder (1974, 1975)], and their work is included within the discussion in this book.

The other main operator studied in depth in this book is that introduced by Brown

and Ravenhall in [Brown and Ravenhall (1951)], studied by Hardekopf and Sucher

in [Hardekopf and Sucher (1985)], which attempts to split the Dirac operator into

vii
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positive and negative spectral parts. The basic Brown–Ravenhall operator is of

the form Λ+ (D0 − γ/|x|) Λ+, where Λ+ is the projection onto the positive spectral

subspace of the free Dirac operator, and sensationally, it is bounded below, and

indeed positive, for all known elements. It is the restriction of the quasi-relativistic

operator to a subspace of the underlying L2 space and there is justification in

regarding it as a better physical model than the quasi-relativistic operator.

The book is primarily designed for the mathematician with an interest in the

spectral analysis of the operators of mathematical physics, but we hope that other

scientists will find topics of interest here, and we have written the book with that

in mind. The topics covered naturally reflect our own interests and areas of exper-

tise, and are mainly those with which we have been closely associated during the

last fifteen years. A knowledge of basic functional analysis and operator theory is

assumed, but the first chapter gives a brief survey of the necessary background ma-

terial to help the reader who is not familiar with, or needs reminding of, the material

and techniques in the following chapters. Much of Chapter 2 is taken up by precise

descriptions and the establishment of basic properties of the Dirac, quasi-relativistic

and Brown–Ravenhall operators with Coulomb potentials. This involves the defini-

tion of self-adjoint realisations in an appropriate Hilbert space, these being either

defined uniquely in the case of essential self-adjointness, or otherwise as a Friedrichs

extension, or some other physically relevant self-adjoint operator, associated with a

lower semi-bounded quadratic form. Of particular concern is the determination of

optimal conditions on the Coulomb potential for which the different types of self-

adjoint realisations are valid. The nature of the spectrum of these operators in turn

is addressed in Chapter 3, in particular the location of the essential spectrum, and

the existence of eigenvalues, which are either isolated from the essential spectrum or

embedded in it. The analysis of embedded eigenvalues is based on a simple abstract

virial theorem, modelled on a celebrated result of J. Weidmann for Schrödinger op-

erators, and this is then applied to each of the three types of operator in turn. The

stability of matter is a problem that has attracted a great deal of attention, and in

this context the Pauli operator in particular presents some interesting challenges.

Chapter 4 deals with some of these. There is a brief outline of some of the highlights

of what has been achieved over the last three decades, but the focus is mainly on

important auxiliary issues and techniques, which are of intrinsic interest. In par-

ticular the existence or otherwise of magnetic fields that give rise to zero modes of

the Pauli operator is examined in detail. Zero modes have some profound physical

and mathematical consequences, and because of their importance they merit sub-

stantial coverage. Topics covered include the following: a discussion of some known

examples with a description of techniques developed for their construction based

on quaternions; a detailed analysis of a class of magnetic potentials that give rise

to zero modes; growth rates and asymptotic limits of the magnetic potentials; and

the relevance of zero modes to some spectral, Dirac–Sobolev and Dirac–Hardy in-

equalities. Also techniques that have proved to be effective in establishing stability
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of matter results, including Lieb–Thirring inequalities, are discussed.

Chapters are divided into sections and most sections into subsections. Theorems,

corollaries, lemmas, remarks and equations are numbered consecutively within a

section. Thus equation (3.2.15) is the fifteenth equation in Section 3.2, which is the

second section in Chapter 3. Section 3.2.4 refers to the fourth subsection within

Section 3.2.

We are grateful to Tomio Umeda for his valuable comments on an earlier draft.

A. A. Balinsky and W. D. Evans

Cardiff University

May 2010



August 17, 2010 18:11 World Scientific Book - 9.75in x 6.5in spectral

x Spectral Analysis of Relativistic Operators

Basic Notation

• C complex plane; Cn : n-dimensional complex space;

• C+ = {z ∈ C : Im z > 0}; C− = {z ∈ C : Im z < 0};
• R real line; Rn : n-dimensional Euclidean space;

• R+ = (0,∞), R− = (−∞, 0);

• Sn : n-dimensional sphere;

• ωn = πn/2

Γ(1+ 1
2n)

, the volume of the unit ball in Rn;

• N : positive integers; N0 = N ∪ {0}; Z : all integers;

• f(x) � g(x) : c1 ≤ f(x)/g(x) ≤ c2 for some positive constants c1, c2.
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Chapter 1

Preliminaries

In this chapter we collect concepts and results, which will be essential tools for

describing and proving what follows in subsequent chapters. The discussion is brief

and few proofs are given; rather we give references to appropriate sources in the

literature. Unless mentioned otherwise, our Hilbert spaces are infinite dimensional

and over the complex field C.

1.1 Linear operators

We shall assume familiarity with the notions of bounded, closable, closed, symmetric

and self-adjoint operators: for a comprehensive treatment of what is needed, see

[Edmunds and Evans (1987)]. The following topics and facts are included in any

basic coverage, we collect them here for ease of reference as they will be important

later.

The first topic concerns von Neumann’s theory of extensions of a symmetric

operator and the supporting background material. The numerical range of a linear

operator T with domain D(T ) and range R(T ) in a Hilbert space H is the set

Θ(T ) := {(Tu, u) : u ∈ D(T ), ‖u‖ = 1},

where (·, ·), ‖ · ‖ are, respectively, the inner product and norm of H . It is a convex

subset of C and, hence, so is its closure Θ(T ). The complement ∆̃(T ) := C \Θ(T ),

has either one or two connected components. If T is bounded, Θ(T ) is a bounded set

and, hence, ∆̃(T ) is connected; if Θ(T ) is an infinite strip, ∆̃(T ) has two connected

components, ∆̃1(T ) and ∆̃2(T ), say, both being half-planes. Let T be closed, denote

by I the identity on H and let λ ∈ ∆̃(T ). Then T − λI has closed range R(T − λI)

with trivial null space (or kernel) N(T−λI) and its range has constant co-dimension

in each connected component of ∆̃(T ): in the standard terminology, T − λI is

therefore a semi-Fredholm operator with zero nullity, nul(T−λI) := dim N(T−λI),
and constant deficiency, def(T − λI) := codim R(T − λI), in each of ∆̃1(T ) and

∆̃2(T ). If T is a closed symmetric operator, Θ(T ) is a closed subinterval of the

real line and so ∆̃(T ) includes the upper and lower half-planes C±. In this case the

1
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constant values of def(T−λI) for λ ∈ C± are called the deficiency indices (m+,m−)

of T :

m∓(T ) := def(T − λI), λ ∈ C±

and also

def(T − λI) = dim[R(T − λI)⊥] = nul(T ∗ − λI),

where ⊥ denotes the orthogonal complement, and T ∗ the adjoint of T. The closed

subspaces N± := N(T ∗∓iI) are called the deficiency subspaces of T, their dimension

being the deficiency indices m±(T ). An important result of von Neumann is that if

T is a closed symmetric operator, the domain D(T ∗) of its adjoint T ∗ has the direct

sum decomposition

D(T ∗) = D(T ) u N+ u N−.

This gives

dim {D(T ∗)/D(T )} = m+(T ) +m−(T ), (1.1.1)

where D(T ∗)/D(T ) denotes the quotient space.

A closed symmetric operator T is self-adjoint if and only if R(T − λI) = R(T −
λI) = H for some, and consequently all, λ /∈ R. Therefore T is self-adjoint if and

only if m+(T ) = m−(T ) = 0. Another consequence of von Neumann’s theory of

extensions of symmetric operators is that T has a self-adjoint extension if and only

if m+(T ) = m−(T ). If T is not closed, but only assumed to be closable, it is said

to be essentially self-adjoint if its closure T is self-adjoint. Equivalently, T = T ∗ is

the unique self-adjoint extension of T.

The following Kato–Rellich theorem, concerning the stability of self-adjointness

or essential self-adjointness under perturbations will have an important role to play.

Recall that a linear operator P in H is said to be relatively bounded with respect to

T, or T -bounded, if D(T ) ⊆ D(P ) and there exist non-negative constants a, b, such

that

‖Pu‖ ≤ a‖u‖+ b‖Tu‖, for all u ∈ D(T ). (1.1.2)

The infimum of the constants b satisfying (1.1.2) for some a ≥ 0 is called the T -

bound of P. If P is T -bounded, satisfies (1.1.2) and is closable, then P is T -bounded

and

‖Pu‖ ≤ a‖u‖+ b‖Tu‖, for all u ∈ D(T ).

P is said to be T -compact if D(T ) ⊆ D(P ) and for any sequence {un} in D(T ) which

is such that ‖Tun‖ + ‖un‖ is bounded, {Pun} contains a convergent subsequence.

If we endow D(T ) with its graph norm, namely,

‖u‖T := (‖Tu‖2 + ‖u‖2)1/2,

then P is T -compact if its restriction to D(T ) is a compact map from D(T ) into H.

If T is self-adjoint, this is equivalent to saying that P (T + i)−1 is compact on H.

Theorem 1.1.1. Let T be a symmetric operator in H and P a symmetric operator,

which is T -bounded with T -bound < 1. Then
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(1) if T is self-adjoint, so is T + P ;

(2) if T is essentially self-adjoint, so is T + P and T + P = T + P ;

(3) if P is T -compact and T is self-adjoint, then T + P is self-adjoint.

The theorem does not hold in general if P is assumed to have T -bound 1.

However, the following is proved by Wüst in [Wüst (1971)]; see also [Kato (1976)],

Theorem V.4.6.

Theorem 1.1.2. Let T be essentially self-adjoint and P a symmetric operator with

D(T ) ⊆ D(P ) and ‖Pu‖ ≤ a‖u‖ + ‖Tu‖ for some a ≥ 0 and all u ∈ D(T ). Then

T + P is essentially self-adjoint.

1.2 Quadratic forms

In quantum mechanics, the differential operators encountered, like the Schrödinger

and Dirac operators, are required by the theory to be self-adjoint in the underlying

Hilbert space H. This is often not an easy property to establish, and it is custom-

ary to start by first restricting the operator on C∞
0 (R3), for instance, so defining a

symmetric operator. If this operator is essentially self-adjoint, then there is no am-

biguity about the self-adjoint operator to be taken, since the closure is the unique

self-adjoint extension. However, it is often the case that there are many self-adjoint

extensions and then physical considerations come into play in selecting the appro-

priate self-adjoint extension. The physically relevant extension is the Friedrichs

extension. This is defined in terms of a symmetric quadratic (or sesquilinear) form

associated with the initial symmetric operator; see [Edmunds and Evans (1987)],

Chapter IV. More generally, one can start with a symmetric quadratic form t (usu-

ally referred to merely as a form), which is densely defined, bounded below and

closed in H. Closed means that if t[u] := t[u, u] ≥ δ‖u‖2 for all u in the domain

D(t) of t, then D(t) endowed with the norm ‖u‖t := (t − δ + 1)1/2[u] is complete:

the form is closable if the completion of D(t) with respect to the aforementioned

norm can be identified with a subspace of H, i.e., this completion of D(t) is contin-

uously embedded in H. We set Ht to be the normed space (D(t); ‖ · ‖t): it is in fact

an inner-product space as the norm is obviously generated by the inner product

(t− δ + 1)[·, ·].
A form p is said to be relatively bounded with respect to a form t, or simply

t-bounded, if D(p) ⊇ D(t) and

|p[u]| ≤ a‖u‖2 + b|t[u]|, u ∈ D(t), (1.2.1)

where a, b are non-negative constants. The infimum of the constants b satisfying

(1.2.1) for some a ≥ 0 is called the t-bound of p. The analogue of Theorem 1.1.1 for

forms is

Theorem 1.2.1. Let t be a densely defined, symmetric quadratic form, which is

bounded below, and p a symmetric form, which is t-bounded with t-bound < 1. Then
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(1) t is closable;

(2) t+ p is bounded below;

(3) t+ p is closable with the closures of t and t+ p having the same domain;

(4) t+ p is closed if and only if t is closed.

There is a physically distinguished self-adjoint operator associated with t, given

by Kato’s first representation theorem:

Theorem 1.2.2. Let t be a closed, densely defined quadratic form in H, which is

bounded below. Then there exists a self-adjoint operator T in H such that

(1) u ∈ D(T ) if and only if there exists f ∈ H such that, for all v ∈ D(t),

t[u, v] = (f, v)

in which case f = Tu;

(2) D(T ) is dense in Ht;

(3) if u ∈ D(t), f ∈ H and

t[u, v] = (f, v)

for all v in a dense subspace of Ht, then f = Tu.

The space Ht is referred to as the form domain of T, and is usually denoted by

Q(T ).

If T0 is a given symmetric operator in H which is bounded below, the form

t0[u, v] = (T0u, v), u, v ∈ D(T0),

is closable, densely defined and bounded below and its closure satisfies the first

representation theorem. In this case the operator T in the theorem is the Friedrichs

extension of T0. It is in fact the restriction of T ∗
0 to D(T ∗

0 )∩D(t) and has the same

lower bound as T0.

Suppose now that t = t1+t2, with domain D(t1)∩D(t2), where t1, t2 are densely

defined, closed forms, which are bounded below, and that t is also densely defined,

closed and bounded below. Then, self-adjoint operators T, T1, T2 are associated

with the forms t, t1, t2. In this case T is called the form sum of T1 and T2, written

T = T1 u T2. If D(T1) ∩ D(T2) is dense in H , the Friedrichs extension of T1 + T2

is also defined, but in general this differs from the form sum; see [Kato (1976)],

Example VI-2.19.

A non-negative self-adjoint operator T has a unique square root T 1/2 which is

also non-negative and self-adjoint. Furthermore, D(T ) is a core of T 1/2, i.e., D(T )

is dense in the Hilbert space H+(T 1/2) defined by D(T 1/2) with the graph norm

‖u‖H+(T 1/2) :=
(
‖T 1/2u‖2 + ‖u‖2

)1/2

= ‖(T + 1)1/2u‖.

These observations lead to the second representation theorem:
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Theorem 1.2.3. Let t be a closed, densely defined, non-negative symmetric form,

and let T be the associated self-adjoint operator. Then D(t) = D(T 1/2) and

t[u, v] = (T 1/2u, T 1/2v), u, v ∈ D(T 1/2).

Thus Q(T ) = H+(T 1/2).

The operator (T + 1)1/2 is an isometric isomorphism of H+(T 1/2) onto H and

its adjoint is (T + 1)1/2, which is an isometry of H onto H−(T 1/2), the completion

of H with respect to the norm

‖u‖H−(T 1/2) = ‖((T + 1)−1/2u‖2.

We have the triplet of spaces

H+(T 1/2) ↪→ H ↪→ H−(T 1/2), (1.2.2)

with embeddings defined by the identification maps, which are continuous and have

dense ranges.

Let P be a non-negative, self-adjoint operator, which is a form-bounded pertur-

bation of the non-negative self-adjoint operator T in the sense that Q(P ) ⊇ Q(T ) =

H+(T 1/2), i.e., D(P 1/2) ⊇ D(T 1/2) and

‖P 1/2u‖ ≤ K‖u‖H+(T 1/2)

for some non-negative constant K. Then P is said to be form compact, relative to T,

or form T -compact, if it is compact from H+(T 1/2) to H−(T 1/2). Equivalently, this

means that (T + 1)−1/2P (T + 1)−1/2 : H → H is compact. Note that, on setting

A = P 1/2(T + 1)−1/2, we have (T + 1)−1/2P (T + 1)−1/2 = A∗A, which is compact

on H if and only if A is compact.

Theorem 1.2.3 yields the polar decomposition of a general densely defined, closed

operator S acting between two Hilbert spaces H+ and H−. In this case

s[u, v] := (Su, Sv)H−
, u, v ∈ D(S) ⊆ H+

is densely defined, non-negative and closed, since

(s+ 1)[u] = ‖Su‖2
H−

+ ‖u‖2
H+

= ‖u‖2
H+(S)

and H+(S) is complete. It follows that the non-negative, self-adjoint operator

associated with s in Theorem 1.2.3 is T = S∗S and

s[u, v] = (T 1/2u, T 1/2v)H+ , u, v ∈ D(T 1/2) = D(S).

The operator T 1/2 = (S∗S)1/2 is called the absolute value of S and written |S|.
The form domain of a general self-adjoint operator S is defined to be Q(|S|). The

operators S± := (1/2)(|S| ± S) are called the positive and negative parts of S. The

map

|S|u 7→ Su : R(|S|) onto R(S)
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is an isometry, and extends by continuity to an isometry U from R(|S|) = N(|S|)⊥
onto R(S) = N(S)⊥. On setting Uu = 0 for u ∈ R(|S|)⊥ = N(|S|), U is a partial

isometry with initial set R(|S|) and final set R(S). Its adjoint U ∗ is a partial

isometry with initial set R(S) and final set R(|S|). The formula

S = U |S|, D(S) = D(|S|), (1.2.3)

is called the polar decomposition of S. See [Edmunds and Evans (1987)], Section

IV.3 for further details.

An elegant way of establishing (1.2.3) and consequent properties, is based on the

notion of a supercharge in supersymmetric quantum mechanics ; see [Thaller (1992)]

Chapter 5. Abstractly, a supercharge Q is a self-adjoint operator in a Hilbert space

H which anti-commutes with a unitary involution τ defined on H, i.e., τ is a bounded

self-adjoint operator on H which is such that ττ ∗ = τ∗τ = τ2 = I and Qτ+τQ = 0.

The operators P± = 1/2(1±τ) are orthogonal projections onto subspaces H± and H

has the orthogonal sum decomposition H = H+ ⊕H−. On expressing u = u+ +u−
as the column vector (u+, u−)t, where the superscript denotes the transpose, the

standard representation for τ is

τ =

(
1 0

0 −1

)

with respect to which, a supercharge Q is an off-diagonal matrix operator. It is

readily shown that there is a 1-1 correspondence between densely defined closed

operators S acting between H+ and H−, and supercharges of the form

Q =

(
0 S∗

S 0

)

on D(Q) = D(S) ⊕ D(S∗) in H = H+ ⊕ H−. The operator Q is self-adjoint and

D(Q2) = {f ∈ D(Q) : Qf ∈ D(Q)} = D(S∗S) ⊕ D(SS∗).

Since

N(Q) = N(S) ⊕ N(S∗),

and

N(Q) = N(Q2) = R(Q)⊥,

it follows that

N(S) = N(S∗S) = R(S∗)⊥ = R(S∗S)⊥ (1.2.4)

and

N(S∗) = N(SS∗) = R(S)⊥ = R(SS∗)⊥. (1.2.5)

Also, by (1.2.3) and S∗ = |S|U∗, we have on N(Q)⊥ that
(
S∗S 0

0 SS∗

)
= Q2 =

(
U∗SS∗U 0

0 US∗SU∗

)
.
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From this we can infer that S∗S on (N(S))⊥ is unitarily equivalent to SS∗ on

(N(S∗))⊥ and so

σ(SS∗) \ {0} = σ(SS∗) \ {0}, (1.2.6)

where σ denotes the spectrum. In particular, if λ 6= 0, is an eigenvalue of S∗S with

eigenvector f, then λ is an eigenvalue of SS∗ with eigenvector Sf, since

SS∗(Sf) = S(S∗Sf) = λSf.

Conversely, if SS∗g = λg, λ 6= 0, then g ∈ D(S∗) and S∗SS∗g = λS∗g. Hence,

f = S∗g 6= 0 and satisfies S∗Sf = λf. Thus g is of the form g = Sf, where f is an

eigenvector of S∗S corresponding to λ. See [Thaller (1992)], Section 5.2 for a more

comprehensive and detailed discussion.

1.3 Spectra of self-adjoint operators

To fix notation, we recall the basic definitions. The resolvent set ρ(T ) of a closed

operator T in H is the open subset of C defined by

ρ(T ) := {λ ∈ C : (T − λI)−1 is bounded on H};
(T − λI)−1 is called the resolvent of T. The spectrum σ(T ) is the complement

C \ ρ(T ). If T is self-adjoint, the half-planes C± lie in ρ(T ) and

‖(T − λI)−1‖ ≤ |Imλ|−1, λ /∈ R.

Hence, the spectrum of a self-adjoint operator is a closed subset of the real line. Its

discrete spectrum σD(T ) consists of the isolated eigenvalues of finite multiplicity.

The complement σ(T ) \ σD(T ) is the essential spectrum σe(T ) of T. The essential

spectrum is a closed subset of R and can contain eigenvalues, which are either

not isolated or are of infinite multiplicity. The set of all eigenvalues of T is called

the point spectrum σp(T ). If {E(λ)} is the (right continuous) spectral family of

projections associated with T, then P (λ) := E(λ) − E(λ − 0) 6= 0 if and only if

λ is an eigenvalue, in which case P (λ) is the projection of H onto the eigenspace

corresponding to λ. Let Hp denote the closed subspace of H spanned by all the

P (λ)H and Hc := H⊥
p . It can be shown that u ∈ Hc if and only if (E(λ)u, u) =

‖E(λ)u‖2 is a continuous function of λ. The spectrum of the restriction of T to Hp

is σp(T ) and the spectrum of the restriction of T to Hc is called the continuous

spectrum of T and written σc(T ).

It is helpful to subdivide σc(T ) into two parts, determined by the properties of

the Borel measure mu(S) := (E(S)u, u) for u ∈ H, where, for instance, E([a, b]) =

E(b) − E(b − 0). The absolutely continuous (singular) subspace Hac(Hs) of T is

the set of u ∈ H for which the measure mu is absolutely continuous (singular). The

absolutely continuous spectrum σac(T ) (singular continuous spectrum σsc(T )) of T

are the spectra of the restrictions of T to Hac, Hs respectively. It can be shown that

H has the orthogonal decomposition H = Hac ⊕ Hsc ⊕ Hp and Hc = Hac ⊕ Hsc.

See [Reed and Simon (1978)] for further details.
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1.4 Compact operators

A particularly important role for compact self-adjoint operators in spectral analysis

is as a tool for locating essential spectra. This is a consequence of a celebrated

result of H. Weyl, namely, that if a symmetric operator P is T -compact, where T

is self-adjoint, then σe(T + P ) = σe(T ). From this it follows that if T, S are self-

adjoint operators and (T − λI)−1 − (S − λI)−1 is compact for some (and hence

all) λ ∈ ρ(T ) ∩ ρ(S), then σe(T ) = σe(S). The following two improvements are

useful in applications. The first concerns an operator sum and the second a form

sum. In the first we use the notion of T n-compactness, with T ≥ 0 assumed if

n /∈ N: an operator P is said to be T n-compact if D(P ) ⊃ D(T ) and for any

sequence {um} which is such that ‖T num‖2 + ‖um‖2 is bounded, then {Pum}
contains a convergent subsequence. In other words, P is compact as a map from

D(Tn) with the graph norm (‖T nu‖2+‖u‖2)1/2 into H or, equivalently, P (T n+i)−1

is compact on H. In the second P is form T n-compact, which means that T ≥ 0

and (T + 1)−n/2|P |(T + 1)−n/2 is compact in H.

Theorem 1.4.1. Let T be a self-adjoint operator, P a symmetric operator defined

on D(T ), which is T n-compact for some n ∈ N, and suppose that T + P is self-

adjoint. Then

σe(T + P ) = σe(T ).

Gustafson and Weidmann proved in [Gustafson and Weidmann (1969)] that

Theorem 1.4.1 for n ∈ N is no more general than Schechter’s original result in

[Schechter (1966)] for the case n = 2.

Theorem 1.4.2. Let T be a positive self-adjoint operator and P a self-adjoint oper-

ator with Q(P ) ≡ Q(|P |) ⊃ Q(T ). Suppose the form associated with the sum T +P

is bounded below and closed on Q(T ) and let S be the form sum T uP. Suppose that

at least one of the following is satisfied:

(1) P is Tn-compact for some n ∈ N;

(2) Q(|P |) ⊃ Q(T ) and |P | is form T n-compact for some n ∈ N.

Then σe(S) = σe(T ).

See [Reed and Simon (1978)] p. 116, Corollary 4.

For semi-bounded, self-adjoint operators, the max-min principle quoted in the

next theorem is an invaluable analytical and computational tool. In Chapter 4, we

shall give a result that establishes a modified version for operators with a spectral

gap, and thus, in particular, the Dirac operator. The eigenvalues of the self-adjoint

operator T below are counted according to their multiplicity and arranged in in-

creasing order.
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Theorem 1.4.3. Let T be a lower semi-bounded, self-adjoint operator in H and,

for each n ∈ N, define

µn(T ) := sup
Mn−1

inf
ψ ∈ D(T ) ∩M⊥

n−1,

‖ψ‖ = 1

(Tψ, ψ), (1.4.1)

where the supremum is taken over all linear subspaces Mn−1 of H of dimension at

most n− 1. Then, for each n ∈ N, the following hold.

(i) µn(T ) < λe(T ) := inf{λ ∈ σe(T )} if and only if T has at least n eigenvalues

less than λe(T ). In this case, µn(T ) is the nth eigenvalue of T and the infimum in

(1.4.1) is attained when Mn−1 is the linear span of e1, e2, · · · , en, where ej is the

eigenvector of T corresponding to the jth eigenvalue.

(ii) µn(T ) = λe(T ) if and only if T has at most n− 1 eigenvalues less than λe(T ),

and in this case µm(T ) = µn(T ) for all m > n.

In (1.4.1), (Tu, u) and D(T ) may be replaced by the form and form domain of

T , respectively.

For non-negative, self-adjoint operators A,B on a Hilbert space H , we write

A ≤ B if Q(B) ⊆ Q(A) and a[u] ≤ b[u] for all u ∈ Q(B), where a, b are the forms of

A,B, respectively. It follows from the form version of the max-min principle that

the eigenvalues λn(A), λn(B), n ∈ N, satisfy λn(A) ≤ λn(B) for all n and hence

N(λ,B) ≤ N(λ,A), where

N(λ, T ) := ]{n : λn(T ) ≤ λ};
see [Edmunds and Evans (1987)], Lemma X1.2.3.

1.5 Fourier and Mellin transforms

The Fourier transform is given by

(Fu)(p) :=
1

(2π)n/2

∫

Rn

e−ip·xu(x)dx, (1.5.1)

where p · x =
∑n

j=1 pjxj . To analyse and describe some of its important properties

we shall use the following standard terminology throughout: for a multi-index α =

(α1, α2, · · · , αn) ∈ Nn0 ,

Dα :=

n∏

j=1

(
1

i

∂

∂xj

)αj

, (1.5.2)

xj :=

n∏

j=1

x
αj

j , (1.5.3)



August 17, 2010 18:11 World Scientific Book - 9.75in x 6.5in spectral

10 Spectral Analysis of Relativistic Operators

and |α| = α1 + α2 + · · · + αn.

We shall denote by S(Rn) the Schwartz space of rapidly decreasing functions,

i.e., u ∈ S(Rn) if u ∈ C∞(Rn) and for every ` ∈ N0 and α = (α1, α2, · · · , αn) ∈ Nn0 ,

there exists a positive constant K(α, `) such that

|x|`|Dαu(x)| ≤ K(α, `).

The Fourier transform has the following well-known properties (see [Weidmann

(1980)], Chapter 10):

(i) F is a linear bijection of S(Rn) onto itself and its inverse is given by

(
F−1v

)
(x) =

1

(2π)n/2

∫

Rn

eix·pv(p)dp. (1.5.4)

Moreover, (F−1v)(x) = (Fv)(−x) and F4 = I, the identity on S(Rn).

(ii) For v ∈ S(Rn) and α ∈ Nn

{FDαF−1}v(p) = pαv(p). (1.5.5)

(iii) F has a unique extension, which is a unitary operator on L2(Rn). We shall

continue to call this unitary operator the Fourier transform and to write it as F.

We therefore have

F−1 = F∗. (1.5.6)

In particular, this gives the Parseval formula

(u, v)L2(Rn) = (Fu,Fv)L2(Rn). (1.5.7)

(iv) F and F−1 are continuous injections of L1(Rn) into the space of bounded con-

tinuous functions on Rn with the supremum norm:

sup
p∈Rn

|(Ff)(p)| ≤ 1

(2π)n/2
‖f‖L1(Rn), sup

x∈Rn

|(F−1f)(x)| ≤ 1

(2π)n/2
‖f‖L1(Rn).

(v) For f, g ∈ S(Rn), define the convolution f ∗ g by

(f ∗ g)(x) :=
1

(2π)n/2

∫

Rn

f(y)g(x − y)dy

=
1

(2π)n/2

∫

Rn

f(x − y)g(y)dy = (g ∗ f)(x). (1.5.8)

Then

F(f ∗ g) = f̂ ĝ, (1.5.9)

where f̂ = Ff . If f, g ∈ L1(Rn), f ∗ g is well-defined and belongs to L1(Rn),

and (1.5.9) continues to hold. Also, if f, g ∈ L2(Rn), f̂ ĝ ∈ L2(Rn) if and only if

f ∗ g ∈ L2(Rn) and in this case

f ∗ g = F−1(f̂ ĝ). (1.5.10)
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We also have

F(fg) = f̂ ∗ ĝ. (1.5.11)

The Fourier transform can also be defined on distributions; see [Stein and Weiss

(1971)]. It is sufficient for our needs to consider linear functionals on S(Rn) of the

form

u(φ) =

∫

Rn

u(x)φ(x)dx, φ ∈ S(Rn),

where u(·)/(1 + | · |2)k ∈ L1(Rn) for some positive integer k. Such a u lies in the

space S′(Rn) of tempered distribution. The Fourier transform û is an element of

S′(Rn) defined by

û(φ) = u(φ̂), φ ∈ S(Rn).

The convolution u ∗ φ for u ∈ S′(Rn), φ ∈ S(Rn) is defined by

(u ∗ φ)ψ = u(φ̃ ∗ ψ), ψ ∈ S(Rn),

where φ̃(x) = φ(−x) and an analogue of (1.5.10) holds, namely,

F(u ∗ φ) = ûφ̂, u ∈ S′(Rn), φ ∈ S(Rn) (1.5.12)

in the sense that

[F(u ∗ φ)]ψ = (ûφ̂)ψ, ψ ∈ S(Rn).

The following important examples will be needed later.

Example 1 Let f(x) = e−
1
2 |x|

2

. Then f̂ = f and for a > 0,

[F(e−πa|·|
2

)](p) =
1

(2πa)n/2
e−|p|2/4πa. (1.5.13)

Proof. By Fubini’s Theorem, for all p ∈ Rn,

f̂(p) =
1

(2π)n/2

∫

Rn

exp{−ip · x − (1/2)|x|2}dx

=

n∏

j=1

1

(2π)n/2

∫

R

exp{−ipjxj − (1/2)x2
j}dxj

=

n∏

j=1

1

(2π)n/2
e−

1
2 p

2
j

∫

R

exp{−1

2
(xj + ipj)

2}dxj .

It follows that f̂ = f since, by Cauchy’s Theorem from complex analysis,
∫

R

exp{−1

2
(xj + ipj)

2}dxj =

∫

R

exp{−1

2
x2
j}dxj =

√
2π.

The identity (1.5.13) follows by a change of variables. �
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Example 2 For 0 < α < n and cα = (2)α/2Γ(α/2) where Γ is the Gamma function,

F(| · |α−n) =
cα
cn−α

| · |−α, (1.5.14)

in the sense that for all φ ∈ S(Rn),

cα
cn−α

F−1[| · |−αφ̂](x) =
1

(2π)n/2

∫

Rn

|x − y|α−nφ(y)dy. (1.5.15)

In particular, with n = 3 and α = 2,

F(| · |−1)(p) =
√

2/π|p|−2, (1.5.16)

in the sense that, for all φ ∈ S,

F−1[| · |−2φ̂](x) =
1

4π

∫

Rn

|x − y|−1φ(y)dy. (1.5.17)

Proof. Let φ ∈ S(Rn). We shall give the proof from [Lieb and Loss (1997)],

Theorem 5.9, based on the identity∫ ∞

0

e−πkttα/2−1dt = (πk)−α/2
∫ ∞

0

e−ttα/2−1dt

= (2π)−α/2cαk
−α/2

which follows by change of variable. Also, on using (1.5.10) and (1.5.13), we have∫

Rn

eix·p[e−π|p|
2tφ̂(p)]dp = (2π)n/2F−1[e−π|·|

2tφ̂](x)

= (2π)n/2
(

F−1[e−π|·|
2t] ∗ φ

)
(x)

= t−n/2
[
e−|·|2/4πt ∗ φ

]
(x).

From these last two identities and Fubini’s Theorem we derive

(2π)(n−α)/2cαF−1[| · |−αφ̂](x) =

∫

Rn

eix·p
(∫ ∞

0

e−π|p|
2ttα/2−1dt

)
φ̂(p)dp

=
1

(2π)n/2

∫ ∞

0

t(α−n)/2−1

[∫

Rn

e−|x−y|2/4πtφ(y)dy

]
dt

=
1

(2π)n/2

∫

Rn

(∫ ∞

0

t(α−n)/2−1e−|x−y|2/4πtdt

)
φ(y)dy

=
1

(2π)n/2

∫

Rn

(∫ ∞

0

t(n−α)/2−1e−|x−y|2t/4πdt

)
φ(y)dy

= (2π)−α/2cn−α

∫

Rn

|x − y|α−nφ(y)dy.

Note that (1.5.15) is consistent with (1.5.12). For on setting u(x) =

|x|α−n, û(x) = (cα/cn−α)|x|−α, we have that u, û ∈ S′(Rn) and for all φ, ψ ∈ S(Rn),

[F(u ∗ φ)]ψ = u(φ̃ ∗ ψ̂)

=

∫

Rn

v(x)ψ̂(x)dx

= v̂(ψ)
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where

v(x) =
1

(2π)n/2

∫

Rn

u(y)φ(x − y)dy =
1

(2π)n/2

∫

Rn

|x − y|α−nφ(y)dy.

Hence (1.5.15) implies that ûφ̂ = v̂. �

The Mellin transform M is defined on L2(R+) with Lebesgue measure dx by

ψ](s) := Mψ(s) =
1√
2π

∫ ∞

0

t−1/2−isψ(t)dt, s ∈ R. (1.5.18)

It is a unitary map from L2(R+) onto L2(R) and has inverse

M
−1ψ](t) =

1√
2π

∫ ∞

−∞
s−1/2+itψ](s)ds, t ∈ R+. (1.5.19)

Moreover, with respect to the convolution

(ψ ? φ)(s) :=
1√
2π

∫ ∞

0

ψ(t)φ(s/t)dt/t,

on L2(R+), the Mellin transform satisfies

[M(ψ ? φ)](s) = ψ](s)φ](s). (1.5.20)

We shall need the Mellin transform of the function Q̃l(x) := Ql
(

1
2 [x+ 1

x ]
)
, l ∈ N0,

where Ql is the Legendre function of the second kind, namely

Ql(z) :=
1

2

∫ 1

−1

Pl(t)

z − t
dt,

and Pl is the Legendre polynomial. The following formula is established in [Yaouanc

et al. (1997)], Section VI; see also [Magnus et al. (1966)], p. 72, 8.17.

[M(Q̃l)](s) =

√
π

2
Vl(s+ i/2), (1.5.21)

where

Vl(z) =
1

2

Γ([l + 1 − iz]/2)Γ([l+ 1 + iz]/2)

Γ([l + 2 − iz]/2)Γ([l+ 2 + iz]/2)
. (1.5.22)

It has the expansion

Vl(z) =
2

π

∞∑

j=0

Γ(n+ 1/2)Γ(n+ l + 1)

Γ(n+ 1)Γ(n+ l + 3/2)

2n+ l + 1

(2n+ l + 1)2 + z2
, (1.5.23)

see [Oberhettinger (1974)], p. 5.

It is instructive to verify (1.5.21) and (1.5.22) by the method in [Yaouanc et al.

(1997)]. By the definition, (1.5.21) is satisfied with

Vl(z) =
1

π

∫ ∞

0

x−1−izQ̃l(x)dx.
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From Rodrigues’ formula

Pl(t) =
1

2ll!
(−1)l

dl

dxl
(1 − x2)l,

it follows by integration by parts that

Q̃l(x) =

∫ 1

−1

(1 − t2)l

[(x+ x−1) − 2t]l+1
dt.

The substitution y = [(x+ x−1) − 2t]/(1− t2) yields

Q̃l(x) =

∫

max(x,1/x)

y−l−1(y − x)−1/2(y − 1/x)−1/2dy

=

∫ ∞

0

y−1F (yx)F (y/x)dy, (1.5.24)

where F (t) = θ(t − 1)t−l/2(t− 1)−1/2 and θ is the Heaviside function: θ(t) = 1 for

t > 0 and is otherwise 0. Thus, with G(x) := F (1/x),

Vl(z) =
1

2π

∫ ∞

0

t−1−iz/2
[∫ ∞

0

p−1F (p)F (p/t)dp

]
dt

= [M(F ? G)] ([z − i]/2)

= [M(F )] ([z − i]/2) [M(G)] ([z − i]/2)

=
1

2π
F̃ (z/2)F̃ (−z/2),

where

F̃ (z) =

∫ ∞

0

x−1−izF (x)dx

=

∫ ∞

1

x−1−izx−l/2(x− 1)−1/2dx

=

∫ 1

0

tl/2+iz−1/2(1 − t)−1/2dt

=
√
π

Γ ([l + 1 + 2iz]/2)

Γ ([l + 2 + 2iz]/2)
.

The formula (1.5.22) follows.

The following pairs of Mellin transforms will be needed in Chapter 2, Section

2.2.3, and are easily verified by simple integration:

ψ](s) =
µ−is

(s− ia)
, ψ(p) =

{
i
√

2πµap−a−1/2θ(p− µ) if Re[a] > 0

−i
√

2πµapa−1/2θ(µ− p) if Re[a] < 0.
(1.5.25)
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1.6 Sobolev spaces

Let Ω be a non-empty, open subset of Rn with closure Ω and boundary ∂Ω. The

norm in the Lebesgue space Lp(Ω), 1 ≤ p ≤ ∞, is written

‖u‖p,Ω :=

{(∫
Ω |u(x)|pdx

)1/p
, if 1 ≤ p <∞,

ess supx∈R3 |u(x)|, if p = ∞.

If there is no ambiguity we omit the subscript Ω and write ‖u‖p. In fact, in subse-

quent chapters, the underlying space is L2(R3) in which case we simply write ‖u‖
for the norm. If the Lebesgue measure dx is replaced by a measure of the form

w(x)dx, we get the weighted space Lp(Ω;w(x)dx) with norm (when 1 ≤ p <∞)

‖u‖Lp(Ω;w(x)dx) :=

(∫

Ω

|u(x)|pw(x)dx

)1/p

.

We preserve this notation even for Lp(Ω) if there is the risk of confusion with

different norms.

For points x = (x1, x2, · · · , xn) ∈ Rn and n-tuples α = (α1, α2, · · · , αn) ∈ Nn0 ,

we write

|x| = (
n∑

j=1

x2
j )

1/2, |α| =
n∑

j=1

αj , D
α =

n∏

j=1

D
αj

j ,

where Dj = (1/i)∂/∂xj. For k ∈ N and p ∈ [1,∞], the Sobolev space W k,p(Ω) is

defined as

W k,p(Ω) := {u : Ω → C, u,Dαu ∈ Lp(Ω) for |α| ≤ k},

where the derivatives Dαu are taken to be in the weak or distributional sense. It is

endowed with the norm

‖u‖k,p,Ω :=





(∑
0≤|α≤k ‖Dαu‖pp,Ω

)1/p

, if 1 ≤ p <∞,
∑

0≤|α|≤k ‖Dαu‖∞,Ω, if p = ∞,
(1.6.1)

where ‖u‖p,Ω denotes the standard Lp(Ω) norm of u, namely (
∫
Ω
|u(x)|pdx)1/p.

W k,p(Ω) is a separable Banach space if p ∈ [1,∞) and is reflexive if p ∈ (1,∞).

When p = 2,W k,2(Ω) is a Hilbert space with inner product

(u, v)k,2,Ω =

∫

Ω

∑

|α|≤k
Dαu(Dαv)dx.

When Ω = Rn, we shall omit Ω in the notation and write ‖ · ‖k,p and (·, ·)k,2.
Meyers and Serrin proved in [Meyers and Serrin (1964)] that for p ∈

[1,∞), W k,p(Ω) coincides with the completion Hk,p(Ω) of the linear space C∞(Ω)∩
W k,p(Ω) with respect to ‖ · ‖k,p,Ω, i.e., C∞(Ω) ∩W k,p(Ω) is dense in W k,p(Ω). As

is now standard, we shall use the notation Hk(Ω) for Hk,2(Ω) ≡W k,2(Ω).
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We shall occasionally need the Bessel potential spaces Hs,p(Rn), s ∈ R+, p ∈
(1,∞). These are defined in terms of the Bessel potential gs, whose Fourier transform

is given by

ĝs(p) := (1 + |p|2)−s/2;
see [Stein (1970)] for the properties of gs. We have that

Hs,p(Rn) := {u : u = gs ∗ f for some f ∈ Lp(Rn)} (1.6.2)

with norm

‖u‖s,p = ‖f‖p. (1.6.3)

For all s ≥ 0 and p ∈ (1,∞), the Schwartz space S(Rn) is dense in Hs,p(Rn). When

s = k ∈ N, Hs,p(Rn) coincides with the Sobolev space W k,p(Rn) ≡ Hk,p(Rn). Since

f̂(p) = (1+ |p|2)s/2û(p) if u = gs∗f, by (1.5.9), it follows from the Parseval formula

(1.5.7) when p = 2 that

‖u‖s,2 =

(∫

Rn

(1 + |p|2)s|û(p)|2dp
)1/2

. (1.6.4)

In particular, as F(Dju)(p) = pj û(p), by (1.5.5),

‖u‖2
1,2 =

∫

Rn

(
|u(x)|2 + |∇u(x)|2

)
dx (1.6.5)

=

∫

Rn

(1 + |p|2)|û(p)|2dp, (1.6.6)

where ∇ is the gradient and |∇u|2 =
∑n

j=1 |Dju|2.
Important properties of the Sobolev and Bessel potential spaces are now listed;

see [Edmunds and Evans (1987)], Chapter V, for proofs and further details. We

shall assume that p ∈ [1,∞) unless otherwise stated.

(i) For k ∈ R, C∞
0 (Rn) is dense in Hk,p(Rn), and, for all s ≥ 0, and p ∈ (1,∞), the

Schwartz space S(Rn) is dense in Hs,p(Rn).

(ii) The closure of C∞
0 (Ω) in Hk,p(Ω) is denoted by Hk,p

0 (Ω). Thus, by (i),

Hk,p(Rn) = Hk,p
0 (Rn). If Ω is bounded, Hk,p

0 (Ω) 6= Hk,p(Ω). Also if Ω is bounded,

‖u‖p,Ω ≤
( |Ω|
ωn

)1/n

‖∇u‖p,Ω, for all u ∈ H1,p
0 (Ω), (1.6.7)

where

‖∇u‖p,Ω = ‖|∇u|‖p,Ω,
and ωn = πn/2/Γ(1 + n/2) is the volume of the unit ball in Rn. Hence

‖u‖1,p,Ω .


∑

|α|=1

‖Dαu‖pp,Ω




1/p

.
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It follows that the norm ‖ · ‖1,p,Ω on H1,p
0 (Ω) is equivalent to the norm

‖u‖H1,p
0 (Ω) :=


∑

|α|=1

‖Dαu‖pp,Ω




1/p

. (1.6.8)

(iii) Let 1 ≤ p < n and set p∗ = np/(n − p), the so-called Sobolev conjugate of p.

Then the identification map is a continuous injection of H1,p
0 (Ω) into Lp

∗

(Ω): this

continuous embedding is indicated by H1,p
0 (Ω) ↪→ Lp

∗

(Ω). This constitutes the case

1 ≤ p < n of the Sobolev embedding theorem for H1
0 (Ω).

(iv) For 1 ≤ p < n/k,Hk,p
0 (Ω) is continuously embedded in Ls(Ω), where s =

np/(n− kp).

(v) If q ∈ [1, np/(n − kp)) and Ω is bounded, Hk,p
0 (Ω) is compactly embedded in

Lq(Ω); this is the Rellich–Kondrachov property.

(vi) If Ω is bounded, H1,n
0 (Ω) is continuously embedded in the Orlicz space Lφ(Ω),

where φ(t) = exp
(
tn/(n−1) − 1

)
, t ≥ 0, and, in particular, H1,n

0 (Ω) ↪→ Lq(Ω) for all

q ∈ [n,∞). Note that Lφ(Ω) is the linear span of the set of Lebesgue measurable

functions u on Ω which are such that
∫
Ω
φ(|u(x)|)dx <∞, endowed with the norm

‖u‖Lφ(Ω) := inf{λ :

∫

Ω

φ

( |u(x)|
λ

)
dx ≤ 1}.

It is a Banach space containing L∞(Ω) which, in general, is neither reflexive nor

separable.

(vii) If Ω is bounded and p > n, then H1,p
0 (Ω) is continuously embedded in the space

C0,γ(Ω) of functions u which are Hölder continuous on Ω with exponent γ = 1−n/p
and norm

‖u‖C0,γ(Ω) := ‖u‖L∞(Ω) + sup
x,y∈Ω,x6=y

|u(x) − u(y)|
|x − y|γ .

The embedding of H1,p
0 (Ω) into C0,λ(Ω) is compact for any λ ∈ (0, γ).

(viii) If the boundary of Ω is sufficiently smooth (see [Edmunds and Evans (1987)],

Section V.4) the above results in (iii)–(vii) continue to hold for Hk,p(Ω).

1.7 Inequalities

Three inequalities make regular appearances throughout the book, namely, the well-

known inequalities of Sobolev, Hardy and Kato. We shall need only the L2 versions

of these inequalities, but mention some Lp versions for completeness.
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• (Sobolev) For 1 ≤ p < n, there exists a constant Cn,p, depending only on n and

p, such that for all f ∈ C∞
0 (Rn),

‖f‖p∗ ≤ Cn,p‖∇f‖p = Cn,p



∫

Rn

[
n∑

j=1

|Dju|2]p/2dx




1/p

. (1.7.1)

The best possible value of the constant Cn,p in (1.7.1) for 1 < p < n is

π−1/2n−1/p

(
p− 1

n− p

)(p−1)/p{
Γ(1 + n/2)Γ(n)

Γ(n/p)Γ(1 + n− n/p)

}

and equality is attained for functions f of the form

f(x) = [a+ b|x|p/(p−1)]1−n/p,

where a and b are positive constants: these functions are obviously not in

C∞
0 (Rn) but lie in Lp(Rn) and the completion of C∞

0 (Rn) with respect to the

norm ‖∇ · ‖p. When p = 1, Cn,1 = 1/nω
1/n
n is the optimal constant, and

equality is never attained unless f vanishes identically. However, in this case

the inequality has an extended version

‖f‖1∗ ≤ (nω1/n
n )−1‖Df‖

on the set of functions f of bounded variation on Rn, with Df the distributional

gradient (a vector-valued Radon measure) and ‖Df‖ the total variation of f

in Rn. For this inequality, the characteristic functions of arbitrary balls are

extremals.

For 1 ≤ p < n, (1.7.1) was established by Sobolev [Sobolev (1938)], the

case p = 1 being later proved by Gagliardo [Gagliardo (1958)] and Nirenberg

[Nirenberg (1959)]. The optimal constant for p = 1 was determined indepen-

dently by Federer and Fleming in [Federer and Fleming (1960)] and Maz’ya in

[Maz’ya (1960)], but for p > 1, the best constant was only found 10 years later,

independently by Aubin [Aubin (1976)] and Talenti [Talenti (1976)].

• (Sobolev inequality for
√
−∆) For all f ∈ S(Rn), n ≥ 2 and q = 2n/(n− 1),

‖f‖2
q ≤ Cn

∫

Rn

|p||f̂(p)|2dp, (1.7.2)

where the optimal value of the constant Cn is

Cn =

{(
n− 1

2

)
21/nπ(n+1)/2n

}−1

Γ

(
n+ 1

2

)1/n

.

There is equality if and only if f is a constant multiple of a function of the form

[(µ2 + (x − a)2]−(n−1)/2 with µ > 0 and a ∈ Rn arbitrary. This is proved in

[Lieb and Loss (1997)], Theorem 8.4.
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• (Hardy) For all f ∈ C∞
0 (Rn), n ≥ 3,

∫

Rn

|f(x)|2
|x|2 dx ≤

(
2

(n− 2)

)2 ∫

Rn

|∇f(x)|2dx. (1.7.3)

The constant is sharp and equality is only valid for f = 0. The inequality is

determined by the radial part of ∇ and in fact
∫

Rn

|f(x)|2
|x|2 dx ≤

(
2

(n− 2)

)2 ∫

Rn

| ∂
∂r
f(x)|2dx. (1.7.4)

By completion, (1.7.3) and (1.7.4) hold for all functions f which are such that

∇f or (∂/∂r)f (in the weak, or distributional sense) lie in L2(Rn). When

n = 2, (1.7.3) is of course trivial, while when n = 1, we have that, for all

f that are locally absolutely continuous on (0,∞), f ′ ∈ L2(0,∞) and such that

limr→0+ f(r) = 0,
∫ ∞

0

|f(r)|2
r2

dr ≤ 4

∫ ∞

0

|f ′(r)|2dr. (1.7.5)

The Lp version of the Hardy inequality is, for 1 ≤ p < n,
∫

Rn

|f(x)|p
|x|p dx ≤

(
p

(n− p)

)p ∫

Rn

|∇f(x)|pdx. (1.7.6)

The constant is optimal and there are no non-trivial cases of equality.

• (Kato) For all f ∈ S(Rn), n ≥ 2,
∫

Rn

|fx)|2
|x| dx ≤ c2n

∫

Rn

|p||f̂(p|2dp. (1.7.7)

The best possible constant cn for general values of n ≥ 2 will be included in

Theorem 1.7.1 below. In particular

c3 =
√
π/2, c2 = Γ(1/4)/

√
2Γ(3/4).

There are no non-trivial cases of equality.

The above Hardy and Kato inequalities are special cases of the following inequal-

ity obtained by Herbst in [Herbst (1977)], Theorem 2.5. With p = −i∇ denoting the

momentum operator, Herbst determines the norm of the operator Cα := |x|−α|p|−α
as a map from Lq(Rn) into itself. The precise result is:

Theorem 1.7.1. Let α > 0 and nα−1 > q > 1. Then Cα can be extended to a

bounded operator from Lq(Rn) into itself, with norm

‖Cα : Lq(Rn) → Lq(Rn)‖ = γ(n, α) :=
Γ( 1

2 [nq−1 − α])Γ( 1
2n(q′)−1)

2αΓ( 1
2 [n(q′)−1 + α])Γ( 1

2nq
−1)

, (1.7.8)

where q′ = q/(q − 1). If q ≥ nα−1 or q = 1, Cα is unbounded.
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In the case q = 2, p has adjoint (1/i)div and absolute value |p| = (p∗p)1/2 =√
−∆. Also |p| is self-adjoint, injective and has dense range in L2(Rn). Hence

‖Cα‖ = sup
φ∈R(|p|α)

‖Cαφ‖2

‖φ‖2
= sup

ψ∈D(|p|α)

‖|x|−αψ‖2

‖|p|αψ‖2
,

where R,D denote the range and domain respectively of the exhibited operator.

Since F(|p|αψ)(ξ) = |ξ|αψ̂(ξ), it follows by Parseval’s formula that (1.7.8) becomes
∫

Rn

1

|x|2α |ψ(x)|2dx ≤ γ2(n, α)

∫

Rn

|ξ|2α|ψ̂(ξ)|2dξ,

which is Hardy’s inequality in the case α = 1 and Kato’s inequality when α = 1/2.

In Section 2.2.1 we give an alternative proof to that of Herbst for the Kato inequality

when n = 2, 3, using spherical harmonics.

Another inequality which features prominently throughout the book is the fol-

lowing generalisation of Hilbert’s double series theorem due to Hardy, Littlewood

and Pólya, see [Hardy et al. (1959)], Chapter IX, Section 319.

Theorem 1.7.2. Let K(·, ·) be a non-negative function on R+ ×R+ that is homo-

geneous of degree −1, i.e., for any λ ∈ R+,K(λx, λy) = λ−1K(x, y). Suppose also

that for p > 1, we have
∫ ∞

0

K(x, 1)x−1/pdx =

∫ ∞

0

K(1, y)y−1/p′dy = k, (1.7.9)

where p′ = p/(p− 1). Then

∫ ∞

0

∫ ∞

0

K(x, y)|f(x)g(y)|dxdy ≤ k

(∫ ∞

0

|f(x)|pdx
)1/p(∫ ∞

0

|g(y)|p′dy
)1/p′

,

(1.7.10)
∫ ∞

0

dy

(∫ ∞

0

K(x, y)|f(x)|dx
)p

≤ kp
∫ ∞

0

|f(x)|pdx, (1.7.11)

∫ ∞

0

dx

(∫ ∞

0

K(x, y)|g(y)|dy
)p′

≤ kp
′

∫ ∞

0

|g(y)|p′dy. (1.7.12)

If K(·, ·) is positive, then there is inequality in (1.7.11) unless f = 0, in (1.7.12)

unless g = 0, and in (1.7.10) unless either f = 0 or g = 0.

1.8 CLR and related inequalities

The CLR refers to Cwikel–Lieb–Rosenbljum who proved the inequality indepen-

dently and by very different methods in [Cwikel (1977)], [Lieb (1976)] and [Rozen-

bljum (1972)]. The names are listed alphabetically, but in reverse chronological

order of discovery. In its original form, the inequality concerns the self-adjoint

operator −∆ − V defined as a form sum, whose spectrum is discrete below 0
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and with V the operator of multiplication by a function V with a positive part

V+ := (1/2)(|V |+V ) ∈ Ln/2(Rn). It asserts that, for n ≥ 3, the number N(−∆−V )

of negative eigenvalues of −∆ − V satisfies

N(−∆ − V ) ≤ c(n)

∫

Rn

V+(x)n/2dβx, (1.8.1)

for some constant c(n) depending only on n. Other proofs have also been given,

notably those of Li and Yau [Li and Yau (1983)] and Conlon [Conlon (1984)]. A

treatment, which is particularly suitable for our needs, is that given by Rozenbljum

and Solomyak in [Rozenbljum and Solomyak (1998)]. This is motivated by Lieb’s

proof and gives an abstract version of the inequality, which can be applied to other

operators that feature in the book.

In order to state the main results in [Rozenbljum and Solomyak (1998)] it is

necessary to recall some basic facts about the operator semigroup e−tT , 0 ≤ t <∞,

associated with a non-negative, self-adjoint operator T acting in a Hilbert space H.

(1) Q(t) := e−tT , 0 ≤ t <∞, is strongly continuous, i.e.

lim
t→s

‖Q(t)f −Q(s)f‖ = 0, for all f ∈ H,

and contractive, i.e.

‖Q(t)f‖ ≤ ‖f‖, for all f ∈ H.

(2) T is the infinitesimal generator of Q(t), i.e.

Tf = lim
t→0+

1

t
{f −Q(t)f}, for all f ∈ D(T ).

(3) For f ∈ D(T ), Q(t)f ∈ D(T ) and

∂

∂t
[Q(t)f ] := lim

ε→0

{
1

ε
[Q(t+ ε) −Q(t)]f

}
= −TQ(t)f = −Q(t)Tf, (t > 0),

Q(0)f := lim
t→0+

Q(t)f = f.

The result in [Rozenbljum and Solomyak (1998)] deals with the set P of positive,

self-adjoint operators in a space L2(Ω) say, which are positivity preserving and have

the (2,∞) mapping property. An operator B is positivity preserving (or its associ-

ated semi-group QB(t) := e−tB, 0 ≤ t < ∞, is positivity preserving) if QB(t)u ≥ 0

for all non-negative functions u ∈ L2(Ω). It has the (2,∞) mapping property if

QB(t) : L2(Ω) → L∞(Ω) is bounded: for Markov semigroups, the (2,∞) property

is usually called ultracontractivity. Semigroups which are positivity preserving and

have the (2,∞) property are known to be integral operators. The kernel QB(t;x, y)

of QB(t) satisfies the symmetry condition QB(t;x, y) = QB(t; y, x) and it follows

from the fact that QB(t) is a semigroup that, for a.e. x ∈ Ω,

QB(t;x, x) =

∫

Ω

QB(t1;x, y)QB(t2;x, y)dy, t1, t2 > 0, t = t1 + t2
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is well defined as an element of L∞(Ω), which does not depend on the particular

choice of t1 and t2. Moreover,

MB(t) := ‖e−tB : L2 → L∞‖ = esssupx∈Ω

∫
|QB(t/2; x, y)|2dy <∞.

= esssupx∈Ω

∫
QB(t/2; x, y)QB(t/2; y, x)dy

= esssupx∈ΩQB(t; x, x).

For B ∈ P, the kernel QB(t;x, y) is non-negative, a.e. on R+×Ω×Ω. If B ∈ P, and

B ≥ c for some c ≥ 0, then, for any r ≥ −c, Br := B + r ∈ P,QBr (t) = e−rtQB(t)

and MBr = e−rtMB(t).

The following is Theorem 2.1 in [Rozenbljum and Solomyak (1998)] and is given

in terms of a non-negative, convex function G on [0,∞) which grows polynomially

at infinity and is such that G(z) = 0 near z = 0. Let

g(r) :=

∫ ∞

0

z−1G(z)e−z/rdz.

In the theorem, multiplication by V is assumed to be such that self-adjoint operators

B − V and A− V can be defined as form sums; see Section 1.2.

Theorem 1.8.1. Let B ∈ P be such that MB ∈ L1(a,∞), a > 0 and MB(t) =

O(t−α) at zero for some α > 0. Then, in the above notation,

N(B − V ) ≤ 1

g(1)

∫ ∞

0

dt

t

∫

Ω

MB(t)G[tV+(x)]dx. (1.8.2)

The inequality continues to hold for N(A − V ) when A is a non-negative, self-

adjoint operator, which is such that e−tA is dominated by a positivity preserving

semigroup e−tB in the sense that

|e−tAψ| ≤ e−tB |ψ| a.e. on Ω. (1.8.3)

We denote the class of such operators A by PD(B).

If A ∈ PD(B) then A + r ∈ PD(B + r). Also, a particular result from [Bratelli

et al. (1980)] is that if e−tB is positivity preserving and A ∈ PD(B), then for

0 < α < 1, e−tB
α

is positivity preserving and Aα ∈ PD(Bα). Any A ∈ PD(B) is an

integral operator and (1.8.3) is equivalent to

|QA(t;x, y)| ≤ QB(t;x, y) a.e. on R+ × Ω × Ω. (1.8.4)

We refer to [Rozenbljum and Solomyak (1998)] for details and full references. Of

particular interest to us are the following examples discussed in [Rozenbljum and

Solomyak (1998)], which are special cases of Theorem 1.8.1. In all cases Ω = Rn.
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1.8.1 The Schrödinger operator

The semigroup associated with the Laplace operator B := −∆ is the heat operator,

which is an integral operator with kernel

QB(t;x,y) =
1

(4πt)n/2
exp

{−|x − y|2
4t

}
. (1.8.5)

Thus QB(t) is positivity preserving. Furthermore, an application of the Cauchy–

Schwarz inequality readily yields

‖QB(t)f‖L∞(Rn) ≤ 2−n‖f‖L2(Rn)

and so QB(t) has the (2,∞) property. Consequently B = −∆ ∈ P and MB(t) =
1

(4πt)n/2 , so that MB ∈ L1(a,∞), a > 0, if and only if n ≥ 3. Hence, to apply

Theorem 1.8.1 we need n ≥ 3.

Following Lieb in [Lieb (1976)], the choice G(z) = (z−a)+ in (1.8.1), where (·)+
denotes the positive part and a is a positive constant to be chosen, yields

N(−∆ − V ) ≤ C(G)

∫

Rn

V
n/2
+ (x)dx, (1.8.6)

where C(G) = (2π)−n/2g(1)−1
∫∞
a

(t − a)t−n/2−1dt. The optimal value of C(G) as

a function of a is .1156, attained when a = 1/4. This coincides with Lieb’s constant

in [Lieb (1976)], which is the best value achieved to date.

1.8.2 The magnetic Schrödinger operator

This is of the form −∆A − V, where ∆A is the magnetic Laplacian

∆A = (∇ + iA)2 =
n∑

j=1

(∂j + iAj)
2 ,

and A = {Aj : j = 1, · · · , n} is the magnetic potential. A number of proofs exist

of the result that A ∈ PD(−∆); see the discussion and a list of references after

Theorem 2.3 in [Avron et al. (1978)]. It then follows from Theorem 1.8.1 that

N(−∆A − V ) ≤ C(G)

∫

Rn

V
n/2
+ (x)dx, (1.8.7)

with the same constant as in (1.8.6). It is not true in general that N(−∆A − V ) ≤
N(−∆ − V ); see [Avron et al. (1978)], Example 2 following Theorem 2.14.

1.8.3 The quasi-relativistic Schrödinger operator

The pseudo-differential operator B =
√
−∆ is non-negative and self-adjoint, with

domain H1(Rn). The kernel of the associated semigroup QB(t) is the Poisson kernel

QB(t;x,y) =

∫

Rn

exp[−2π|k|t+ 2πik · (x − y)]dk

= Γ

(
n+ 1

2

)
π−(n+1)/2 t

[t2 + |x− y|2](n+1)/2
;
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see [Stein and Weiss (1971)], Theorem 1.14, and [Lieb and Loss (1997)], Section

7.11. Thus,

‖QB(t)f‖L∞(Rn) ≤ cn sup
x∈Rn

(∫

Rn

t2

[t2 + |x − y|2](n+1)
dy

)1/2

‖f‖L2(Rn)

< cn(t)‖f‖L2(Rn)

for a positive constant cn(t) which is finite for all t > 0. Thus B =
√
−∆ has the

(2,∞) property and lies in P, with MB(t) = cnt
−n. Theorem 1.8.1 therefore applies

for all n ≥ 2 and leads to Daubechies’ inequality

N(
√
−∆ − V ) ≤ Cn(G)

∫

Rn

V+(x)ndx, (1.8.8)

where in the above notation and the same choice of G, Cn(G) =

g(1)−1
∫∞
0 t−n−1G(t)dt.

The pseudo-differential operator H0 =
√
−∆ + 1, is self-adjoint with domain

H1(Rn) and H0 ≥ 1. It will feature prominently throughout the book. From the

result in [Bratelli et al. (1980)] noted above, it follows that with B := H0 − 1, e−tB

is positivity preserving. It is an integral operator and on the diagonal, the kernel is

given by

QB(t;x,x) = (2π)n/2
∫

Rn

e−t[(|ξ|
2+1)1/2−1]dξ, (1.8.9)

from which we can easily infer that e−t[H0−1] has the (2,∞) property and

MB(t) ≤ C(t−n/2 + t−n).

For n ≥ 3, Theorem 1.8.1 yields Daubechies’ inequality

N(H0 − 1 − V ) ≤ Cn(G)

∫

Rn

V+(x)ndx + Cn/2(G)

∫

Rn

V+(x)n/2dx, (1.8.10)

where, in the above notation and the same choice of G, Ca(G) =

g(1)−1
∫∞
0
t−a−1G(t)dt.

1.8.4 The magnetic quasi-relativistic Schrödinger operator

The operator
√−∆A lies in PD(−∆A) by the result from [Bratelli et al. (1980)]

quoted above and also satisfies (1.8.8):

N(
√
−∆A − V ) ≤ Cn(G)

∫

Rn

V+(x)ndx. (1.8.11)

Similarly,

N([(−∆A + 1)1/2 − 1] − V ) ≤ Cn(G)

∫

Rn

V+(x)ndx + Cn/2(G)

∫

Rn

V+(x)n/2dx.

(1.8.12)
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1.9 Lieb–Thirring inequalities

These inequalities have a pivotal role in problems such as the stability of many-

body systems composed of fermions. In many cases, the Hamiltonian describing

the system is bounded below in terms of the sum of the negative eigenvalues of

a one-body Hamiltonian. We shall see examples of this in Section 4.5 of Chapter

4. Since the seminal papers [Lieb and Thirring (1975)] and [Lieb and Thirring

(1976)], Lieb–Thirring inequalities have come to mean estimates for moments of the

negative eigenvalues of operators of Schrödinger type in terms of external electric

and magnetic fields. The original result proved by Lieb and Thirring in [Lieb and

Thirring (1975)], is that if γ > max (0, 1 − n/2), then there exists a universal

constant Lγ,n such that

∑

n∈N

|λj(S)|γ ≤ Lγ,n

∫

Rn

V+(x)γ+n/2dx, (1.9.1)

where λ1(S) ≤ λ2(S) ≤ · · · are the negative eigenvalues of the Schrödinger operator

S := −∆−V counting multiplicities: the assumptions on V imply that the negative

spectrum of S is discrete and its essential spectrum fills the positive half-line. Note

that the case n ≥ 3, γ = 0 is the CLR inequality associated with −∆ − V.

If V ∈ Lγ+n/2(Rn), one has the Weyl-type asymptotic formula

lim
α→∞

α−(γ+n/2)
∑

n∈N

|λj(Sα)|γ = (2π)−n lim
α→∞

α−(γ+n/2)

∫ ∫

Rn×Rn

(|ξ|2 − αV )γ+dxdξ

= Lclγ,n

∫

Rn

V+(x)γ+n/2dx, (1.9.2)

where Sα : −∆ − αV and the so-called classical constant Lclγ,n is given by

Lclγ,n = (2π)−n
∫

Rn

(|ξ| − 1)γ+dξ =
Γ(γ + 1)

2nπn/2Γ(γ + n/2 + 1)
.

Therefore

Lclγ,n ≤ Lγ,n.

The precise value of Lγ,n is unknown in general, but a great deal is known in special

cases. We refer to [Hundertmark et al. (2000)] for an up to date account.

The inequality (1.9.1) remains valid if a magnetic potential A =

(A1, · · · , An), Aj ∈ L2
loc(R

n) for j = 1, · · · , n, is introduced. That is, with

S(A) := (i∇ + A)2 − V =

n∑

j=1

(i∂j +Aj)
2 − V

we have
∑

n∈N

|λj(S(A))|γ ≤ Lγ,n

∫

Rn

V+(x)γ+n/2dx, (1.9.3)
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Chapter 2

Operators

2.1 The Dirac operator

We denote by C∞
0 (R3,C4) the set of C4-valued functions whose components are

in C∞
0 (R3). The free Dirac operator, describing the motion of a relativistic elec-

tron or positron without external forces, is the unique self-adjoint extension of the

symmetric operator defined on C∞
0 (R3,C4) by

D′
0(m, c) := −cα · (i}∇) +mc2β

=
c}

i

3∑

j=1

αj∂j +mc2β, ∂j :=
∂j
∂xj

, (2.1.1)

where ∇ = (∂1, ∂2, ∂3) is the gradient, 2π} is Planck’s constant, c the velocity of

light, m the electron mass and the α1, α2, α3, β are Hermitian 4×4 matrices which,

on setting β = α4, and denoting by I4 the 4 × 4 identity matrix, satisfy

αjαk + αkαj = 2δjkI4, j, k = 1, 2, 3, 4, α4 = β. (2.1.2)

The operator (2.1.1) acts on C4-valued functions, which are called spinors, the

derivatives ∂j acting on each component of the spinor. We simplify notation by

replacing x by (}/mc)x and consider

D′
0 := α · (−i∇) + β. (2.1.3)

The αjs and β are the Dirac matrices, which in the standard representation are

given by

αj =

(
02 σj
σj 02

)
, j = 1, 2, 3, β =

(
I2 02

02 −I2

)
, (2.1.4)

where the σj are the Pauli matrices

σ1 =

(
0 1

1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0

0 −1

)
. (2.1.5)

In R2 we have

D′
0 = −iσ1∂1 − iσ2∂2 + σ3. (2.1.6)

27
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To analyse the free Dirac operator we use the Fourier transform

(Fu)(p) :=
1

(2π)n/2

∫

Rn

e−ip·xu(x)dx, (2.1.7)

on C4-valued functions u. It follows from property (ii) of the Fourier transform in

Section 1.5, that for v ∈ C∞
0 (R3,C4) and v̂ := Fv,

{FD′
0F−1}v̂(p) = (M0v̂)(p) (2.1.8)

where M0 is the matrix multiplication operator

(M0v̂)(p) := {α.p + β}v̂(p). (2.1.9)

The matrix M0(p) = α.p + β has two double eigenvalues ±e(p), where e(p) =√
p2 + 1, p = |p|, and is diagonalised by the unitary matrix

U(p) := u+(p)I4 + u−(p)
(α · p)

p
β,

where

u±(p) =
1√
2

√
1 ± 1/e(p).

We have

U(p)M0(p)U−1(p) = e(p)β,

with

U−1(p) = u+(p)I4 − u−(p)
(α · p)

p
β.

We denote the standard inner product and norm on C4 by 〈·, ·〉 and | · | respectively,

namely, for a = (a1, · · · , a4),b = (b1, · · · , b4) ∈ C4,

〈a,b〉 =

4∑

j=1

ajbj , |a| = 〈a, a〉1/2.

Since M0(p)2 = (p2 + 1)I4, it follows that

|M0v̂(p)|2 = 〈M0(p)v̂(p),M0(p)v̂(p)〉
= 〈(|p|2 + 1)v̂(p), v̂(p)〉
= (|p|2 + 1)|v̂(p)|2.

The space of C4-valued functions u whose components lie in L2(R3) is denoted by

L2(R3,C4) and

‖u‖L2(R3,C4) := ‖|u|‖L2(R3).

Hence, the domain of the matrix multiplication operator M0 is given by

D(M0) = {v̂ : v̂,M0v̂ ∈ L2(R3,C4)}

= {v̂ :

∫

R3

(p2 + 1)|v̂(p)|2dp <∞}.



August 17, 2010 18:11 World Scientific Book - 9.75in x 6.5in spectral

Operators 29

As M0 is unitarily equivalent to the operator of multiplication by e(p)β, it is self-

adjoint and its spectrum and essential spectrum coincide with the set of values

attained by ±e(p) as p ranges over R+, namely R\(−1, 1). Furthermore its spectrum

is purely absolutely continuous. The free Dirac operator D0 is defined by

D0 = F−1M0F. (2.1.10)

Since F is a unitary operator, D0 is self-adjoint in L2(R3,C4) and its spectral prop-

erties are identical to those of M0. Thus its spectrum is purely absolutely continuous

and coincides with R \ (−1, 1).

In view of (2.1.8), (1.5.5) and the Parseval formula (1.5.7), we have for v̂ ∈
D(M0) and v = (v1, · · · , v4),

‖D0v‖2 = ‖M0v̂‖2

=

∫

Rn

(
|p|2 + 1

)
|v̂(p)|2dp

=

4∑

k=1

∫

Rn

(
|∇vk(x)|2 + |vk(x)|2

)
dx

=: ‖v‖2
1,2. (2.1.11)

The norm ‖·‖1,2 in (2.1.11) is the norm of the Sobolev space H1(R3,C4) of 4-spinors

(i.e. C4-valued functions) v = (v1, · · · , v4) ∈ L2(R3,C4) whose components have

weak derivatives in L2(R3) and ‖v‖2
1,2 <∞; in other words, each component lies in

the space H1(Rn). Thus D0 has domain

D(D0) = H1(R3,C4). (2.1.12)

Since C∞
0 (R3,C4) is a dense subspace of H1(R3,C4), it follows from (2.1.12) that

the operator D′
0 in (2.1.3) on C∞

0 (R3,C4) is essentially self-adjoint and D0 is its

closure.

For future reference, we also note that

‖D2
0u‖2 =

∫

R3

|M2
0û(p)|2dp

=

∫

R3

|[1 + |p|2]û(p)|2dp =

∫

R3

|(1 − ∆)u(x)|2dx (2.1.13)

≈ ‖u‖2
H2(R3,C4). (2.1.14)

2.1.1 Partial wave decomposition

We shall show in this section that, when expressed in spherical polar co-ordinates,

D0 is unitarily equivalent to the direct sum of first-order radial operators in R+.

This representation will subsequently be used to analyse the operators D0 +V with

a spherically symmetric scalar potential V.

In the spherical polar co-ordinates x = (x1, x2, x3) = (r, θ, ϕ), where

x1 = r sin θ cosϕ, x2 = r sin θ sinϕ, x3 = r cos θ,

r = |x| ∈ (0,∞), θ = cos−1(x3/|x|) ∈ [0, π), ϕ ∈ [−π, π), (2.1.15)
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the following are orthonormal vectors in the directions of the polar co-ordinate lines:

er = (sin θ cosϕ, sin θ sinϕ, cos θ) = x/r,

eθ = (cos θ cosϕ, cos θ sinϕ,− sin θ) =
∂

∂θ
er

eϕ = (− sinϕ, cosϕ, 0) =
1

sin θ

∂

∂ϕ
er. (2.1.16)

Thus er × eθ = eϕ, eθ × eϕ = er, eϕ × er = eθ, and it can be easily shown that

∇ = er
∂

∂r
+ eθ

1

r

∂

∂θ
+ eϕ

1

r sin θ

∂

∂ϕ
. (2.1.17)

The discussion that follows is brief, in that some details which require verification

are omitted. It is similar to the treatment in [Thaller (1992)], Section 4.6, except

that there are differences in the notation. We begin by introducing some of the

operators which play a leading role.

(i) −i∇ is the momentum operator and

L := x × (−i∇)

= i

(
eθ

1

sin θ

∂

∂ϕ
− eϕ

∂

∂θ

)

=: (L1, L2, L3) (2.1.18)

is the orbital angular momentum. Thus the expressions for L, L1, L2, L3 and L2 =

L2
1 +L2

2 +L2
3 depend only on the angular variables θ and φ. It is readily shown that

L2 = − 1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
− 1

sin2 θ

∂2

∂ϕ2
. (2.1.19)

(ii) The spin angular momentum S and total angular momentum J are respectively

S := − i

4
α×α (2.1.20)

= (1/2)

{(
σ1 02

02 σ1

)
+

(
σ2 02

02 σ2

)
+

(
σ3 02

02 σ3

)}

=: (1/2)

(
σ 02

02 σ

)
, σ := (σ1, σ2, σ3), (2.1.21)

J = L + S =: (J1, J2, J3). (2.1.22)

We may also consider J and its components J1, J2, J3, as acting on C2-valued func-

tions by setting

J = L + (1/2)σ. (2.1.23)

On identifying L2(R3,Ck) with the tensor product L2(R+; r2dr) ⊗ L2(S2,Ck) we

may view the angular momentum operators L,J, and their components, as acting in

L2(S2,Ck) with k = 2 or 4: L, L1, L2, L3 apply to each component of a Ck-valued
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spinor. They are essentially self-adjoint on C∞
0 (S2,Ck), their unique self-adjoint

extensions being denoted by the same letter in each case. In L2(S2,C2), L2, J2 and

J3 have a discrete spectrum with common eigenvectors Ωl,m,s = Ωl,m,s(θ, ϕ): we

have

L2Ωl,m,s = l(l + 1)Ωl,m,s

J2Ωl,m,s = (l + s)(l + s+ 1)Ωl,m,s

J3Ωl,m,s = mΩl,m,s, (2.1.24)

where l ∈ N0, s = ±1/2 and m ∈ {−l − 1/2, · · · , l + 1/2}: l is referred to as the

angular momentum channel, and s denotes the spin of the particle. The C2-valued

functions Ωl,m,s are called spherical spinors and are given by


√

l+s+m
2(l+s) Yl,m−1/2(θ, ϕ)√
l+s−m
2(l+s) Yl,m+1/2(θ, ϕ)


 if s = 1/2 (2.1.25)

and 

√

l+s−m+1
2(l+s)+2 Yl,m−1/2(θ, ϕ)

−
√

l+s+m+1
2(l+s)+2 Yl,m+1/2(θ, ϕ)


 if s = −1/2, (2.1.26)

where the Yl,k(θ, ϕ) are normalised spherical harmonics on S2, given in terms of the

associated Legendre polynomials

P kl (x) =
(−1)k

2ll!
(1 − x2)k/2

dk+l

dxk+l
(x2 − 1)l

by

Yl,k(θ, ϕ) =

√
(2l+ 1)

4π

(l − k)!

(l + k)!
eikϕP kl (cos θ), k ≥ 0,

Yl,−k(θ, ϕ) = (−1)kYl,k(θ, ϕ).

We adopt the convention that Yl,k = 0 if |k| > l, and denote the set of admissible

indices in (2.1.25) and (2.1.26) by I:

I := {(l,m, s) : l ∈ N0, s = ±1/2,m = −l − 1/2, · · · , l + 1/2,Ωl,m,s 6= 0}; (2.1.27)

note, in particular, that l ≥ 1 when s = −1/2 since Ωl,m,s = 0 otherwise. The

results in (2.1.24)–(2.1.26) can be verified by direct calculation from (2.1.18) and

(2.1.22) on using the known facts that the Yl,m are eigenfunctions of L2 and L3 in

L2(S2) corresponding to eigenvalues l(l+ 1) and m, respectively, and that

(L1 + iL2)Yl,m =
√

(l +m+ 1)(l −m)Yl,m+1

(L1 − iL2)Yl,m =
√

(l −m+ 1)(l +m)Yl,m−1.

The 2-spinors Ωl,m,s, (l,m, s) ∈ I, constitute an orthonormal basis of L2(S2,C2),

as a consequence of the well-known fact that the Yl,k form an orthonormal basis
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of L2(S2). Note that Ωl,m,s and Ωl+2s,m,−s are both eigenvectors of J2 and J3

corresponding to the eigenvalues (l + s)(l + s + 1) and m respectively. On using

reduction formulae for the functions Yl,m, it can be shown that

(σ · er)Ωl,m,s = Ωl+2s,m,−s. (2.1.28)

Set

Φ+
l,m,s =

(
iΩl,m,s

0

)
, Φ−

l,m,s =

(
0

Ωl,m,s

)
. (2.1.29)

Then, from (2.1.4) and (2.1.28),

i(α · er)Φ+
l,m,s = −Φ−

l+2s,m,−s
i(α · er)Φ−

l+2s,m,−s = Φ+
l,m,s. (2.1.30)

Also,

βΦ+
l,m,s = Φ+

l,m,s, βΦ−
l+2s,m,−s = −Φ−

l+2s,m,−s. (2.1.31)

Following [Thaller (1992)], Section 4.6.3, we now express D′
0 as

D′
0 = −i(α · er)

(
∂

∂r
+

1

r
− 1

r
βK

)
+ β (2.1.32)

where K is the spin–orbit operator

K := β(2S · L + 1), (2.1.33)

which, by (2.1.22), satisfies

K := β(J2 − L2 +
1

4
). (2.1.34)

To obtain (2.1.32), the first step is to verify the identity

(σ · a)(σ · b) = a · b + iσ · (a × b) (2.1.35)

for all vectors a,b ∈ C3, and that this yields

(α · a)(2S · b) = iγ5(a · b) − iα · (a × b), (2.1.36)

where γ5 = −iα1α2α3. From (2.1.17) and (2.1.18),

−i∇ = −ier
∂

∂r
− 1

r
(er × L)

and so, from (2.1.36),

−iα · ∇ = −i(α · er)
∂

∂r
− 1

r
[α · (er × L)]

= −i(α · er)
∂

∂r
+
i

r
(α · er)(2S · L),

since er · L = 0, and (2.1.32) follows.

The operators J2, L2 and K are essentially self-adjoint in L2(R3 \ {0},C4). It

follows from (2.1.24) that

(J2 − L2 +
1

4
)Ωl,m,s = (2sl + s+

1

2
)Ωl,m,s (2.1.37)
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and

(J2 − L2 +
1

4
)Ωl+2s,m,−s = −(2sl+ s+

1

2
)Ωl+2s,m,−s, (2.1.38)

whence, with κl,s = 2sl+ s+ 1/2,

βKΦ+
l,m,s = κl,sΦ

+
l,m,s

βKΦ−
l+2s,m,−s = −κl,sΦ−

l+2s,m,−s. (2.1.39)

There is a natural unitary isomorphism U between the Hilbert spaces L2(R3,C4)

and L2(R+, r
2dr)

⊗
L2(S2,C4), and L2(S2,C4) is the orthogonal sum of the 2-

dimensional spaces Hl,m,s spanned by Φ+
l,m,s and Φ−

l+2s,m,−s. Thus

UL2(R3,C4) =
⊕

l∈N0

⊕

m=±(l+1/2)

⊕

s=±1/2

L2(R+, r
2dr)

⊗
Hl,m,s (2.1.40)

and any f ∈ L2(R3,C4) has the representation

(Uf)(r, θ, ϕ) =
∑

l∈N0

∑

m=±(l+1/2)

∑

s=±1/2

{
r−1f+

l,m,s(r)Φ
+
l,m,s(θ, ϕ)

+ r−1f−
l+2s,m,−s(r)Φ

−
l+2s,m,−s(θ, ϕ)

}
, (2.1.41)

where f+
l,m,s, f

−
l+2s,m,−s ∈ L2(R+). If g ∈ L2(R3,C4) is similarly represented

with coefficients g+
l,m,s, g

−
l+2s,m,−s, then, in view of the orthonormality of the

{Φ+
l,m,s,Φ

−
l+2s,m,−s}, we have

(f, g) =
∑

(l,m,s)∈I

∫ ∞

0

(
f+
l,m,sg

+
l,m,s + f−

l+2s,m,−sg
+
l+2s,m,−s

)
dr.

Also, f ∈ C∞
0 (R3,C4) if and only if the coefficients f+

l,m,s, f
−
l+2s,m,−s are in C∞

0 (R+).

From (2.1.30), (2.1.31), (2.1.32) and (2.1.39), it follows that for f ∈ C∞
0 (R3,C4),

D′
0Uf =

∑

(l,m,s)∈I

{
−i(α · εr)

(
1

r

d

dr
− κl,s

r2

)
f+
l,m,sΦ

+
l,m,s +

1

r
f+
l,m,sβΦ+

l,m,s

− i(α · εr)
(

1

r

d

dr
+
κl,s
r2

)
f−
l+2s,m,−sΦ

−
l+2s,m,−s +

1

r
f−
l+2s,m,−sβΦ−

l+2s,m,−s

}

=
∑

(l,m,s)∈I

{(
1

r

d

dr
− κl,s

r2

)
f+
l,m,sΦ

−
l+2s,m,−s +

1

r
f+
l,m,sΦ

+
l,m,s

−
(

1

r

d

dr
+
κl,s
r2

)
f−
l+2s,m,−sΦ

+
l,m,s −

1

r
f−
l+2s,m,−sΦ

−
l+2s,m,−s

}

and so

(U−1D′
0Uf, g) =

∑

(l,m,s)∈I

∫ ∞

0

{
g+
l,m,s(r)

(
[− d

dr
− κl,s

r
]f−
l+2s,m,−s(r) + f+

l,m,s(r)

)

+ g−l+2s,m,−s(r)

(
[
d

dr
− κl,s

r
]f+
l,m,s(r) − f−

l+2s,m,−s(r)

)}

=
∑

(l,m,s)∈I

(D′
0;l,sFl,m,s, Gl,m,s)L2(R+,C2), (2.1.42)
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where D′
0;l,s is defined on C∞

0 (R+,C
2) by

D′
0;l,s :=

(
1 − d

dr −
κl,s

r
d
dr −

κl,s

r −1

)

= −iσ2
d

dr
− κl,s

r
σ1 + σ3 (2.1.43)

and

Fl,m,s =

(
f+
l.m,s

f−
l+2s,m,−s

)
, Gl,m,s =

(
g+
l.m,s

g−l+2s,m,−s

)
. (2.1.44)

We therefore have

U−1D′
0U =

⊕

l∈N0

⊕

m=±(l+1/2)

⊕

s=±1/2

D′
0;l,s.

Also

‖U−1[D′
0 − λI ]Uf‖2 =

∑

(l,m,s)∈I

‖(D′
0;l,s − λI2)Fl,m,s‖2

L2(R+,C2).

It will follow from Theorem 2.1.1 below that each D′
0;l,s is essentially self-adjoint

in L2(R+,C
2). Its self-adjoint extension D0;l,s, has domain

D(D0;l,s) = {u ∈ ACloc(R+,C
2) : u,

(
−iσ2

d

dr
− κl,s

r
σ1

)
u ∈ L2(R+,C

2)},
(2.1.45)

where ACloc(R+,C
2) denotes the set of 2-spinors whose components are absolutely

continuous functions on R+. Moreover

U−1D0U =
⊕

l∈N0

⊕

m=±(l+1/2)

⊕

s=±1/2

D0;l,s. (2.1.46)

2.1.2 Spherically symmetric electric potentials

Let V ∈ L2
loc(R

3) be such that V (x) = V (r), r = |x|. Then we have

D′
0 + V ∼=

⊕

l∈Z

⊕

m=±(l+1/2)

⊕

s=±1/2

(
D′

0;l,s + V
)
,

where ∼= indicates the unitary equivalence U of the last section. The operators

D′
0;l,s + V are called the Dirac partial wave operators.

Theorem 2.1.1. The operator D′
0 + V is essentially self-adjoint in L2(R3,C4) if

and only if D′
0;l,s+V, l ∈ N0, s = ±1/2, are essentially self-adjoint in L2(R+,C

2). If

D, Dl,s denote the unique self-adjoint extensions of D′
0 +V, D′

0;l,s+V , respectively,

then for λ ∈ C \ R,

(D − λI)−1 ∼=
⊕

l∈N0

⊕

m=±(l+1/2)

⊕

s=±1/2

(Dl,s − λI2)
−1 (2.1.47)
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and

σ(D) =
⋃

l∈N0,s=±1/2

σ(Dl,s). (2.1.48)

Also

‖U−1[D − λI ]Uf‖2 =
∑

(l,m,s)∈I

‖(Dl,s − λI2)Fl,m,s‖2
L2(R+,C2), (2.1.49)

in the notation of (2.1.41) and (2.1.44).

Proof. We shall use the criterion that a symmetric operator T in a Hilbert space

H is essentially self-adjoint if and only if the range R(T − λI) of T − λI is dense in

H for some, and hence all, λ ∈ C \ R, see [Edmunds and Evans (1987)], Theorem

III.4.2. Suppose that D′
0;l,s +V is not essentially self-adjoint for some l, s, say l′, s′.

Then, there exists a non-trivial v ∈ L2(R+,C
2), such that

([D′
0;l′,s′ + V ]u, v)L2(R+,C2) = 0, for all u ∈ C∞

0 (R+,C
2). (2.1.50)

With Ug = v+Φ+
l′,m′,s′ +v

−Φl′+2s′,m′,−s′ , where v±(r) := r
∫

S2 v(r, ω)Φ±
l′,m′,s′(ω)dω,

it follows from (2.1.42) that

([D′
0 + V − λI ]Uf, Ug)L2(R3,C4) = 0 for all f ∈ C∞

0 (R3,C4). (2.1.51)

Also,

‖Ug‖2
L2(R3,C4) = ‖v+‖2

L2(0,∞) + ‖v−‖2
L2(0,∞) 6= 0.

Hence U−1(D′
0 + V )U is not essentially self-adjoint and, so, neither is D′

0 + V.

Conversely, suppose there exists a non-trivial g ∈ L2(R3,C4) such that (2.1.51)

holds. Then, for some l′,m′, s′, v = g+Φ+
l′,m′,s′ + g−Φl′+2s′,m′,−s′ 6= 0 and, by

(2.1.44), it follows that (2.1.50) holds. Hence D′
0;l′,s′ + V is not essentially self-

adjoint. It follows that D is unitarily equivalent to the orthogonal sum of the

partial wave operators and this yields (2.1.47) and (2.1.49). Thus a number λ lies

in the resolvent set of D if and only if it lies in the intersection of the resolvent sets

of the operators Dl,s and this is equivalent to (2.1.48).

�

The operators D′
0;l′,s′ +V are typified by an operator T ′

0 defined on C∞
0 (R+,C

2)

by T ′
0f = τf, where

τ := −iσ2
d

dr
− κ

r
σ1 + σ3 + V, κ ∈ R. (2.1.52)

It is densely defined and symmetric in L2(R+,C
2) and its adjoint is defined by τ in

the weak (or distributional) sense on the domain

D
∗ := {f : f, τf ∈ L2(R+,C

2)}, (2.1.53)

that is, for all ϕ ∈ C∞
0 (R+,C

2)

((T ′
0)

∗f, ϕ) := (f, τϕ).
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Since C∞
0 (R+,C

2) ⊂ D∗, it follows that (T ′
0)

∗ is densely defined, has an adjoint and

T ′
0 has a closure T0 = ((T ′

0)
∗)∗; see [Edmunds and Evans (1987)], Theorem III.1.5.

Thus (T ′
0)

∗ = T ∗
0 and T0 = (T ∗

0 )∗ =: T ∗∗
0 . In common with all symmetric operators,

T0 satisfies

‖(T0 − λI)f‖ ≥ ν‖f‖,
for all f in its domain and all λ := µ+ iν ∈ C. It follows that the range R(T0 − λ)

is closed in L2(R+,C
2) for λ ∈ C \ R and this implies that for λ ∈ C \ R

R(T0 − λI)⊥ = N(T ∗
0 − λI); (2.1.54)

here ⊥ stands for the orthogonal complement and N the null space (or kernel).

Recall the following terminology and facts from Section 1.1 in Chapter 1: the di-

mension of the space in (2.1.54) is called the deficiency of T0 − λI ; it is constant

for λ in each of the open half-planes C±; the numbers m+(T0),m−(T0), where

m±(T0) := nul(T∗
0 ± iI), are the deficiency indices of T0.

Let a > 0, |V (x)| ≤ c1|x|−1+c2, for constants c1, c2, and consider the symmetric

operator T ′
+ defined in H+ := L2((a,∞),C2) by T ′

+f := τf on C∞
0 ((a,∞),C2). The

adjoint of T ′
+ has domain

D
∗
+ := {f : f, τf ∈ H+}

= {f : f ∈ H1
loc((a,∞),C2), f, τf ∈ H+}

= {f : f ∈ ACloc((a,∞),C2), f, df/dr ∈ H+}; (2.1.55)

see [Edmunds and Evans (1987)], Corollary V.3.12. The closure of T ′
+ is T+ =

(T ∗
+)∗ and thus, since T+ ⊆ T ∗

+, we have that T+ ⊆ T ∗
+. The graph norm of T ′

+ is

equivalent to the H1
0 ((a,∞),C2) norm and hence the domain D+ of T+ coincides

with H1
0 ((a,∞),C2). Moreover, for f ∈ C∞

0 ((a,∞),C2),

|f2(x)| = 2Re

∫ x

a

〈f(t), f ′(t)〉dt

≤ 2‖f‖‖f ′‖ ≤ {‖f‖2 + ‖f ′‖2},
from which it follows that H1

0 ((a,∞),C2) is continuously embedded in

C([a,∞),C2). This implies that

D+ ⊆ {f : f ∈ D
∗
+, f(a) = 0}. (2.1.56)

We shall need Green’s identity for f, g ∈ D∗
+, namely,

∫ X

a

{〈τf, g〉(t) − 〈f, τg〉(t)}dt = [f, g](X) − [f, g](a), f, g ∈ D
∗
+, (2.1.57)

where, with f =

(
f1
f2

)
, g =

(
g1
g2

)
,

[f, g](x) := −〈iσ2f(x), g(x)〉
= f1(x)g2(x) − f2(x)g1(x). (2.1.58)
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Since gτf − fτg ∈ L1(a,∞), by the Cauchy–Schwarz inequality, (2.1.57) implies,

in particular, that

[f, g](∞) := lim
X→∞

[f, g](X) exists.

Analogous to a celebrated result of H. Weyl in [Weyl (1909)] for singular Sturm–

Liouville equations, the equation

(τ − λI)f = 0, λ ∈ C \ R (2.1.59)

has at least one solution f ∈ H+, i.e.,
∫ ∞

a

(
|f1(r)|2 + |f2(r)|2

)
dr <∞.

The equation (2.1.59) is said to be in the limit-point case at ∞ if there is pre-

cisely one solution in H+ and otherwise in the limit-circle case, when two linear

independent, and hence all, solutions are in H+. This classification is indepen-

dent of λ ∈ C \ R. For the number of solutions of (2.1.59) in H+ is equal to

nul(T∗
+ − λI) = def(T+ − λI), which, as we noted in Section 1.1, is constant in C+

and C−. Furthermore, since f ∈ N(T ∗
+ − iI) implies that f ∈ N(T ∗

+ + iI), it follows

that the deficiency indices m±(T+) of T+ are equal. Hence Weyl’s result can be ex-

pressed as m(T+) ≥ 1, where m(T+) is the common value of the deficiency indices.

Note that m(T+) = 0 would imply that T+ is self-adjoint, which is impossible from

(2.1.56).

From (1.1.1),

m(T+) =
1

2
dim

{
D

∗
+/D+

}
. (2.1.60)

Hence, m(T+) ≥ 1 means that there exist functions ϕ(j), j = 1, 2, in D∗
+, which

are linearly independent modulo D+, that is, c1ϕ
(1) + c2ϕ

(2) ∈ D+ implies that

c1 = c2 = 0. When m(T+) = 1, equality holds in (2.1.56) and for any c ∈ (a,∞),

functions satisfying the following conditions can be defined (see [Edmunds and

Evans (1987)], Lemma III.10.4) and form a basis of D∗
+/D+:

ϕ(j) ∈ AC([a, c],C2) , ϕ(j)(t) = 0 for t ≥ c, (j = 1, 2),

ϕ(1)(a) =

(
1

0

)
, ϕ(2)(a) =

(
0

1

)
. (2.1.61)

If all the solutions of (2.1.59) lie in H+ for some λ = λ0 ∈ C it can be shown that

this is true for all λ ∈ C, cf. [Edmunds and Evans (1987)], Theorem III.10.10.

A similar analysis holds for the symmetric operator T ′
− defined in H− =

L2((0, a),C2) by T ′
−f = τf on C∞

0 ((0, a),C2). It has a closure T− whose adjoint T ∗
−

has domain

D
∗
− = {f : f, τf ∈ H−}

= {f : f ∈ H1
loc((0, a),C

2), f, τf ∈ H−}
= {f : f ∈ ACloc((0, a),C

2), f, τf ∈ H−}. (2.1.62)
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The graph norm of T ′
− is equivalent to the H1

0 ((0, a),C2) norm on account of the

Hardy inequality (1.7.5), H1
0 ((0, a),C2) is continuously embedded in C((0, a],C2)

and T− ⊆ T ∗
− has domain

D− ⊆ {f : f ∈ D
∗
−, f(a) = 0}. (2.1.63)

The limit [f, g](0) := limx→0+[f, g](x) exists for all f, g ∈ D∗
−. The operator T− has

deficiency indices 1 or 2 determined by the number of linearly independent solutions

of (2.1.59) in H− for λ ∈ C \ R, the number being 2 for all λ ∈ C if it is so for one.

The limit-point/limit-circle classification now relates to the singular point 0.

Lemma 2.1.2. (i) m(T+) = 1 if and only if [f, g](∞) = 0 for all f, g ∈ D∗
+ and in

this case

D+ = {f : f ∈ D
∗
+, f(a) = 0}. (2.1.64)

(ii) m(T−) = 1 if and only if [f, g](0) = 0 for all f, g ∈ D∗
− and in this case

D− = {f : f ∈ D
∗
−, f(a) = 0}. (2.1.65)

Proof. Suppose that m(T+) = 1. Then dim
(
D∗

+/D+

)
= 2, by (2.1.60), and so

the functions ϕ(1), ϕ(2) defined in (2.1.61) form a basis of D∗
+/D+. Consequently,

any f ∈ D∗
+ can be written as

f = f0 + c1ϕ
(1) + c2ϕ

(2)

for some f0 ∈ D+ and constants c1, c2. Hence

[f, g](∞) = [f0, g](∞).

But

[f0, g](∞) = (T+f0, g) − (f0, T
∗
+g) = 0

and so [f, g](∞) = 0.

Conversely, suppose [f, g](∞) = 0 for all f, g ∈ D∗
+. Let T1 denote the restriction

of T ∗
+ to (2.1.64). Then, by Green’s identity,

(T1ϕ, ψ) = (ϕ, T ∗
+ψ), for all φ ∈ D(T1), ψ ∈ D

∗
+,

whence T1 ⊆ T ∗∗
+ = T+. Since T+ ⊆ T1 by (2.1.56), (2.1.64) is proved. If ϕ(1), ϕ(2)

are the functions defined in (2.1.61), then f ∈ D∗
+ if and only if

f − f1(a)ϕ
(1) − f2(a)ϕ

(2) ∈ D+.

Consequently dim
(
D∗

+/D+

)
= 2 and m(T+) = 1 by (2.1.60).

The proof is similar for (ii). �

Lemma 2.1.3. m(T+) = 1.

Proof. Suppose that (2.1.59) is in the limit-circle case at ∞, that is, m(T+) =

2. Then there exist linearly independent solutions ϕ, ψ of (2.1.59) in H+, and so

[ϕ, ψ](·) is a non-zero constant. But this is not possible since [ϕ, ψ](·) ∈ L1(a,∞)

by the Cauchy–Schwarz inequality. Hence we must have that m(T+) = 1. �
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Lemma 2.1.4. T0 is self-adjoint (and so T ′
0 is essentially self-adjoint) if and only

if m(T−) = 1, or, equivalently, (2.1.59) is in the limit-point case at 0.

Proof. Let T̃0 be the orthogonal sum

T̃0 = T−
⊕

T+

in H = H−
⊕

H+. It is easily verified that T̃0 is a closed symmetric operator with

equal deficiency indices m(T̃0) = m±(T̃0) and

m(T̃0) = m(T−) +m(T+);

see [Edmunds and Evans (1987)] (IX.5.1). Furthermore, T̃0 ⊆ T0 and by mimicking

the proof of Theorem III.10.20 in [Edmunds and Evans (1987)] we have

D(T̃0) = {f : f ∈ D(T0), f(a) = 0},
dim

(
D(T0)/D(T̃0)

)
= 2,

and

m(T0) = m(T−) +m(T+) − 2.

Thus from Lemma 2.1.3, m(T0) = m(T−) − 1, whence the lemma. �

Lemma 2.1.5. Let V be the Coulomb potential V (r) = γ/r. Then T ′
0 is essentially

self-adjoint in L2(R+,C
2) if and only if γ2 ≤ κ2 − 1/4.

Proof. We noted above that if for some λ ∈ C, all solutions of (2.1.59) are in

L2((0, a),C2), then, for all λ ∈ C, all solutions are in L2((0, a),C2). In view of

Lemma 2.1.4 it is therefore sufficient to prove that for some value of λ, λ = 0 say,

(2.1.59) has a solution that does not lie in L2((0, a),C2). The term σ3 represents a

bounded operator, and so we may consider
{
−iσ2

d

dr
− κ

r
σ1 +

γ

r

}
f(r) = 0.

This has the solutions

f(r) =

(
κ+ s

γ

)
rs, where s = ±

√
κ2 − γ2.

The solution with a negative s is not in L2((0, a),C2) if and only if

γ2 ≤ κ2 − 1/4.
�

On applying Lemmas 2.1.2–2.1.5 to Theorem 2.1.1, and noting that κ2
l,s = (2sl+

s+ 1/2)2 ≥ 1 since l ≥ 1 when s = −1/2, we obtain

Theorem 2.1.6. Let V be the Coulomb potential V (r) = γ/r in Theorem 2.1.1.

Then D′ := D′
0 + V is essentially self-adjoint if and only if |γ| ≤

√
3/2.
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Remark 2.1.7. The essential self-adjointness of D′ := D′
0 + V for any electric

potential V satisfying |V (x)| <
√

3/2 was established in [Schmincke (1972b)]. The

result for the spherically symmetric case of Theorem 2.1.6 was proved in [Evans

(1970)] and also follows from results in [Weidmann (1971)].

Remark 2.1.8. For |γ| ≤
√

3/2, it follows from Theorem 2.1.6 that D is the closure

of D0 + V on D(D0). Let φ ∈ D(D0) and let {φj}j∈N, φj ∈ C∞
0 (R3,C4), be such

that φj → φ and D0φj → D0φ as j → ∞. Since V is D0-bounded on account

of the Hardy inequality and (2.1.11), we have that V φj → V φ and hence that

Dφj = (D0 + V )φj → (D0 + V )φ. Consequently, φ ∈ D(D) and Dφ = (D0 + V )φ,

i.e., (D0 + V ) ⊆ D. This means, in particular, that D(D0) ⊆ D(D). In fact, it is

proved in [Landgren and Reitö (1979)] and [Landgren et al. (1980)] (see also [Arai

and Yamada (1982)], [Klaus (1980)] and [Vogelsang (1987)]) that for D = D0 + V

with |V (x)| < (
√

3/2)|x|−1, D(D0) = D(D). This has important applications for

us in Chapter 4, and we shall give a proof in the next section, based on that in

[Vogelsang (1987)] for the case of matrix-valued potentials.

Remark 2.1.9. If
√

3/2 < |γ| < 1, D′ = D′
0+V, V (r) = γ/r, is no longer essentially

self-adjoint, but a physically relevant self-adjoint extension has been shown to exist:

the literature on these distinguished self-adjoint extensions will be discussed in

Remark 2.1.14 below. The range |γ| ≤ 1 is significant, for it follows from Theorem

2 in [Schechter (1966)] that the spectrum of the distinguished self-adjoint extension

is contained in R \ (−
√

1 − η2,
√

1 − η2), for any η ∈ (|γ|, 1).

Remark 2.1.10. The essence of Lemma 2.1.4 is that for spherically symmetric

scalar potentials V , the essential self-adjointness of D′
0 + V depends only on the

local behaviour of V. This property was proved by Jörgens in [Jörgens (1972)] and

Chernoff in [Chernoff (1973)], [Chernoff (1977)] to be satisfied by a wide class of

operators of the form D′
0 +P, where P is a Hermitian 4× 4-matrix-valued function,

a class which includes operators α · (−i∇+A)+V, where A is a vector (magnetic)

potential and V a scalar potential. In [Thaller (1994)], Thaller gives an abstract

result for operators exhibiting this type of behaviour which includes the results

of Jörgens and Chernoff as special cases. In its application to the Dirac operator

D′
0 + P, the essential self-adjointness of a symmetric operator T is a consequence

of that of symmetric operators AnTAn for each n ∈ N, where, for instance, the An
are the operators of multiplication by real functions φn, where φn(t) = φ(t/n), φ ∈
C∞

0 (0,∞). The crucial property which distinguishes the case when T is the Dirac

operator from that of the Schrödinger operator is that the commutators [T,An] =

−iφ′n(α · x/r) are uniformly bounded operators in the Dirac case. If T is the

Schrödinger operator the commutators are first-order differential operators.
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2.1.3 Matrix-valued potentials

The main objective in this section is to establish a special case of the result in

[Vogelsang (1987)] concerning the essential self-adjointness of

DP
′ := D′

0 + P, D(DP
′) = C∞

0 (R3 \ {0},C4), (2.1.66)

where, in our case, P is a Hermitian 4 × 4-matrix-valued function with a Coulomb

singularity at the origin. Our particular concern is to show that the domain of the

unique self-adjoint extension of DP
′ coincides with D(D0) = H1(R3,C4).

To prepare for the main theorem, we need some auxiliary results, based on ones

in [Vogelsang (1987)], which are of intrinsic interest. We noted in Section 2.1.1 that

the three components of the orbital angular momentum operator L = x×p and total

angular momentum operator J = L + S (where S is the spin angular momentum)

are self adjoint in L2(S2,Ck), k = 2, 4. Also, L2 and J2 have a discrete spectrum

with common eigenvectors Ωl,m,s in the case k = 2, specifically, by (2.1.24),

L2Ωl,m,s = l(l+ 1)Ωl,m,s

J2Ωl,m,s = (l + s)(l + s+ 1)Ωl,m,s, (2.1.67)

where l ∈ N0 when s = 1/2, l ∈ N when s = −1/2 and m ∈ {−l−1/2, · · · , l+1/2}.
It follows that the spectrum of J2 − L2 + 1/4 in L2(S2,Ck), k = 2, 4, consists of

eigenvalues at {±1,±2, · · · }.
From

J2 − L2 + 1/4 = 1 + 2S · L (2.1.68)

and

2S · L = −1

2
(α×α) · (x × ∇)

= −
∑

i<j

αiαj(xi∂j − xj∂i) (2.1.69)

it follows that T := 1 + 2S · L is a self-adjoint operator with domain H1(S2,C4) in

L2(S2,C4) and

‖Tu‖L2(S2,C4) ≥ ‖u‖L2(S2,C4) for all u ∈ H1(S2,C4). (2.1.70)

Setting x = rω, r = |x|,ω = (ω1, ω2, ω3) and α̃ :=
∑3

i=1 αiωi, we have by (2.1.69)

and the Chain Rule that

rα̃

3∑

j=1

αj∂j =
∑

i<j

αiαj(xi∂j − xj∂i) +

3∑

j=1

xj∂j

= (I − T ) + r∂r.

Since α̃2 = I4, we have with u′ = ru,

α̃(∂r − r−1T )u′ = r

3∑

j=1

αj∂ju. (2.1.71)

Lemma 2.1.11. For all u ∈ H1
loc(R

3,C4),

‖r−1/2u‖ ≤ ‖r1/2(α ·D)u‖, D := −i∇, (2.1.72)

whenever both sides are finite. In (2.1.72), ‖ · ‖ is the L2(R3,C4) norm.
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Proof. Let ϕN ∈ C∞
0 (0,∞) be such that 0 ≤ ϕN (r) ≤ 1, ϕN (r) = 1 for 1/N ≤

r ≤ N, and ϕ′
N (r) = O(1/r). Suppose that (2.1.72) has been established for ϕNu.

Then, with obvious notation,

‖r−1/2u‖{x:1/N<r<N} ≤ ‖r−1/2ϕNu‖
≤ ‖r1/2ϕN (α · D)u‖ + ‖r1/2ϕ′

Nu‖{x:r<1/N}∪{x:r>N}

≤ ‖r1/2(α ·D)u‖ + c‖r−1/2u‖{x:r<1/N}∪{x:r>N}.

On allowing N → ∞, (2.1.72) follows for u in the prescribed sense. Hence, we may

assume that u vanishes in neighbourhoods of zero and infinity.

From (2.1.71),

‖r1/2(α ·D)u‖2 =

∫ ∞

0

∫

S2

{
|r(α ·D)u|2dω

}
rdr

=

∫ ∞

0

r
{
‖α̃(∂r − r−1T )u′‖2

L2(S2,C4)

}
dr (2.1.73)

where

‖α̃(∂r − r−1T )u′‖2
L2(S2,C4)

= ‖∂ru′‖2
L2(S2,C4) + ‖r−1Tu′‖2

L2(S2,C4) − 2r−1Re
[
(∂ru

′,Tu′)L2(S2,C4)

]
.

Since, T involves only the angular variables and therefore commutes with ∂r, we

have on changing the order of integration,
∫ ∞

0

∫

S2

〈∂ru′, Tu′〉drdω = −
∫

S2

∫ ∞

0

〈u′, T ∂ru′〉drdω

= −
∫ ∞

0

∫

S2

〈Tu′, ∂ru′〉dωdr

and so

Re

∫ ∞

0

(∫

S2

〈∂ru
′,Tu′〉dω

)
dr = 0.

Hence, from (2.1.73) and (2.1.70), we deduce that

‖r1/2(α ·D)u‖2 =

∫ ∞

0

r
(
‖∂ru′‖2

L2(S2,C4) + ‖r−1Tu′‖2
L2(S2,C4)

)
dr ≥ ‖r−1/2u‖2

and the proof is complete. �

Lemma 2.1.12. Let P be Hermitian-valued with P α̃ = α̃P and

|P (x)| ≤ µ/|x|, 0 ≤ µ <
√

3/2.

Then, for all u ∈ H1(R3,C4),

‖r−1u‖ ≤ (1 − a)−1‖[(α · D) + P ]u‖, a2 = µ2 + 1/4. (2.1.74)
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Proof. First note that r−1u ∈ L2(R3,C4) by Hardy’s inequality (1.7.3). On

substituting r−1/2u for u in Lemma 2.1.11, we have

‖r−1u‖ ≤ ‖[(α ·D) + P ]u‖ + ‖(ir−1α̃/2 − P )u‖.
Furthermore, the assumptions on P imply that

‖(ir−1α̃/2 − P )u‖2 = ‖Pu‖2 +
1

4
‖r−1u‖2 ≤ a2‖r−1u‖2,

whence the result. �

The following theorem is a special case of Theorem 1 in [Vogelsang (1987)];

Vogelsang’s theorem allows the matrix potential P to have Coulomb singularities

at a sequence of distinct points without a finite limit point.

Theorem 2.1.13. Let P ∈ L∞
loc(R

3 \ {0},C4 ×C4) be Hermitian-valued with P α̃ =

α̃P and

|P (x)| ≤ µ/|x|, 0 ≤ µ <
√

3/2. (2.1.75)

Then D′
P is essentially self-adjoint and its unique self-adjoint extension has domain

D(D0) = H1(R3,C4).

Proof. We first prove that R := (α · D) + P is symmetric on

D1 := {u : u ∈ L2(R3,C4) ∩H1
loc(R

3,C4), Ru ∈ L2(R3,C4)}.
Let f, g ∈ D1 and φk(r) = φ(r/k), where φ ∈ C∞

0 [0,∞), 0 ≤ φ ≤ 1, φ(r) = 1 in

[0, 1), 0 for r > 2 and φ′(r) = O(1). Then

(φkRf, φkg) − (φkf, φkRg)

= i(φ′kα̃f, φkg) − i(φkf, φ
′
kα̃g)

= O

(
1

k

∫

k<r<2k

|fg|dx
)
.

That R is symmetric on D1, follows on allowing k → ∞.

The next step is to prove that R on D1 is self-adjoint. This will follow if we

show that R(R+ iI) = L2(R3,C2), i.e., for any f ∈ L2(R3,C4), there exists u ∈ D1

such that

[(α · D) + P + i]u = f, (2.1.76)

and similarly for −i.
Define

Pλ(x) :=
r

r + λ
P (x), (0 < λ ≤ 1).

Then (α ·D) +Pλ is self-adjoint on D(D0) = H1(R3,C4) by Theorem 1.1.1, and so

there exists uλ ∈ H1(R3,C4) such that

[(α ·D) + Pλ + i]uλ = f, ‖uλ‖ ≤ ‖f‖. (2.1.77)
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With the above φk ∈ C∞
0 [0,∞), we have

‖(α ·D)(φkuλ)‖ = ‖φk(α ·D)uλ − iφ′kα̃uλ‖
≤ ‖φk[(α ·D) + Pλ + i]uλ‖ + ‖φk(Pλ + i)uλ‖ + ‖φ′kuλ‖
≤ C‖f‖, (2.1.78)

where the constant C is independent of λ, on observing that the assumptions on P

in Lemma 2.1.12 are satisfied by Pλ and consequently,

‖Pλuλ‖ ≤ µ‖r−1uλ‖ ≤ µ(1−a)−1‖[(α·D)+Pλ]uλ‖ ≤ µ(1−a)−1‖f−iuλ‖ = O(‖f‖)
and

‖φ′kuλ‖ = O(‖uλ‖) = O(‖f‖).
These imply that {φkuλ} is bounded in H1

0 (B2k), where B2k is the ball {x : |x| <
2k}, and hence, by the Rellich–Kondrachov theorem (see property (v) in Section

1.6), there exists a sequence {φkuλnk
: nk ∈ N}, which, as λnk

→ 0, converges in

L2(B2k,C
4) and, hence, {uλnk

} converges in L2(Bk,C
4).On repeating the argument

with {φ2kuλnk
}, we see that {uλnk

} contains a subsequence {uλ2k
} which converges

in L2(B2k,C
4). Continuing in this way and selecting the diagonal of the constructed

subsequences, we obtain a sequence {uλn} which converges to a limit u, say, in

L2
loc(R

3,C4). Note also that, for all k ∈ N,

‖u‖Bk
= lim

λn→0
‖uλn‖Bk

≤ ‖f‖

and so u ∈ L2(R3,C4).

We claim that u ∈ D1 and satisfies (2.1.76). To see this, we first note that, for

all ψ ∈ C∞
0 (R3,C4),
∫

R3

〈uλn , (α · D)ψ〉dx =

∫

R3

〈(α · D)uλn , ψ〉dx

=

∫

R3

〈f − (Pλn + i)uλn , ψ〉dx

=

∫

R3

〈f − iuλn , ψ〉dx −
∫

R3

〈uλn , Pλnψ〉dx.

As λn → 0, uλn → u in L2
loc(R

3,C4), and Pλnψ → Pψ in L2(R3,C4) by domi-

nated convergence, since Pλn → P and |Pλnψ|2 ≤ |Pψ|2 ∈ L1(R3,C4) by Hardy’s

inequality. It follows that∫

R3

〈u, (α · D)ψ〉dx =

∫

R3

〈f − (P + i)u, ψ〉dx.

Thus (α ·D)u = f − (P + i)u in the distributional sense in R3. Since f − (P + i)u ∈
L2
loc(R

3 \ {0},C4), we also have that (α ·D)u = f − (P + i)u in the sense of a weak

derivative in R3 \ {0}. This implies that u ∈ D1 and (2.1.76) is satisfied. The same

argument works when i is replaced by −i in (2.1.76). Hence R is self-adjoint on D1.

The operator R is the closure of D′
P (and hence D′

P is essentially self-adjoint)

if and only if any u ∈ D1 can be approximated in the graph norm ‖ · ‖R of R by
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functions in C∞
0 (R3 \{0},C4). From the identity R[(1−φk)u] = (1−φk)Ru+ iφ′kα̃u

we have that ‖u − φku‖R → 0 as k → ∞. Moreover, ‖φku‖R is easily seen to be

equivalent to ‖φku‖H1(R3,C4) on using Lemma 2.1.12 and Hardy’s inequality. Since

C∞
0 (R3\{0},C4) is dense inH1(R3,C4) (see [Edmunds and Evans (1987)], Corollary

VIII.6.4), it follows that R = D′
P .

Finally, for u ∈ D1, φku ∈ H1(R3,C4) and by Lemma 2.1.12,

‖Pu‖{x:r≤k} ≤ ‖φkPu‖ ≤ µ‖r−1φku‖
≤ µ(1 − a)−1‖[(α · D) + P ](φku)‖
≤ C{‖[(α · D) + P ]u‖+ k−1‖u‖x:k<r<2k}.

It follows that Pu ∈ L2(R3,C4) and, hence, u ∈ H1(R3,C4). The proof of the

theorem is therefore complete. �

In [Arai (1975)] and [Arai (1983)], it is shown that there are matrix-valued

potentials P satisfying

|P (x)| ≤ 1/2 + ε

|x| ,

with ε > 0 arbitrary, for which D′
P is not essentially self-adjoint. Thus, the condition

P α̃ = α̃P is necessary in Theorem 2.1.13. Hardy’s inequality ensures that if

|P (x)| ≤ a/2|x| + b

for some constants b ≥ 0 and a < 1, then P has D′
0-bound a < 1 and hence D′

P

is essentially self-adjoint with D(DP ) = D(D0), by the Kato–Rellich theorem 1.1.1.

Therefore a < 1 is optimal for general matrix-valued potentials.

Remark 2.1.14. For

γ = sup
x6=0

|x||V (x)| < 1, (2.1.79)

where V is now a scalar potential, Schmincke in [Schmincke (1972a)] and Wüst

in [Wüst (1973, 1975, 1977)] proved the existence of a distinguished self-adjoint

extension T̃ of T := D′ := D′
0 + V � C∞

0 (R3 \ {0},C4) as a certain limit of Dirac

operators with cut-off potentials: Schmincke removed Wüst’s assumption that T be

semi-bounded. The extension is characterised by its domain D(T̃ ) being contained

in D(T ∗)∩D(r−1/2). This was shown by Klaus and Wüst in [Klaus and Wüst (1979)]

to coincide with the self-adjoint extension constructed by Nenciu in [Nenciu (1976,

1977)] as the unique self-adjoint extension of D′
0 + V with domain in D(|D0|1/2) =

H1/2(R3,C4). In [Nenciu (1976)], T̃ is defined as the self-adjoint operator satisfying

the following:

(T̃φ, ψ) = (|D0|1/2φ, U |D0|1/2ψ) + (V φ, ψ), V (x) = γ/|x|, (2.1.80)

for φ ∈ D(T̃ ), ψ ∈ D(D0), where U is the partial isometry in the polar decomposition

of D0; see Section 1.2. We shall see in Section 2.2.3 below that U = Λ+ ⊕ Λ−,
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where Λ± are the projections of L2(R3,C4) onto the positive and negative spectral

subspaces of D0 and |D0| =
√
−∆ + 1I4.

The pivotal role played by Hardy-type inequalities in establishing the essential

self-adjointness of T is clear from the proof of Theorem 2.1.13, and their fundamental

importance in proving the existence of a distinguished self-adjoint extension of T

is demonstrated in [Esteban and Loss (2007)] and [Esteban and Loss (2008)]. A

special case of the inequality in Theorem 1 of [Esteban and Loss (2007)], which is

adequate for dealing with Coulomb potentials, is the following inequality proved

originally in [Dolbeault et al. (2000a)]:

∫

R3

( |(σ · ∇)ϕ(x)|2
1 + 1/|x| + |ϕ(x)|2

)
dx ≥

∫

R3

|ϕ(x)|2
|x|2 dx, (2.1.81)

where σ · ∇ =
∑3

j=1 σj∂j , with σj , j = 1, 2, 3 denoting the Pauli matrices (2.1.5).

The powers of |x| and the constants are optimal in (2.1.81). By scaling, replacing

ϕ(·) by ε−1ϕ(ε−1·) and allowing ε→ 0, (2.1.81) yields

∫

R3

|x||(σ · ∇)ϕ(x)|2dx ≥
∫

R3

|ϕ(x)|2
|x| dx. (2.1.82)

The analysis in [Esteban and Loss (2007)] applies to the critical case γ = 1 in

(2.1.79). It is shown that when V (x) = −1/|x|, the domain of the distinguished

self-adjoint extension is not contained in H1/2(R3,C4).

2.2 The quasi-relativistic operator

In [Herbst (1977)] and [Weder (1974, 1975)], a comprehensive description is given

of the spectral properties of the operator

H := (−∆ +m2)1/2 − Ze2/|x|, (2.2.1)

which serves as a model for the interaction of a relativistic spin-zero particle of

charge e and mass m in the Coulomb field of an infinitely heavy nucleus of charge

Z. Unlike the Dirac operator, this operator has the virtue of being non-negative for

a range of values of Ze2, and provides an interesting comparison with the Brown–

Ravenhall operator which will be investigated in the next section. To simplify

notation again, we consider the operator

H := H0 + V, H0 :=
√
−∆ + 1, V (x) = −γ/|x|, γ > 0. (2.2.2)

The operator H0 has domain D(H0) = H1(R3) and form domain H1/2(R3); see

Section 1.6. We first need some preliminary results, which will also be needed in

the next section.
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2.2.1 The Kato inequality

In this section we give a proof of Kato’s inequality (1.7.7) in the cases n = 2, 3, as

a consequence of technical lemmas which will be needed elsewhere in this chapter.

In the first lemma, the normalised spherical harmonics Yl,m feature and also the

Legendre functions of the second kind, namely,

Ql(z) =
1

2

∫ 1

−1

Pl(t)

z − t
dt, (2.2.3)

where Pl are the Legendre polynomials.

Lemma 2.2.1. Let p = p ωp,p
′ = p′ωp′ ∈ R3. Then∫

S2

∫

S2

1

|p − p′|2Yl′,m′(ωp′)Yl,m(ωp)dωp′dωp =
2π

pp′
Ql

(
p′2 + p2

2pp′

)
δll′δmm′ .

(2.2.4)

Proof. On setting z = (p2 + p′2)/2pp′ and p ·p′ = pp′ cos γ, we have from [Whit-

taker and Watson (1940)], Chapter XV that
1

|p − p′|2 =
1

2pp′(z − cos γ)

=
1

2pp′

∞∑

l′′=0

(2l′′ + 1)Ql′′(z)Pl′′(cos γ)

=
4π

2pp′

∞∑

l′′=0

Ql′′(z)

l′′∑

m′′=−l′′
Y l′′ ,m′′(ωp)Yl′′ ,m′′(ωp′). (2.2.5)

The lemma now follows from (2.2.5) and the orthonormality of the spherical har-

monics. �

The following analogue of Lemma 2.2.1 for the spherical spinors of (2.1.25) and

(2.1.26) will be used in the partial wave decomposition of the Brown–Ravenhall

operator in the next section.

Lemma 2.2.2. Let p = p ωp,p
′ = p′ωp′ ∈ R3. Then∫

S2

∫
S2

1
|p−p′|2 〈Ωl′,m′,s′(ωp′),Ωl,m,s(ωp)〉dωp′dωp

= 2π
pp′Ql

(
p′2+p2

2pp′

)
δll′δmm′δss′ . (2.2.6)

Proof. For s = s′ = 1/2, we derive from (2.1.25) and (2.2.4)

I :=

∫

S2

∫

S2

1

|p − p′|2 〈Ωl′,m′,s′(ωp′),Ωl,m,s(ωp)〉dωp′dωp

=

∫

S2

∫

S2

1

|p − p′|2

{√
l′ +m′ + 1/2

2(l′ + 1/2)

√
l +m+ 1/2

2(l + 1/2)
Yl′,m′−1/2(ωp′)Yl,m−1/2(ωp)

+

√
l′ −m′ + 1/2

2(l′ + 1/2)

√
l −m+ 1/2

2(l + 1/2)
Yl′,m′+1/2(ωp′)Yl,m+1/2(ωp)

}
dωp′dωp

=
2π

pp′
Ql

(
p′2 + p2

2pp′

)
δll′δmm′ .
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Similarly for s = s′ = −1/2 on using (2.1.26).

When s = 1/2, s′ = −1/2, (2.1.25), (2.1.26) and (2.2.4) yield

I =

{√
l+m+ 1/2

2(l+ 1/2)

√
l −m+ 1/2

2(l + 1/2)

−
√
l −m+ 1/2

2(l+ 1/2)

√
l +m+ 1/2

2(l+ 1/2)

}
2π

pp′
Ql

(
p′2 + p2

2pp′

)
δll′δmm′

= 0.
�

The next lemma is a consequence of Hilbert’s inequality in Theorem 1.7.2 and

will be used repeatedly later.

Lemma 2.2.3. For u, v ∈ L2(R+;xdx) and l ∈ N0,

Il :=

∫ ∞

0

∫ ∞

0

u(x)v(y)Ql

(
1

2

[
x

y
+
y

x

])
dxdy

≤ Cl

(∫ ∞

0

x|u(x)|2dx
)(∫ ∞

0

y|v(y)|2dy
)
, (2.2.7)

where

Cl =

∫ ∞

0

Ql

(
1

2

[
x+

1

x

])
x−1dx

is sharp. In particular,

Cl =

{
π2/2, if l = 0

2, if l = 1
(2.2.8)

and Cl ≤ 2 for l > 2.

Proof. The functions x−1/2y−1/2Ql

(
1
2

[
x
y + y

x

])
are homogeneous of degree −1.

Hence (2.2.7) follows by Hilbert’s inequality.

Next we note that it is shown in [Whittaker and Watson (1940)], Chapter XV,

Section 32, that for t > 1, the Legendre functions Ql(t) have the integral represen-

tation

Ql(t) =

∫ ∞

t+
√
t2−1

z−l−1

√
1 − 2tz + z2

dz (2.2.9)

and so, for t > 1,

Q0(t) ≥ Q1(t) ≥ · · · ≥ Ql(t) ≥ · · · ≥ 0. (2.2.10)
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Thus Cl ≤ C0 if l ∈ N0 and Cl ≤ C1 if l ∈ N. Furthermore,

C0 =

∫ ∞

0

Q0

(
1

2

[
x+

1

x

])
x−1dx =

∫ ∞

0

ln

∣∣∣∣
x+ 1

x− 1

∣∣∣∣
dx

x

= 2

∫ 1

0

ln

∣∣∣∣
x+ 1

x− 1

∣∣∣∣
dx

x

= 4

∫ 1

0

( ∞∑

k=0

x2k

2k + 1

)
dx

= 4

∞∑

k=0

1

(2k + 1)2

=
π2

2
(2.2.11)

and

C1 =

∫ ∞

0

Q1

(
1

2

[
x+

1

x

])
x−1dx

= 2

∫ 1

0

Q1

(
1

2

[
x+

1

x

])
x−1dx

= 2

∫ 1

0

{
1

2

(
x+

1

x

)
ln

∣∣∣∣
x+ 1

x− 1

∣∣∣∣− 1

}
dx

x

= 2 lim
ε→0+,δ→1−

[
1

2

(
x− 1

x

)
ln

∣∣∣∣
x+ 1

x− 1

∣∣∣∣
]δ

ε

= 2 (2.2.12)

as asserted. �

Kato’s inequality in Rn is now shown (in the cases n = 2, 3) to be a consequence

of Lemmas 2.2.1 and 2.2.3. We use the notation

D1/2(Rn) := {u : (·)1/2û ∈ L2(Rn)}. (2.2.13)

Equivalently, in configuration space, D1/2(Rn) is the completion of S(Rn) with

respect to the norm

‖u‖D1/2(Rn) := ‖{−∆}1/4u‖L2(Rn) := ‖{| · |}1/2û‖L2(Rn). (2.2.14)

Note that D1/2(Rn) is not a subspace of L2(Rn). Its intersection with L2(Rn)

is the Bessel potential space

H1/2(Rn) := {u : (| · |2 + 1)1/4û ∈ L2(Rn)}; (2.2.15)

see (1.6.4). Equivalently, in configuration space, H1/2(Rn) is the completion of

S(Rn) with respect to the norm

‖u‖H1/2(Rn) := ‖(−∆ + 1)1/4u‖L2(Rn) := ‖(| · |2 + 1)1/4û‖L2(Rn); (2.2.16)

see Section 1.6 in Chapter 1.
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Theorem 2.2.4. For all f ∈ D1/2(R3),
∫

R3

|x|−1|f(x)|2dx ≤ π

2

∫

R3

|p||f̂(p)|2dp. (2.2.17)

The constant π/2 is sharp.

Proof. It is sufficient to prove the theorem for f ∈ S(R3).

By Parseval’s formula (1.5.7), and (1.5.9), we have
∫

R3

|x|−1|f(x)|2dx =

∫

R3

F(| · |−1f)(p)F(f )(p)dp

=

∫

R3

(
F(| · |−1) ∗ f̂

)
(p)f̂(p)dp

=
1

(2π)3/2

√
2

π

∫

R3

|p − p′|−2f̂(p′)f̂(p)dpdp′ =: I

(2.2.18)

since

F(| · |−1)(p) =

√
2

π
|p|−1

by (1.5.14). Since the spherical harmonics {Yl,m} form an orthonormal basis of

L2(S2), we can write, with p = pωp in polar co-ordinates,

f̂(p) =
∑

l,m

cl,m(p)Yl,m(ωp), cl,m(p) =

∫

S2

f̂(pωp)Yl,m(ωp)dωp,

where the summation is over m = −l,−l+ 1, · · · , l − 1, l, l ∈ N0. On substituting

in the integral I of (2.2.18) and using Lemma 2.2.1, we get

I =
1

2π2

∑

l,m

∑

l′,m′

∫ ∞

0

∫ ∞

0

p2p′2cl′,m′(p′)cl,m(p)

×
∫

S2

∫

S2

1

|p − p′|2Yl′,m′(ωp′)Yl,m(ωp)dωpdωp′dpdp′

=
1

π

∑

l,m

∫ ∞

0

∫ ∞

0

pp′Ql(
p2 + p′2

2pp′
)cl,m(p′)cl,m(p)dpdp′

=
1

π

∑

l,m

∫ ∞

0

∫ ∞

0

Ql

(
1

2

[
p

p′
+
p′

p

])(
pcl,m(p)

)
(p′cl,m(p′)) dpdp′. (2.2.19)

It now follows from Lemma 2.2.3 and (2.2.10) that

I ≤ π

2

∑

l,m

∫ ∞

0

p3|clo,m(p)|2dp

=
π

2

∫

R3

|f̂(p)|2|p|dp

with sharp constant π/2, and so the proof is complete. �
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The following proof of Kato’s inequality in R2 is taken from [Bouzouina (2002)]

where a method that is analogous to that above is used.

Theorem 2.2.5. For all f ∈ D1/2(R2)
∫

R2

|f(x)|2
|x| dx ≤

(
Γ(1/4)√
2Γ(3/4)

)2 ∫

R2

|p||f̂(p)|2dp, (2.2.20)

where the constant is sharp.

Proof. As in the proof of Theorem 2.2.4, but noting that in R2,F(1/| · |)(p) =

|p|−1, by (1.5.14), it follows that
∫

R2

|f(x)|2
|x| dx =

∫

R2

{
F

(
1

| · |

)
∗ f̂
}

(p)f̂(p)dp

=
1

2π

∫

R2

∫

R2

1

|p− p′| f̂(p′)f̂(p)dp′dp

=: I (2.2.21)

say. Since {eikθ/
√

2π : k ∈ Z} is an orthonormal basis in L2(0, 2π), we can set, in

polar co-ordinates,

f̂(p) =
1√
2π

∑

k∈Z

p−1/2vk(p)e
ikθ ,

where
∑

k∈Z

∫ ∞

0

p|vk(p)|2dp =

∫

R2

|p||f̂(p)|2dp.

On substituting in (2.2.21), we derive

I =
1

(2π)2

∑

k,k′∈Z

∫ ∞

0

∫ ∞

0

vk′ (p
′)vk(p)Jk,k′ (p, p

′)(pp′)1/2dpdp′, (2.2.22)

where

Jk,k′ (p
′p′) :=

∫ 2π

0

∫ 2π

0

[p2 + p′2 − 2pp′ cos(θ − θ′)]−1/2eik
′θ′e−ikθdθdθ′.

Let a := 2pp′/(p2 + p′2) and suppose that k 6= k′. Then, on setting θ′ = φ′ + α, θ =

φ+ α, we obtain

Jk,k′ (p, p
′) = ei(k

′−k)αJk,k′ (p, p
′)

and hence Jk,k′ (p, p
′) = 0. When k = k′,

Jk,k(p, p
′) =

1√
p2 + p′2

∫ 2π

0

∫ 2π

0

eik(θ
′−θ)

√
1 − a cos(θ′ − θ)

dθ′dθ.

The change of variables θ′ − θ = u, θ = v yields

Jk,k(p, p
′) =

1√
p2 + p′2

∫ 2π

0

dv

∫ 2π−v

−v

eiku√
1 − a cos u

du

=
2π√
p2 + p′2

Ik(a), (2.2.23)
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where

Ik(a) :=

∫ 2π

0

eiku√
1 − a cosu

du

= −
√

2

a

∫

|z|=1

zk−1/2

√
(z − z−)(z − z+)

dz (2.2.24)

on setting z = eiu and with z± = (1/a){1±
√

1 − a2}: note that I−k(a) = Ik(a) =

Ik(a). The function

zk−1/2

√
(z − z−)(z − z+)

is analytic in C\ [0,∞) and it follows by Cauchy’s theorem that Ik = I1
k +I2

k , where

I1
k =

√
2

a

∫ z−

0

xk−1/2

√
(x− z−)(x− z+)

dx+

√
2

a

∫ 1

z−

xk−1/2

i
√

(x− z−)(z+ − x)
dx

and

I2
k =

√
2

a

∫ z−

0

xk−1/2

√
(x− z−)(x− z+)

dx +

√
2

a

∫ 1

z−

xk−1/2

−i
√

(x − z−)(z+ − x)
dx.

Hence, on setting t = 1/a, we have

I|k|(a) = 2
√

2t

∫ t−
√
t2−1

0

x|k|−1/2

√
x2 − 2tx+ 1

dx

= 2
√

2t

∫ ∞

t+
√
t2−1

x−|k|−1/2

√
1 − 2tx+ x2

dx

= 2
√

2tQ|k|−1/2(t)

by (2.2.9). Note that this remains true with the non-integer index |k| − 1/2. For

the substitution t = (1/2)(z + 1/z) gives

t+
√
t2 − 1 = max(z, 1/z), x2 − 2tx+ 1 = (x− z)(x− 1/z),

and so

I|k|(1/t) = 2
√

2t

∫

max(z,1/z)

x−|k|−1/2

√
(x− z)(x− 1/z)

dx

= 2
√

2tQ|k|−1/2((1/2)(z + 1/z)) = 2
√

2tQ|k|−1/2(t),

by (1.5.24) with l = |k| − 1/2. We therefore have in (2.2.22)

I =
1

π

∑

k∈Z

∫ ∞

0

∫ ∞

0

vk(p
′)vk(p)Q|k|−1/2

(
1

2

[
p

p′
+
p′

p

])
dpdp′.

The function Q|k|−1/2

(
1
2

[
p
p′ + p′

p

])
(p′p)−1/2 is homogeneous of degree −1, and

thus, on using Hilbert’s inequality (1.7.10) and the fact that Q|k|−1/2 decreases

with |k|, it follows that

I ≤ 1

π

(∫ ∞

0

Q−1/2

(
1

2

[
p+

1

p

])
p−1dp

)∑

k∈Z

∫ ∞

0

p|vk(p)|2dp

=

√
2

π

(
(MQ−1/2)

(
1

2

[
· + 1

·

]))
(−i/2)

∫

R2

|p||f̂(p)|2dp
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where M denotes the Mellin transform. Hence by (1.5.21)and (1.5.22),

I ≤
(

Γ(1/4)√
2Γ(3/4)

)2 ∫

R2

|p||f̂(p)|2dp.

The lemma follows from (2.2.21). �

2.2.2 The self-adjoint realisation

In view of Kato’s inequality (2.2.17), a natural self-adjoint realisation of the operator

(2.2.2) in L2(R3) is that given by the first representation theorem associated with

the form

h[f ] :=

∫

R3

(
|(H1/2

0 f)(x)|2 + V (x)|f(x|2
)
dx, V (x) = −γ/|x|, (2.2.25)

on H1/2(R3), for γ not exceeding the critical value 2/π. The complete picture is

provided by the following result from [Herbst (1977)].

Theorem 2.2.6.

(1) If γ ≤ 2/π, the form (2.2.25) is non-negative on H1/2(R3). The operator H in

(2.2.2) is defined to be the associated self-adjoint operator, having form domain

H1/2(R3); it is the Friedrichs extension of the restriction of H0 +V to D(H0) =

H1(R3). If γ < 2/π,H coincides with the form sum H0 u V.

(2) If γ > 2/π, the form (2.2.25) is unbounded below.

(3) If γ < 1/2,H is self-adjoint on D(H0), being the operator sum of H0 and V ; it

is essentially self-adjoint if γ = 1/2. For all γ and f ∈ D(H0), V f ∈ L2(R3).

Proof.

(1) This is an immediate consequence of Kato’s inequality (2.2.17) and the stability

theorem for forms, Theorem 1.2.1.

(2) Suppose that H0 + V is bounded below, H0 + V ≥ −E, say, that is,
∫

R3

{
f(x)

√
−∆ + 1f(x) + [V (x) +E]|f(x)|2

}
dx ≥ 0, (2.2.26)

for all f in the form domain of H0 + V, and, in particular, for all f ∈ S(R3).

Let Λ denote the dilation (Λf)(x) = f(λx), λ > 0. Then

0 ≤
∫

R3

{
√
p2 + 1|[F(Λf)](p)|2dp +

∫

R3

[V (x) +E]|Λf(x)|2}dx

=

∫

R3

√
p2 + λ−2|f̂(p)|2dp +

∫

R3

[V (x) +Eλ−1]|f(x)|2dx.

On allowing λ → ∞, we obtain
∫

R3

p|f̂(x)|2dx ≥ γ

∫

R3

|f(x)|2
|x| dx,

which, from Theorem 2.2.4, can only hold for γ ≤ 2/π.
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(3) By Hardy’s inequality (1.7.3), we have

‖V f‖ ≤ (2γ)‖H0f‖, f ∈ H1(R3).

Hence by Theorem 1.1.1, H0 + V is self-adjoint with domain D(H0) if γ < 1/2

and is the operator sum of H0 and V. If γ = 1/2, the essential self-adjointness

of H0 + V follows from Wüst’s Theorem 1.1.2.
�

The following lower bound for the operator H = H0 u V in the first part of

Theorem 2.2.6 is obtained by Herbst in [Herbst (1977)], Theorem 2.2.

Theorem 2.2.7. If γ < 2/π, then

H ≥
√

1 − (πγ/2)2.

Proof. Let κ := πγ/2 < 1 and suppose that 0 < λ < 1, so that λ ∈ ρ(H0). Define

B := (H0 − λ)−1/2V (H0 − λ)−1/2

= −A∗A,

where

A =
(
|V |1/2(−∆)−1/4

)(
(−∆)1/4(H0 − λ)−1/2

)
.

From Kato’s inequality (2.2.17) we have

‖|V |1/2(−∆)−1/4‖2 ≤ κ.

Also, on using the Spectral Theorem for (−∆)1/2, we have

‖(−∆)1/4(H0 − λ)−1/2f‖2 ≤
∫

R+

x
(√

x2 + 1 − λ
)−1

d‖Exf‖2

≤ sup
x≥0

{
x
(√

x2 + 1 − λ
)−1

}
‖f‖2

= (1 − λ2)−1/2‖f‖2.

Hence

‖B‖ ≤ (1 − λ2)−1/2κ < 1

if λ <
√

1 − κ2. For u ∈ D(H0) and v ∈ Q(H0) = Q(H),

h[u, v] − λ(u, v) = ([H0 + V − λ]u, v)

= ([H0 − λ]1/2[1 +B][H0 − λ]1/2u, v),

while if v ∈ D(H), the left-hand side is equal to (u, [H − λ]v). It follows that

H − λ = [H0 − λ]1/2[1 + B][H0 − λ]1/2

and so

[H − λ]−1 = [H0 − λ]−1/2[1 +B]−1[H0 − λ]−1/2

for λ <
√

1 − κ2. Thus the resolvent set of H contains (−∞,
√

1 − κ2) and this

implies the theorem. �
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In order to investigate further the range 1/2 < γ < 2/π, we decompose H in

terms of the spherical harmonics Yl,m and mimic some of the analysis of Section

2.2.1. We have

F(H0f)(p) =
√
p2 + 1f̂(p)

and from (1.5.11) and (1.5.16)

F(
1

| · |f)(p) =

(
F

1

| · | ∗ f̂
)

(p)

=
1

2π2

∫

R3

1

|p − p′|2 f̂(p′)dp′.

Since | · |−1f ∈ L2(R3) for all f ∈ H1(R3), by Hardy’s inequality, H is defined on

H1(R3) and

F(Hf)(p) =
√
p2 + 1f̂(p) − γ

2π2

∫

R3

1

|p− p′|2 f̂(p′)dp′.

Let

f̂(p) =
∑

l,m

p−1cl,m(p)Yl,m(ωp),

where

p−1cl,m(p) =

∫

S2

f̂(pωp)Yl,m(ωp)dωp,

and
∑

l,m

∫ ∞

0

(1 + p2)|cl,m(p)|2dp =

∫

R3

(1 + |p|2)|f̂(p)|2dp = ‖f‖2
H1(R3).

Then, on using the identity (2.2.5) and the orthonormality of the spherical harmon-

ics, we obtain

F(Hf)(p) =
∑

l,m

{√
p2 + 1p−1cl,m(p)

− γ

π

∫ ∞

0

p−1cl,m(p′)Ql

(
1

2

[
p

p′
+
p′

p

])
dp′
}
Yl,m(ωp)

and so

(f,Hf) =
∑

l,m

{∫ ∞

0

√
p2 + 1|cl,m(p)|2dp

− γ

π

∫ ∞

0

∫ ∞

0

Ql

(
1

2

[
p

p′
+
p′

p

])
cl,m(p′)ĉl,m(p)dpdp′

}

=
∑

l,m

(cl,m, hlcl,m)L2(R+), (2.2.27)

say. Formally, the operator hl is given by

hl = E −Kl (2.2.28)
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where E is the operator of multiplication by
√
p2 + 1 and

(Klu)(p) =
γ

π

∫ ∞

0

Ql

(
1

2

[
p

p′
+
p′

p

])
u(p′)dp′. (2.2.29)

Lemma 2.2.8. For u ∈ L2(R+; p2dp),

‖Klu‖L2(R+) ≤
γ

π
Il,1/2‖u‖L2(R+,p2dp), (2.2.30)

where

Il,1/2 =
π√
2

∫ 1

−1

Pl(t)√
1 − t

dt.

In particular

‖K0u‖L2(R+) ≤ 2γ‖u‖L2(R+,p2dp)

‖K1u‖L2(R+) ≤
2

3
γ‖u‖L2(R+,p2dp),

and for l ≥ 1,

‖Klu‖L2(R+) ≤ ‖K1u‖L2(R+).

Proof. We may clearly assume that u is real. We have

‖Klu‖2
L2(R+) =

(γ
π

)2
∫ ∞

0

∫ ∞

0

kl(p
′, p′′)(p′p′′)u(p′)u(p′′)dp′dp′′,

where

kl(p
′, p′′) = (p′p′′)−1

∫ ∞

0

Ql

(
1

2

[
p

p′
+
p′

p

])
Ql

(
1

2

[
p

p′′
+
p′′

p

])
dp.

Note that kl(p
′, p′′) is homogeneous of degree −1. Hence, by Hilbert’s inequality

(1.7.10),

‖Klu‖2
L2(R+) ≤

(γ
π

)2

Cl‖u‖2
L2(R+,p2dp)

,

where

Cl =

∫ ∞

0

kl(p
′, 1)p′−3/2dp′

=

∫ ∞

0

p′−3/2

(∫ ∞

0

Ql

(
1

2

[
p′

p
+
p

p′

])
Ql

(
1

2

[
p+

1

p

])
dp

)
dp′

=

∫ ∞

0

Ql

(
1

2

[
p+

1

p

])
p−1/2dp

∫ ∞

0

Ql

(
1

2

[
x+

1

x

])
x−3/2dx.

Let

Il,β :=

∫ ∞

0

Ql

(
1

2

[
x+

1

x

])
x−βdx
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with β = 1/2 or 3/2. It follows that Il,1/2 = Il,3/2, and from (2.2.3)

Il,1/2 =

∫ ∞

0

(
1

2

∫ 1

−1

Pl(t)
1
2 [x+ 1/x] − t

dt

)
x−1/2dx

=

∫ 1

−1

{∫ ∞

0

√
x

(x2 + 1 − 2tx)
dx

}
Pl(t)dt. (2.2.31)

The inequality (2.2.30) follows since
∫ ∞

0

√
x

(x2 + 1− 2tx)
dx =

π√
2(1 − t)

.

On substituting P0(t) = 1, P1(t) = t, it is readily shown that I0,1/2 = 2π, I1,1/2 =

2π/3 and from these, and the fact that the Ql decrease with l, we deduce the rest

of the lemma. �

The following theorem is now an immediate consequence of Lemma 2.2.8, The-

orem 1.1.1 and Theorem 1.1.2.

Theorem 2.2.9.

(1) For γ < 1/2, h0 is self-adjoint with domain L2(R+; (p2 + 1)dp).

(2) For γ = 1/2, h0 on L2(R+; (p2 + 1)dp) is essentially self-adjoint.

(3) For l ≥ 1, hl with domain L2(R+; (p2 + 1)dp) is self-adjoint for all γ < 3/2 and

in particular throughout the critical range γ ≤ 2/π.

This provides additional information to that in the third part of Theorem 2.2.6

since the operator H in (2.2.2) is self-adjoint or essentially-self-adjoint if and only

if the same is true for all the operators hl; cf. Theorem 2.1.1. Thus it is h0 which

determines the range of self-adjointness and essential-self-adjointness. We examine

the behaviour outside the range γ ≤ 1/2 next.

2.2.3 The range 1/2 < γ < 2/π for h0

To analyse h0 in this range, we follow the development in [Yaouanc et al. (1997)]

using Mellin transforms. Recall from Section 1.5 that the Mellin transform M is a

unitary map from L2(R+) onto L2(R) defined by

ψ](s) := Mψ(s) :=
1√
2π

∫ ∞

0

p−
1
2−isψ(p)dp

with inverse

M
−1ψ](s) :=

1√
2π

∫ ∞

−∞
p−

1
2+isψ](s)ds.

Also, with the convolution defined by

(ψ ? φ)(s) :=
1√
2π

∫ ∞

0

ψ(p)φ

(
s

p

)
p−1dp
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we have

(M(ψ ? φ)) (s) = ψ](s)φ](s).

Since the multiplication operator
√
p2 + 1− p has a bounded self-adjoint exten-

sion on L2(R+), the properties of h0 we seek will follow from those of the operator

h = p−K0, D(h) = L2(R+; (p2 + 1)dp). (2.2.32)

Set Q̃0(x) := Q0(
1
2 [x+ 1

x ]). Then, by (2.2.29),

π

γ
(K0ψ)(p) =

∫ ∞

0

Q0

(
1

2

[
p

p′
+
p′

p

])
ψ(p′)dp′

=
√

2π
(
Q̃0 ? [(·)ψ(·)]

)
(p)

and hence
π

γ
[M(K0ψ)] (s) =

√
2πM(Q̃0)(s) (M[(·)ψ(·)]) (s).

Moreover,

(M[(·)ψ(·)]) (s) = ψ](s+ i)

and
√

2π
[
M(Q̃0)

]
(s) = πV (s+ i/2),

where

V (z) :=

∫ ∞

0

x−1−izQ̃0(x)dx.

This is the case l = 0 of the function evaluated in (1.5.22), thus

V (z) =
1

2

Γ
(

1−iz
2

)
Γ
(

1+iz
2

)

Γ
(

2−iz
2

)
Γ
(

2+iz
2

) .

On using the identities

Γ(w)Γ(1 − w) = π/ sin(πw)

Γ(w − 1) = wΓ(w),

we obtain

V (z) =
tanh(πz/2)

z
. (2.2.33)

The operator h] := MhM−1 therefore satisfies

h]ψ](s) = [1 − γV (s+ i/2)]ψ](s+ i). (2.2.34)

The domain of h consists of functions ψ ∈ L2(R+) which are such that pψ ∈ L2(R+);

hence ψ], ψ](· + i) ∈ L2(R). Since V (· + i/2) is bounded on R we have that h]ψ] is

defined for all ψ ∈ D(h) and

D(h]) = D(p]) = {ψ] : ψ], (p]ψ]) ∈ L2(R)}
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where

(p]ψ])(s) = ψ](s+ i).

The following theorem from [Titchmarsh (1986)] gives an important equivalent

characterisation of functions in D(p]).

Theorem 2.2.10. A function ψ] ∈ D(p]) if and only if there exists a unique func-

tion Ψ] that is holomorphic in the strip S(1) := {z ∈ C : 0 < Im[z] < 1} and is such

that:

lim
y→0

∫

R

|Ψ](s+ iy) − ψ](s)|2ds = 0,

lim
y→1

∫

R

|Ψ](s+ iy) − ψ](s+ i)|2ds = 0,

sup
y∈(0,1)

∫

R

|Ψ](s+ iy)|2ds <∞.

We shall identify the function Ψ] with ψ] in what follows.

Lemma 2.2.11. The operator h] is closed in L2(R) if and only if γ /∈ ∆0 :=

{V (s+ i/2)−1 : s ∈ R}.

Proof. If γ /∈ ∆0, [1 − γV (s + i/2)]−1 is bounded on R, since V (s + i/2) → 0 as

s → ±∞. Let ψ]n ∈ D(h]), n ∈ N, be such that ψ]n → ψ] and {h]ψ]n} is convergent

in L2(R). Then {p]ψ]n} = {ψ]n(· + i)} is convergent in L2(R) by (2.2.34). Since M

is unitary and p is closed in L2(R+), it follows that p] is closed, and consequently,

p]ψ]n → p]ψ] in L2(R). In view of the boundedness of V (·+ i/2) on R, we therefore

have that h]ψ]n → h]ψ] in L2(R) and, hence, h] is closed. This implies that h is

closed and hence that h0 is closed since h0 − h is bounded on L2(R+).

To prove the converse, suppose γ = V (s0 + i/2)−1 for some s0 ∈ R, and set

ψ]n = (s− s0 − i− i/n)−1, ϕ(s) = (s− s0 − i)−1.

Then, it is easy to see that ψ]n → ϕ in L2(R) and h]ψ]n(s) = {[1−γV (s+i/2)]ψ]n(s+i)

converges in L2(Rn). If h] is closed, the previous sentence would imply that ϕ ∈
D(h]) and M−1ϕ ∈ D(h). But, by (1.5.25), [M−1ϕ](p) = i

√
2πθ(p − 1)/p3/2−is0 ,

which does not lie in D(p) and, hence, ϕ /∈ D(h]). Therefore h] is not closed. This

in turn implies that h and h0 are not closed if γ ∈ ∆0. �

Corollary 2.2.12. The operator h] (and consequently h and h0) is closed if and

only if γ 6= 1/2.

Proof. From the expansion (1.5.23) with l = 0,

V (z) =
4

π

∞∑

n=0

1

(2n+ 1)2 + z2
, (2.2.35)

it follows that V (s+ i/2) is real if and only if s = 0. Since

[V (i/2)] =
tan(π/4)

1/2
= 2,

the corollary follows. �
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The set ∆0 is a curve, which separates the complex plane into connected com-

ponents ∆1 and ∆2, where ∆1 = {V (z)−1 : |Im[z]| < 1/2} and ∆2 = C \ (∆0 ∪∆1).

For α ∈ ∆1, 1−αV (z) has precisely two zeros in the strip |Im[z]| < 1/2. To see this,

consider the image of the closed path C : i/2−X → i/2+X → −i/2+X → −i/2−X
under the map z 7→ V (z). This is a closed curve V (C), which is covered twice in

view of (2.2.35), and the image of the interior of C is the interior of V (C). Therefore

the values of V (z) for |Im[z]| < 1/2 are attained twice. Moreover, if z0 6= 0 is one

zero of 1−αV (z), the other one must be −z0 since V (z) is quadratic in z. If z0 = 0

it is a double zero. The interval (1/2,∞) clearly lies in ∆1.

Theorem 2.2.13. For 1/2 < γ ≤ 2/π, the adjoint of h] is an extension of h] and

given by
[
(h])∗ψ]

]
(s) = [1 − γV (s+ i/2)]ψ](s+ i) (2.2.36)

with domain

D((h])∗) =
{
ψ] ∈ L2(R) : [1 − γV (· − i/2)]ψ] ∈ D(p])

}
. (2.2.37)

The solutions ±z0 of 1 − γV (z) = 0 in |Im[z]| < 1/2 are such that z0 6= 0

corresponds to γ < 2/π and z0 = 0 to γ = 2/π. The domain of the adjoint (h])∗ is

the set of functions ϕ] of the form

ϕ](s) = ψ](s) +
c1

(s− i
2 − z0)

+
c2

(s− i
2 + z0)

if z0 6= 0 (γ < 2/π) (2.2.38)

and

ϕ](s) = ψ](s) +
c1

(s− i
2 )

+
c2

(s− i
2 )2

if z0 = 0 (γ = 2/π), (2.2.39)

where ψ] ∈ D(h]) and c1, c2 ∈ C.

Proof. The multiplication operator A := 1 − γV (· + i/2) is bounded on L2(R)

and has adjoint A∗ = 1 − γV (· − i/2). Since h] = Ap], we have that ϕ ∈ D((h])∗)
if and only if A∗ϕ ∈ D(p]), and then, (h])∗ϕ = p]A∗ϕ = Ap]ϕ, as asserted in

(2.2.36) and (2.2.37). The function V (z− i/2) is analytic and bounded in the strip

−1/2 + ε < Im[z] < 3/2 + ε, ε > 0, and from this we can infer that A∗ϕ ∈ D(p])

if ϕ ∈ D(p]). Hence (h])∗ is an extension of h], i.e., h] is a symmetric operator.

Consider the case z0 6= 0; the case z0 = 0 can be treated similarly. It is easily

verified that the functions [1 − γV (s − i/2)](s− i/2 ± z0)
−1 belong to D(p]) and,

hence, any ϕ] given by (2.2.38) belongs to D((h])∗).
Conversely, suppose that ϕ] ∈ D((h])∗), so that [1 − γV ((·) − i/2)]ϕ] ∈ D(p])

and ϕ] ∈ L2(R). We are required to show that for some constants c1, c2,

ψ](s) := ϕ](s) − c1

(s− i
2 − z0)

− c2

(s− i
2 + z0)

belongs to D(p]). Since 1 − γV (z) has simple zeros at ±z0, then, on using the

characterisation of D(p]) in Theorem 2.2.10, ϕ] may have simple poles in the strip
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0 < Im[z] < 1 at z = i/2+ z0 and z = i/2− z0, which would mean that ϕ] /∈ D(p]).

We can choose constants c1, c2 such that

ψ](z) := φ](z) − c1
z − i/2− z0

− c2
s− i/2 + z0

is holomorphic in 0 < Im[z] < 1 and it remains to prove that

sup
0<y<1

∫

R

|ψ](s+ iy)|2ds <∞.

For suitable ε,X, i/2 ± z0 are interior points of the rectangle R := {z ∈ C : ε ≤
Im[z] ≤ 1−ε, |Re[z]| ≤ X}. Let C1 be an upper bound for |ψ](z)| in R and C2 > 0 a

lower bound of |1−γV (z− i/2)| in {z ∈ C : 0 ≤ Im[z] ≤ 1}\R. Then, for 0 ≤ y ≤ 1,

sup0≤y≤1

∫
R
|ψ](s+ iy)|2ds ≤ supε≤y≤1−ε

∫
|s|<X |ψ](s+ iy)|2ds

+
(
supy∈[0,ε)∪(1−ε,1]

∫
|s|<X + supy∈[0,1]

∫
|s|>X

) ∣∣∣ [1−γV (s−i/2+iy)]
[1−γV (s−i/2+iy)]ψ

]
∣∣∣
2

ds

≤ C2
1X + C−2

2 sup0≤y≤1

∫
R
|[1 − γV (s− i/2 + iy)]ψ](s+ iy)|2ds.

Since [1 − γV (· − i/2)]ϕ] is assumed to belong to D(p]), the boundedness of the

second term follows from Theorem 2.2.10. The theorem is therefore proved. �

Corollary 2.2.14. If 1/2 < γ ≤ 2/π, h] is a closed symmetric operator in L2(R)

with deficiency indices (1, 1).

Proof. It follows from Theorem 2.2.13 that dim
(
D([h]]∗)/D(h])

)
= 2. Hence by

(1.1.1), the deficiency indices (n+, n−) of h] satisfy n+ + n− = 2. The operator h is

real, that is hψ = hψ, and hence

(h]ψ])(s) = [M(hψ)](s)

= [M(hψ)](−s) = [M(hψ)](−s)
= [h]ψ]](s).

Thus h] is real and has equal deficiency indices, whence n+ = n− = 1. �

Corollary 2.2.15. If 1/2 < γ ≤ 2/π, h is a closed symmetric operator in L2(R+)

with deficiency indices (1, 1).

Proof. The result follows immediately from Corollary 2.2.14 since M is unitary.

�

Remark 2.2.16. In [Yaouanc et al. (1997)] it is shown that for 1/2 < γ ≤ 2/π, the

Friedrichs extension of h] is the restriction of its adjoint to the set of functions of

the form

ϕ] = ψ] +
c

s− i/2 + iβ

where ϕ] ∈ D(p]), c ∈ C, and β satisfies

V (iβ)−1 = β/ tan(πβ/2) = γ, −1/2 < β ≤ 0.
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Thus the domain of the Friedrichs extension consists of functions that are mero-

morphic in 0 < Im[z] < 1 with, possibly, a pole at z = i/2 − iβ. As γ increases

to 2/π, β increases to 0 and the pole approaches i/2. On increasing β further, the

corresponding values of γ = V (iβ)−1 decrease from 2/π and the pole reaches the

real axis only when β = 1/2, and hence γ = 1/2.

For any complex β 6= 2n, n ∈ Z \ {0}, a family h(β)] of operators in L2(R) is

defined by

(
h(β)]ϕ]

)
(s) :=

[
1 − V (s+ i/2)

V (iβ)

]
ϕ](s+ i)

on the set of functions ϕ] which are such that

ψ](s) =
s− i/2 + iβ

s− iA
ϕ] ∈ D(p]),

where A > 1 is a fixed constant. For −1/2 ≤ β < 1/2, h(β)] is a proper extension of

h], being the Friedrichs extension for −1/2 < β ≤ 0, the closure of h] when β = −1/2

and another self-adjoint extension for 0 < β < 1/2. When |β| > 1/2, h(β)] coincides

with h].

In [Yaouanc et al. (1997)], Theorem 3, it is shown in particular that, for β in

{z ∈ C : −1/2 ≤ Re z < 1/2}, the h(β)] form a self-adjoint holomorphic family in

the sense of Kato. Also, in [Yaouanc et al. (1997)], Theorem 4, for −1/2 ≤ β < 1/2,

it is proved that the operator

h0(β)] :=
(√

p2 + 1 − p
)]

+ h(β)]

is positive, has essential spectrum [1,∞) and with only isolated eigenvalues of finite

multiplicity in (0, 1). The smallest eigenvalue tends to 0 as β → 1/2.

On reverting to the original representations in L2(R+), and using (1.5.25), it

follows that for 1/2 < γ ≤ 2/π and γ = β/ tan(πβ/2), 0 ≤ β < 1/2, self-adjoint

extensions of h0 are given by h0(β) defined on the set of functions of the form

ϕ(p) = ψ(p) + cθ(p− 1)p−1±β

where ψ ∈ D(p) = L2(R+; (1 + p2)dp) and c ∈ C, the negative sign in p−1±β giving

the Friedrichs extension.

We refer to [Yaouanc et al. (1997)] for a detailed analysis.

2.3 The Brown–Ravenhall operator

The Brown–Ravenhall operator describes an electron under a Coulomb force and

subject to relativity. It was initially proposed as an alternative to the Dirac oper-

ator for analysing multi-particle relativistic systems: even in the case of two non-

interacting electrons in the electric field of the nucleus the spectrum of the Dirac

operator coincides with the whole real line, and this situation is not improved when
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the interaction between electrons is taken into account. The Brown–Ravenhall op-

erator is defined in terms of the associated Dirac operator D and the projection

Λ+ onto the positive spectral subspace of the free Dirac operator D0. Specifically,

Λ+ = χ(0,∞)(D0), where χ(0,∞) denotes the characteristic function of (0,∞). From

the definition of the free Dirac operator D0 in (2.1.10), we have

FD0F−1 = M0, (2.3.1)

where M0 is the operator of multiplication by
√
p2 + 1Λ(p) and

Λ(p) =
α · p + β√
p2 + 1

. (2.3.2)

The 4 × 4 matrix Λ(p) is a unitary involution, i.e., Λ(p)2 = I4 and, hence, has

double eigenvalues at ±1. The projections Λ±(p) onto the eigenspaces at ±1 are

given by

Λ±(p) =
1

2

{
I4 ±

α · p + β√
p2 + 1

}
. (2.3.3)

The operator Λ+ = χ(0,∞)(D0), which is known as the Casimir projection, is then

given by

Λ+ = F−1Λ+(p)F. (2.3.4)

Note that, with E(p) :=
√
p2 + 1, p = |p|,

D0Λ+ = F−1E(p)Λ(p)Λ+(p)F

= F−1E(p)Λ+(p)F

= F−1E(p)FF−1Λ+(p)F

=
√
−∆ + 1Λ+, (2.3.5)

since
√
−∆ + 1 = F−1

√
p2 + 1F.

The absolute value |D0|, i.e., the positive square root of D2
0, is

√
−∆ + 1I4.

Also, if Λ− denotes the projection onto the negative spectral subspace of D0 and

U := Λ+

⊕
Λ−, then

D0 =
√
−∆ + 1 U = U

√
−∆ + 1

is the polar decomposition of D0.

In terms of the Pauli matrices, Λ+(p) has the form

Λ+(p) =
1

2E(p)

(
E(p) + 1 σ · p
σ · p E(p) − 1

)
. (2.3.6)

Corresponding to its eigenvalue 1,Λ+(p) has the two orthonormal eigenvectors

1

N(p)

(
[E(p) + 1]uj
(σ · p)uj

)
, j = 1, 2, N(p) =

√
2E(p)[E(p) + 1], (2.3.7)
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where u1, u2 are orthonormal vectors in C2, say u1 = (1, 0)t, u2 = (0, 1)t, where t

denotes the transpose of the vector. Thus any eigenvector of Λ+(p) has the form

ψ̂(p) =
1

N(p)

(
[E(p) + 1]u(p)

(σ · p)u(p)

)
, (2.3.8)

where u(p) ∈ C2: u is called a 2-spinor or Pauli spinor . Furthermore,
∫

R3

|ψ̂(p)|2dp =

∫

R3

|u(p)|2dp.

A Dirac spinor in the positive spectral subspace of D0 is, therefore, of the form

ψ = F−1ψ̂ for u ∈ L2(R3,C2). Conversely, any such spinor must lie in the positive

spectral subspace of D0 since
[
FΛ+F−1ψ̂

]
(p) = Λ+(p)ψ̂(p) = ψ̂(p)

and so Λ+F−1ψ̂ = F−1ψ̂. Consequently, there is a one-one correspondence between

Dirac spinors ψ in the positive spectral subspace of D0 and F−1ψ̂, where ψ̂(p) is of

the form (2.3.8), with u a Pauli spinor in L2(R3,C2). Note that if ψ̂(j)(p) is of the

form (2.3.8) for u = u(j), j = 1, 2, then

< ψ̂(1)(p), ψ̂(2)(p) > = < u(1)(p), u(2)(p) > (2.3.9)

so that ψ̂(1)(p), ψ̂(2)(p) are orthogonal in C4 if and only if u(1)(p), u(2)(p) are or-

thogonal in C2. In (2.3.9), as is clear from the context, the inner products 〈·, ·〉 on

the left- and right-hand sides are those of C4 and C2 respectively.

2.3.1 Coulomb potentials

We saw in Theorem 2.1.6 that with D′
0 the restriction of D0 to C∞

0 (R3,C4),

D′ := D′
0 + V, V (x) = −γ/|x|

is essentially self-adjoint if and only if |γ| ≤
√

3/2.Also, by Hardy’s inequality (1.7.3)

its unique self-adjoint extension (and closure) D is the operator sum D = D0 + V if

|γ| < 1/2 since then the multiplication operator V is bounded relative to D′
0 with

relative bound < 1. The Brown–Ravenhall operator is given formally as

B = Λ+ (D0 + V ) Λ+ (2.3.10)

acting in L2(R3,C4), or, equivalently,

B = Λ+ (D0 + V ) (2.3.11)

acting in H = Λ+L
2(R3,C4). The self-adjoint operator it generates in H will be

defined by the quadratic form (ψ,Bψ) on the Schwartz space S4 := Λ+S(R3,C4) of
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Dirac spinors ψ ∈ H with rapidly decreasing components. By the Parseval identity,

for ψ ∈ H,

(ψ,Bψ) =

∫

R3

〈Fψ,F(Bψ)〉(p)dp

=

∫

R3

〈ψ̂,F[Λ+(D0 + V )ψ]〉(p)dp

=

∫

R3

〈ψ̂,F[
√
−∆ + 1Λ+ψ]〉(p)dp

+

∫

R3

〈ψ̂,F[Λ+V ψ]〉(p)dp

=: I1 + I2 (2.3.12)

since Λ+ commutes with D0 and on using (2.3.5). In I1, since Λ+ψ = ψ, we have

F[
√
−∆ + 1Λ+ψ](p) =

√
p2 + 1ψ̂(p).

Hence, from (2.3.9), it follows that

I1 =

∫

R3

E(p)|ψ(p)|2dp =

∫

R3

E(p)|u(p)|2dp.

In I2, ∫

R3

〈ψ̂,F[Λ+V ψ]〉(p)dp =

∫

R3

〈ψ̂(p),Λ+(p)[F(V ψ)](p)〉dp

=

∫

R3

〈ψ̂(p), [F(V ψ)](p)〉dp

and by (1.5.9) and (1.5.16),

[F(V ψ)](p) = (V̂ ∗ ψ̂)(p)

=
γ

2π2

∫

R3

|p − p′|−2ψ̂(p′)dp′.

On substituting in (2.3.12), we get

(ψ,Bψ) =

∫

R3

E(p)|ψ̂(p)|2dp −
∫

R3

〈ψ̂(p),F(V ψ)(p)〉dp

=

∫

R3

E(p)|u(p)|2dp − γ

2π2

∫

R3

∫

R3

u(p′)∗K(p′,p)u(p)dpdp′

=: (u, bu) (2.3.13)

where ∗ denotes the Hermitian conjugate, and

K(p′,p) =
(E(p′) + 1)(E(p) + 1)I2 + (p′ · σ)(p · σ)

N(p′)|p′ − p|2N(p)
. (2.3.14)

Note that (2.3.13) defines the quadratic form (u, bu) on the space S(R3,C2) of

rapidly decreasing Pauli spinors u: we shall in fact prove in the next subsection

that it is defined on H1/2(R3,C2). It is bounded below in L2(R3,C2) if and only

if (ψ,Bψ) is bounded below in H, and in this case both associated self-adjoint
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operators will be called a Brown–Ravenhall operator. The map ψ̂ → u defined by

(2.3.8) determines a unitary equivalence between the two operators, and, hence,

they have the same spectral properties.

To establish the aforementioned facts about (u, bu) we use the spherical spinors

Ωl,m,s of (2.1.25) and (2.1.26) to decompose the form. Since the Ωl,m,s, (l,m, s) ∈ I

form an orthonormal basis of L2(S2,C2), any u ∈ L2(R3,C2) can be written as

u(p) =
∑

(l,m,s)∈I

p−1al,m,s(p)Ωl,m,s(ω), (2.3.15)

where p = |p|,ω = ωp = p−1p and

∑

(l,m,s)∈I

∫ ∞

0

|al,m,s(p)|2dp =

∫

R3

|u(p)|2dp. (2.3.16)

From (2.1.28) and (2.2.6)

(σ · p)Ωl,m,s(ωp) = pΩl+2s,m,−s(ωp) (2.3.17)

and
∫

S2

∫

S2

1

|p− p′|2 Ωl,m,s(ωp)Ωl′,m′,s′(ωp′)dωpdωp′ =

=
2π

|p||p′|Ql
(

1

2

[
p

p′
+
p′

p

])
δll′δmm′δss′ .

On using these identities after substituting (2.3.15) in (2.3.13) we obtain

(u, bu) =
∑

(l,m,s)∈I

(al,m,s, bl,sal,m,s)

:=
∑

(l,m,s)∈I

(∫ ∞

0

e(p)|al,m,s(p)|2dp− (2.3.18)

− γ

π

∫ ∞

0

∫ ∞

0

al,m,s(p
′)kl,s(p

′, p)al,m,s(p)dp
′dp

)
,

with e(p) = E(p) =
√
p2 + 1, n(p) = N(p) =

√
2e(p)[e(p) + 1], and

kl,s(p
′, p) =

(e(p′) + 1)Ql

(
1
2

[
p′

p + p
p′

])
(e(p) + 1) + p′Ql+2s

(
1
2

[
p′

p + p
p′

])
p

n(p)n(p′)
.

(2.3.19)

The forms (al,m,s, bl,sal,m,s), (l,m, s) ∈ I, in (2.3.18) will next be shown to be

defined on L2(R+; e(p)dp) := {u : e|u|2 ∈ L1(R+)}, to be bounded below and to

define self-adjoint operators bl,s in L2(R+).
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2.3.2 Lower semi-boundedness

It follows from Lemma 2.2.3 that the forms (·, bl,s·) have domain L2(R+; e(p)dp).

The next lemma shows that the angular momentum channel defined by l = 0, s =

1/2 yields the lowest energy.

Lemma 2.3.1. For all l, s ∈ I,

inf{(u, bl,su) : u ∈ L2(R+; e(p)dp), ‖u‖ = 1}
= inf{(u, b0,1/2u) : u ∈ L2(R+; e(p)dp), ‖u‖ = 1}, (2.3.20)

where (·, ·) and ‖ · ‖ are the L2(R+) inner product and norm respectively.

Proof. It follows from (2.2.10) that

(u, bl,su) =

∫ ∞

0

e(p)|u(p)|2dp− γ

π

∫ ∞

0

∫ ∞

0

u(p′)kl,s(p
′, p)u(p)dpdp′

≥
∫ ∞

0

e(p)|u(p)|2dp− γ

π

∫ ∞

0

∫ ∞

0

|u(p′)|kl,s(p′, p)|u(p)|dpdp′

= (|u|, bl,s|u|).

Hence, when minimising (u, bl,su), we need only consider non-negative functions,

and in view of (2.2.10) and the definition of the index set I, take (l, s) to be either

(0, 1/2) or (1,−1/2) since l = 0, 1 are, respectively, the least values of l when s =

1/2,−1/2. The lemma will be proved if we show that k1,−1/2(p
′, p) ≤ k0,1/2(p

′, p).

But, with Ql ≡ Ql

(
1
2

[
p
p′ + p′

p

])
to simplify notation,

n(p)n(p′)
[
k1,−1/2(p

′, p) − k0,1/2(p
′, p)

]
= [(e(p′) + 1)(e(p) + 1) − p′p] (Q1 −Q0)

≤ 0

by (2.2.10), whence the lemma. �

The main result in this section is Theorem 2.3.2 below, which establishes that

the forms (·, bl,s·) are all positive and, hence, define in the form sense, positive

self-adjoint operators formally given by

bl,su(p) = e(p)u(p) − γ

π

∫ ∞

0

kl,s(p
′, p)u(p′)dp′ (2.3.21)

with form domain L2(R+; e(p)dp). A corollary is Theorem 2.3.7, which gives the

optimal value γc for the Brown–Ravenhall operator b to be bounded below, and

indeed positive, for γ ≤ γc. The proof we give is from [Burenkov and Evans (1998)].

This proves that the forms are positive, but, in fact, they are strictly positive (i.e.,

bl,s ≥ δ for some positive δ) as was proved by Tix in [Tix (1998)]. Tix’s result and

approach will be discussed in Remark 2.3.8 below. In Section 2.3.3 we analyse the

self-adjoint operators generated by (2.3.21) with domain L2(R+; e2(p)dp).
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In view of Lemma 2.3.1, to prove that bl,s > 0 for all l, s ∈ I, it is sufficient to

prove that

∞∫

0

∞∫

0

φ(p′)k0,1/2(p
′, p)φ(p)dp′dp <

π

γc

∞∫

0

e(p)φ2(p)dp (2.3.22)

for all positive, non-trivial φ ∈ L2((0,∞); e(p)dp). It is convenient to make some

notational changes, which set the problem in an equivalent form. Let

p = x, p′ = y, ψ(x) =
√
e(x)φ(x),

and for l = 0, 1,

gl(r) := Ql

(
1

2

[
r +

1

r

])
=





ln
∣∣∣ r+1
r−1

∣∣∣ , if l = 0,

1
2

(
r + 1

r

)
ln
∣∣∣ r+1
r−1

∣∣∣− 1, if l = 1.

Then (2.3.22) becomes

∞∫

0

∞∫

0

t(x, y)ψ(x)ψ(y)dxdy <
π

γc

∞∫

0

ψ2(x)dx (2.3.23)

where

t(x, y) =
1

2

{√√
x2 + 1 + 1

x2 + 1
g0(x/y)

√√
y2 + 1 + 1

y2 + 1

+

√√
x2 + 1 − 1

x2 + 1
g1(x/y)

√√
y2 + 1 − 1

y2 + 1

}
. (2.3.24)

The integral operator T defined by

(Tψ)(x) =

∞∫

0

t(x, y)ψ(y)dy (2.3.25)

is bounded and symmetric on L2(0,∞) and so

sup{ (Tφ, φ)

‖φ‖2
: φ ∈ L2(0,∞), φ 6= 0} = ‖T : L2(0,∞) → L2(0,∞)‖ =: ‖T‖.

Therefore (2.3.23) holds with an optimal value of γc if and only if the following

theorem is valid.

Theorem 2.3.2. Let T be the bounded symmetric operator defined by (2.3.25).

Then

‖T‖ =
π

γc
, γc =

4π

π2 + 4
, (2.3.26)

and T has no extremal function, i.e., a non-trivial function φ ∈ L2(R+) such that

‖T‖ = |(Tφ, φ)|/‖φ‖2.
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The theorem will follow from a series of lemmas which break up the proof into

digestible pieces.

Lemma 2.3.3.

‖T‖ ≥ π/γc. (2.3.27)

Proof. Let fδ(x) = 1/
√
x for x ∈ (1, δ), 1 < δ < ∞, and 0 otherwise. Then, by

l’Hôpital’s rule

‖T‖ ≥ lim
δ→∞

(Tfδ, fδ)

‖fδ‖2

= lim
δ→∞

{
(ln δ)−1

δ∫

1

( δ∫

1

t(x, y)
dy√
y

)
dx√
x

}

= lim
δ→∞

{√
δ

δ∫

1

t(δ, y)
dy√
y

+
√
δ

δ∫

1

t(x, δ)
dx√
x

}

= 2 lim
δ→∞

1∫

1/δ

δ t(δ, δu)
du√
u

= 2

1∫

0

lim
δ→∞

[δ t(δ, δu)]
du√
u

=

1∫

0

[g0(u) + g1(u)]
du

u

=
1

2

∞∫

0

[g0(u) + g1(u)]
du

u
=

π

γc

by (2.2.11) and (2.2.12). In deriving this lower bound, we have used that
δ t(δ, δu)√

u
≤ g0(u) + g1(u)

u
∈ L1(0, 1)

to justify the use of the Dominated Convergence Theorem for taking the limits

under the integral sign, and

lim
δ→∞

δ t(δ, δu)√
u

=
g0(u) + g1(u)

2u
.

�

Lemma 2.3.4. For all functions h0, h1 that are positive and measurable on (0,∞),

‖T‖ ≤ A(h0, h1) =
1

2
sup

0<x<∞
F (x;h0, h1), (2.3.28)

where

F (x;h0, h1) = (
√
x2 + 1 + 1)

x

x2 + 1

∞∫

0

h0(xz)

h0(x)
g0(z)dz

+ (
√
x2 + 1 − 1)

x

x2 + 1

∞∫

0

h1(xz)

h1(x)
g1(z)dz.
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The operator T has an extremal function φ if and only if

φ(x) = A0h0(x)

√
x2 + 1√
x2 + 1 + 1

= A1h1(x)

√
x2 + 1√
x2 + 1 − 1

(2.3.29)

and

F (x;h0, h1) = A3, (2.3.30)

for some non-zero constants A0, A1 and A3.

Proof. A key step in determining the upper bound of ‖T‖ is the following simple

consequence of the Cauchy–Schwarz inequality: for a positive measurable function

h and real positive measurable functions f, g with g(1/u) = g(u) on (0,∞)
∞∫

0

∞∫

0

f(x)g(x/y)f(y)dxdy =

∫ ∞

0

∫ ∞

0

f(x)

√
g(x/y)

h(y)

h(x)
f(y)

√
g(y/x)

h(x)

h(y)
dxdy

≤
( ∞∫

0

∞∫

0

f2(x)g(x/y)
h(y)

h(x)
dxdy

) 1
2
( ∞∫

0

∞∫

0

f2(y)g(y/x)
h(x)

h(y)
dxdy

) 1
2

=

∞∫

0

f2(x)

( ∞∫

0

g(y/x)
h(y)

h(x)
dy

)
dx.

Equality holds if and only if, for some constants λ and µ,

µf(x)

√
g(x/y)

h(y)

h(x)
= λf(y)

√
g(y/x)

h(x)

h(y)

a.e. on R+×R+, which is equivalent to f(x) = Ah(x) a.e. on R+ for some constant

A. It follows that for all positive measurable functions h0, h1 on (0,∞)
∞∫

0

∞∫

0

t(x, y)φ(x)φ(y)dxdy

=
1

2

{ ∞∫

0

∞∫

0

√√
x2 + 1 + 1

x2 + 1
φ(x)g0(x/y)

√√
y2 + 1 + 1

y2 + 1
φ(y)dxdy

+

∞∫

0

∞∫

0

√√
x2 + 1 − 1

x2 + 1
φ(x)g1(x/y)

√√
y2 + 1 − 1

y2 + 1
φ(y)dxdy

}

≤ 1

2

∞∫

0

(√
x2 + 1 + 1

x2 + 1

∞∫

0

h0(y)

h0(x)
g0(y/x)dy

+

√
x2 + 1 − 1

x2 + 1

∞∫

0

h1(y)

h1(x)
g1(y/x)dy

)
φ2(x)dx

≤ A(h0, h1)‖φ‖2. (2.3.31)
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The first inequality in the derivation of (2.3.31) becomes an equality if and only if√√
x2 + 1 + 1

x2 + 1
φ(x) = A0h0(x),

√√
x2 + 1 − 1

x2 + 1
φ(x) = A1h1(x), (2.3.32)

a.e. on R+, for some constants A0, A1. The second inequality in (2.3.31) becomes an

equality if and only if φ(x) = 0 a.e. on the set of all x ∈ R+ for which F (x;h0, h1) <

A(h0, h1). Hence if φ is an extremal function we must have that F (x;h0, h1) = A3

a.e. on R+, for some constant A3. This completes the proof. �

Lemma 2.3.5. For all φ ∈ L2(0,∞), φ(x) 6= 0 a.e., we have∫ ∞

0

∫ ∞

0

t(x, y)φ(x)φ(y)dxdy < C

∫ ∞

0

φ2(x)dx, (2.3.33)

where C = sup0<x<∞ F (x) and

F (x) :=
π

2
(
√
x2 + 1 + 1)

arctan x

x
+

(
√
x2 + 1 − 1)x

x2 + 1
. (2.3.34)

Proof. We first claim that, for all positive measurable functions h0, h1 on R+,

lim inf
x→∞

1

2
F (x;h0, h1) ≥

π

γc
=
π2

4
+ 1. (2.3.35)

To see this, let ĥj(ξ) := lim infx→∞
hj(ξx)
hj(x)

, 0 < ξ < ∞, j = 0, 1, where the lim inf

can be infinite. Then

ĥj(1/ξ) = lim inf
x→∞

hj(x/ξ)

hj(x)

= lim inf
y→∞

hj(y)

hj(ξy)
=

1

ĥj(ξ)
.

By Fatou’s theorem,
1

2
lim inf
x→∞

F (x) ≥ 1

2

(∫ ∞

0

lim inf
x→∞

[
h0(ux)

h0(x)

]
g0(u)du+

∫ ∞

0

lim inf
x→∞

[
h1(ux)

h1(x)

]
g1(u)du

)

=
1

2

(∫ ∞

0

ĥ0(u)g0(u)du+

∫ ∞

0

ĥ0(u)g0(u)du

)
.

Furthermore, on substituting u = v−
√
v2 − 1 when 0 < u < 1 and u = v+

√
v2 − 1

when u > 1, we have∫ ∞

0

ĥ0(u)gj(u)du =

∫ ∞

1

{
ĥj(v −

√
v2 − 1)(v −

√
v2 − 1)

+ ĥj(v +
√
v2 + 1)(v +

√
v2 + 1)

}
gj(v)

dv√
v2 − 1

=

∫ ∞

1

{
1

ĥj(v +
√
v2 − 1)(v +

√
v2 − 1)

+ ĥj(v +
√
v2 − 1)(v +

√
v2 − 1)

}
gj(v)

dv√
v2 − 1

≥ 2

∫ ∞

1

gj(v)
dv√
v2 − 1

=

∫ ∞

0

gj(u)
du

u
,
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whence (2.3.35) by (2.2.11) and (2.2.12). We also note that equality holds if and

only if ĥj(u) = 1/u a.e. on R+. Thus to prove that A(h0, h1) ≤ (π2/4) + 1, and

thus complete the proof of the first part of Theorem 2.3.2, we must choose h0 and

h1 in such a way that ĥ0(u) = ĥ1(u) = 1/u a.e. on R+.

Guided by the last comment, we now choose

h0(x) =
x

x2 + 1
, h1(x) =

1

x
(2.3.36)

so that
∞∫

0

h0(xz)g0(z)dz = x

∞∫

0

z

x2z2 + 1
g0(z)dz

and
∞∫

0

h1(xz)g1(z)dz = x

∞∫

0

g1(z)
dz

z
= 2x,

by (2.2.12). On using Cauchy’s Residue Theorem, we obtain
∫ ∞

0

zg0(z)

x2z2 + 1
dz =

∫ ∞

0

z

x2z2 + 1
ln

∣∣∣∣
z + 1

z − 1

∣∣∣∣ dz

=
1

2

∫ ∞

−∞

z

x2z2 + 1
ln

∣∣∣∣
z + 1

z − 1

∣∣∣∣ dz

=
1

2
Re

[∫ ∞

−∞

z

x2z2 + 1
ln

(
z + 1

z − 1

)
dz

]

=
π

x2
Re

[
i

2
ln

(
x + i

x − i

)]

=
π

x2
arctanx.

This completes the proof of (2.3.33). The inequality is strict in view of Lemma

2.3.4, since the equality (2.3.29) with the current choice of h0, h1, is not satisfied by

a non-trivial φ ∈ L2(0,∞). �

The final link in the chain of results to establish Theorem 2.3.2 is

Lemma 2.3.6. The constant C in (2.3.33) is given by

C =
π

γc
=
π2

4
+ 1. (2.3.37)

Proof. It is significant to note that

lim
x→∞

1

2
F (x) =

∞∫

0

g0(z)
dz

z
+

∞∫

0

g1(z)
dz

z

=
π

γc
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by (2.2.11) and (2.2.12). It therefore suffices to prove that F attains its supremum

at infinity. On substituting x = tan 2v we obtain

1

2
F (tan 2v) =

πv + 4 sin4 v

tan v
, 0 ≤ v ≤ π/4.

The final step is to prove that

f(v) := πv + 4 sin4 v −
(
π2

4
+ 1

)
tan v ≤ 0, 0 ≤ v ≤ π/4.

This is more difficult than it seems!

We start with the following identities which are easily verified:

f ′(v) = π + 16 sin3 v cos v −
(
π2

4
+ 1

)
sec2 v

f ′′(v) = 2 sin v sec3 v g(v)

where

g(v) = 3 sin 2v + 3 sin 4v + sin 6v −
(
π2

4
+ 1

)
.

Since g(0) < 0, g(π/8) > 0, g(π/4) < 0, g′(v) > 0 on [0, π/8) and g′(v) < 0 on

(π/8, π/4], there exist v1, v2 such that 0 < v1 < v2 < π/4, g(v1) = g(v2) = 0, g(v) <

0 on [0, v1) and (v2, π/4], and g(v) > 0 on (v1, v2). Thus f(0) = 0, f ′(0) < 0, f ′′(0) =

0, f(π/4) = 0, f ′(π/4) > 0 and f ′′(π/4) < 0. Moreover, f ′′ vanishes at v1 and v2, is

negative on (0, v1) and (v2, π), and positive on (v1, v2). In particular, it follows that

f ′ is negative on [0, v1] and positive on (v2, π/4].

Suppose that f(ξ) = 0 for some ξ ∈ (0, π/4). Then we have f(0) = f(ξ) =

f(π/4) = 0, and from the last sentence of the last paragraph it follows that there

exist η1, η2 such that f ′(η1) = f ′(η2) = 0 and v1 < η1 < η2 < v2. But this implies

that there exists v3 ∈ (v1, v2) such that f ′′(v3) = 0, contrary to what was established

in the last paragraph. Thus f(v) 6= 0 on (0, π/4). Since f(0) = f(π/4) = 0 and

f ′(0) < 0, f ′(π/4) > 0, we conclude that f(v) ≤ 0 on [0, π/4]. This proves the

lemma and completes the proof of Theorem 2.3.2. �

Theorem 2.3.7. Let b be the Brown–Ravenhall operator defined by the form in

(2.3.21). Then, with γc = 2(π/2 + 2/π)−1,

(i) if γ ≤ γc, b ≥ (1 − γ/γc);

(ii) if γ = γc, b has no eigenvalue at 0;

(iii) if γ > γc, b is unbounded below.
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Proof. (i) From (2.3.16), (2.3.25) and Lemma 2.3.1

(ψ, b ψ) ≥
∑

(l,m,s)∈I

{∫ ∞

0

e(p)|al,m,s(p)|2dp

− γ

π

∫ ∞

0

∫ ∞

0

|al,m,s(p′)|k0,1/2(p
′p)|al,m,s(p)|dpdp′

}

≥
∑

(l,m,s)∈I

∫ ∞

0

(
1 − γ

γc

)
e(p)|al,m,s(p)|2dp

≥
(

1 − γ

γc

)
‖ψ‖2.

(ii) Suppose that 0 is an eigenvalue of b with corresponding eigenfunction ψ. Since all

the summands on the right-hand side of (2.3.21) with u = ψ are non-negative, they

must be zero. Also (2.3.16) implies that at least one of the functions al,m,s, al0,m0,s0 ,

say, must be non-trivial. But this would imply that there is equality in (2.3.22) with

φ = al0,m0,s0 , contrary to Theorem 2.3.2.

(iii) Choose

u(p) :=

{
1/p, p ∈ (c̃, d̃)

0, p /∈ (c̃, d̃),

where c̃, d̃ are positive numbers to be selected later. For p, p′ ∈ (c̃, d̃),

2k1,−1/2(p
′, p) ≥ Q0

(
1

2

[
p′

p
+
p

p′

])
+Q1

(
1

2

[
p′

p
+
p

p′

])
(1 −O(1/c̃)

and ∫ ∞

0

∫ ∞

0

u(p′)k1,−1/2(p
′, p)u(p)dpdp′ ≥

1

2

∫ c̃

c̃

∫ c̃

c̃

1

p′p

{
Q0

(
1

2

[
p′

p
+
p

p′

])
+Q1

(
1

2

[
p′

p
+
p

p′

])
(1 −O(1/c̃)

}
dpdp′.

Next we estimate the integrals

I(ν) :=

∫ d̃

c̃

∫ d̃

c̃

1

p′p

(
p

p′

)ν {
Q0

(
1

2

[
p′

p
+
p

p′

])}
dpdp′, ν = 0,±1

by considering the regions where p > p′ and p′ > p in turn. As c̃, d̃ and d̃/c̃ tend to

infinity, it is readily shown that

I(0) =
π2

2
ln

(
d̃

c̃

)
+O(1),

I(±1) = ln2

(
d̃

c̃

)
+ 2 ln

(
d̃

c̃

)
+O(1)
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and these yield

γ

π

∫ ∞

0

∫ ∞

0

u(p′)k1,−1/2(p
′, p)u(p)dp′dp

≥ γ

4π

{
2I(0) +

(
I(−1) + I(1) − 2 ln2

(
d̃

c̃

))(
1 +O(1/d̃)

)}

≥ γ

γc
ln

(
d̃

c̃

)
(1 +O(1/c̃)) .

Moreover,
∫ ∞

0

e(p)|u(p)|2dp = ln

(
d̃

c̃

)
+O(1)

and, hence,

(u, b1,−1/2u) ≤
[
1 − γ

γc
(1 −O(1/c̃))

]
ln

(
d̃

c̃

)
+O(1)

→ −∞
if γ > γc, on choosing c̃, d̃/c̃→ ∞. Also

‖u‖2 =
1

c̃
− 1

d̃
≤ 1

if c̃ ≥ 1. The proof of (iii), and, hence, of the theorem, is concluded. �

Remark 2.3.8. (i) If Z denotes the nuclear charge, γ = αZ, where α is Sommer-

feld’s fine-structure constant. On taking α = 1/137, its physical value, we have that

the largest value Zc of Z for which b is bounded below is Zc = γc/α ≈ 124, a value

larger than the 111 for the heaviest known element. This is to be compared with

Zc ≈ 87 given by the critical value γc = 2/π for the quasi-relativistic operator of

Section 2.2.

(ii) In [Tix (1998)], Tix proves that for γ ≤ γc, b ≥ (1 − γc) > 0.09, and in fact

derives a larger lower bound numerically in [Tix (1997a)].

(iii) It follows from Theorem 2.3.2 that for all values of l, s, the form

(u, kl,su) :=

∫ ∞

0

∫ ∞

0

u(p)kl,s(p
′, p)u(p′)dp′dp, u ∈ L2(R+; e(p)dp),

is such that γ/π(·, kl,s·) is bounded relative to (·, e·), with relative bound γ/γc.

Hence, if γ < γc, bl,s is a closed positive form with domain L2(R+; e(p)dp),

which is the form domain of the associated self-adjoint operator given by the

first representation theorem. If γ = γc, the self-adjoint operator associated

with bl,s is the Friedrichs extension of the symmetric operator (2.3.21) on



August 17, 2010 18:11 World Scientific Book - 9.75in x 6.5in spectral

76 Spectral Analysis of Relativistic Operators

L2(R+; e2(p)dp), its form domain being the completion of L2(R+; e2(p)dp) with

respect to
{
(·, bl,s·) + ‖ · ‖2

}1/2
, and hence, equivalently, with respect to (·, bl,s·)1/2

in view of Tix’s result in [Tix (1998)].

(iv) The critical value γc is relevant because of Lemma 2.3.1, which shows that the

angular momentum channel (l, s) = (0, 1/2) yields the lowest energy. In [Balin-

sky and Evans (2002a)], the critical value of γ for the lower semi-boundedness of

(2.3.21) was determined for all channels. Subject to numerical estimates to assist

the complicated analysis, it was shown that bl,s is positive for γ ≤ γc(l, s), where

γc(l, s) = 4

{
Γ2( 1

2 [l + 1])

Γ2( 1
2 [l + 2])

+
Γ2( 1

2 [l + 2s+ 1])

Γ2( 1
2 [l + 2s+ 2])

}−1

. (2.3.38)

For γ > γc(l, s), bl,s is unbounded below.

(v) We have already seen that the map ψ̂ 7→ u defined by (2.3.8) determines a

unitary equivalence between the Brown–Ravenhall operator B in (2.3.10) and b.

Hence, if γ < γc,B is the form sum of Λ+D0Λ+ and Λ+V Λ+, with form domain

Q(Λ+D0Λ+) = Λ+H
1/2(R3,C4), and is the Friedrichs extension of Λ+D′Λ+ when

γ = γc. Moreover, if γ < γc, b is the form sum of E and −K where E is the operator

of multiplication by e(p) =
√
p2 + 1 and

(Ku)(p) =
γ

2π2

∫

R3

K(p′,p)u(p′)dp′

with kernel (2.3.14). The form domain of b is L2(R3;
√
p2 + 1dp) ⊗ C2, the space

of 2-spinors u with |u| ∈ L2(R3;
√
p2 + 1dp).

(vi) From (2.3.13), for ψ ∈ S4 = Λ+S(R3,C4),

(ψ,Bψ) =

∫

R3

e(p)|ψ̂(p)|2dp−
∫

R3

〈ψ̂(p),F(V ψ)(p)〉dp

=

∫

R3

e(p)|ψ̂(p)|2dp− γ

∫

R3

|ψ(x)|2
|x| dx.

This yields the Kato-type inequality
∫

R3

|ψ(x)|2
|x| dx <

1

2

(
π

2
+

2

π

)∫

R3

e(p)|ψ̂(p)|2dp

=
1

2

(
π

2
+

2

π

)∫

R3

〈
√
−D + 1ψ, ψ〉(x)dx, (2.3.39)

for ψ ∈ Λ+H
1/2(R3,C4). The constant is sharp and equality is only attained if

ψ = 0. The inequality also holds for ψ ∈ Λ−H1/2(R3,C4), and has an important

application in [Dolbeault et al. (2000b)].
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2.3.3 The Brown–Ravenhall operators bl,s

From Theorem 2.3.2 for γ ≤ γc and the first representation theorem for semi-

bounded quadratic forms, it follows that non-negative self-adjoint operators bl,s are

associated with the forms (·, bl,s·) having form domain L2(R+; e(p)dp). Formally we

have that

bl,su(p) = e(p)u(p) − γ

π

∫ ∞

0

kl,s(p
′, p)u(p′)dp′

=: (E −Kl,s)u(p), (2.3.40)

where E is the operator of multiplication by e(p) =
√
p2 + 1, with domain

L2(R+; e2(p)dp) and

Kl,su(p) :=
γ

π

∫ ∞

0

kl,s(p
′, p)u(p′)dp′. (2.3.41)

Also, we have shown in Theorem 2.3.2, that for u ∈ L2(R+; e(p)dp),

|(Kl,su, u)| ≤
γ

γc

∫ ∞

0

e(p)|u(p)|2dp.

Hence Pl,s := E−1/2Kl,sE
−1/2 is a bounded symmetric operator on L2(R+) with

norm satisfying

‖Pl,s‖ ≤ γ/γc.

We shall prove in this section that the operators Kl,s with domain L2(R+; e2(p)dp)

are bounded relative to E and also determine the E-bound. This then yields im-

portant information about the self-adjoint extensions of bl,s. We first consider the

operators

(
K0
l,su
)
(p) :=

γ

π

∫ ∞

0

k0
l,s(p

′, p)u(p′)dp′, u ∈ L2(R+; p2dp), (2.3.42)

where

k0
l,s(p

′, p) =
1

2

{
Ql

(
1

2

[
p′

p
+
p

p′

])
+Ql+2s

(
1

2

[
p′

p
+
p

p′

])}
. (2.3.43)

Note that k0
l,s is the kernel corresponding to the case of zero mass m and c = 1 in

the original notation of (2.1.1).

Lemma 2.3.9. For u ∈ L2(R+; p2dp),

‖K0
l,s : L2(R+; p2dp) → L2(R+)‖ =

γ

2π

{
Il,1/2 + Il+2s,1/2

}
, (2.3.44)

where

Il,1/2 =
π√
2

∫ 1

−1

Pl(t)√
1 − t

dt.

In particular,

‖K0
l,1/2 : L2(R+; p2dp) → L2(R+)‖





= 4γ
3 , l = 0,

= 7γ
15 , l = 1,

≤ 7γ
15 , l > 1
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and

‖K0
l,−1/2 : L2(R+; p2dp) → L2(R+)‖





= 4γ
3 , l = 1,

= 7γ
15 , l = 2,

≤ 7γ
15 , l > 2.

Proof. The proof is similar to that of Lemma 2.2.8. We may, and shall, assume,

without loss of generality, that u is real. Let v(p) = pu(p). Then v ∈ L2(R+) and

(π/γ)2‖K0
l,su‖2

L2(R+) =

∫ ∞

0

∫ ∞

0

k1
l,s(p

′, p′′)u(p′)u(p′′)dp′dp′′

=

∫ ∞

0

∫ ∞

0

(p′p′′)−1k1
l,s(p

′, p′′)v(p′)v(p′′)dp′dp′′,

where

k1
l,s(p

′, p′′) =

∫ ∞

0

k0
l,s(p

′, p)k0
l,s(p

′′, p)dp.

The kernel (p′p′′)−1k1
l,s(p

′, p′′) is homogeneous of degree −1 and hence by Hilbert’s

inequality (1.7.10), we have

(π/γ)2‖K0
l,su‖2

L2(R+) ≤ Cl,s

∫ ∞

0

v2(p)dp,

where the optimal value of the constant is

Cl,s =

∫ ∞

0

p′−3/2k1
l,s(p

′, 1)dp′

=

∫ ∞

0

p−1/2k0
l,s(1, p)dp

∫ ∞

0

x−3/2k0
l,s(x, 1)dx.

Let

Il,β :=

∫ ∞

0

Ql

(
1

2
[x+ 1/x]

)
x−βdx, β = 1/2, 3/2.

Then Il,1/2 = Il,3/2 and

Cl,s =

{
1

2
[Il,1/2 + Il+2s,1/2]

}2

. (2.3.47)

Furthermore

Il,1/2 =

∫ ∞

0

(
1

2

∫ 1

−1

Pl(t)
1
2 [x+ 1/x] − t

dt

)
x−1/2dx

=

∫ 1

−1

{∫ ∞

0

√
x

(x2 + 1 − 2tx)
dx

}
Pl(t)dt. (2.3.48)

The equality (2.3.44) follows since
∫ ∞

0

√
x

(x2 + 1− 2tx)
dx =

π√
2(1 − t)

.

On substituting P0(t) = 1, P1(t) = t, P2(t) = t2 − 1/3, it is readily shown that

I0,1/2 = 2π, I1,1/2 = 2π/3, I2,1/2 = 4π/15 and from these we deduce the rest of the

lemma. �
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Lemma 2.3.10. Let b0
l,s := E0 −K0

l,s, where (E0u)(p) = pu(p). The operator bl,s

in (2.3.40) is defined on L2(R+; e2(p)dp) and bl,s−b0
l,s can be extended to a bounded

operator on L2(R+).

Proof. It is easily seen that 0 < kl,s(p
′, p) ≤ 2k0

l,s(p
′, p). Therefore by Lemma

2.3.9, Kl,s is defined on L2(R+, e
2(p)dp). To complete the proof, it is sufficient to

prove that

sup{|(u, [bl,s − b0
l,s]u)| : u ∈ L2(R+)} <∞.

Since 0 < e(p)−p < 1, it follows that we need only consider the potential energy

terms, namely
∫ ∞

0

∫ ∞

0

u(p′){kl,s(p′, p) − k0
l,s(p

′, p)}u(p)dpdp′.

We have

kl,s(p
′, p) − k0

l,s(p
′, p) =

1

2

[√
1 +

1

e(p′)

√
1 +

1

e(p)
− 1

]
Ql

(
1

2

[
p′

p
+
p

p′

])

+
1

2

[√
1 − 1

e(p′)

√
1 − 1

e(p)
− 1

]
Ql+2s

(
1

2

[
p′

p
+
p

p′

])
.

For positive constants a, b, 2
√

1 + a
√

1 + b ≤ 2 + a+ b and so, in view of (2.2.10),

it is enough to show that

I :=

∫ ∞

0

∫ ∞

0

|u(p′)|q(p′, p)|u(p)|dpdp′ <∞,

where

q(p′, p) = Q0

(
1

2

[
p′

p
+
p

p′

])(
1

e(p)
+

1

e(p′)

)
.

By the Cauchy–Schwarz inequality, on using the symmetry of q(p′, p), we have for

an arbitrary positive measurable function h on (0,∞),

I =

∫ ∞

0

∫ ∞

0

|u(p′)|
(
q(p′, p)

h(p′)

h(p)

)1/2(
q(p, p′)

h(p)

h(p′)

)1/2

|u(p)|dpdp′

≤
∫ ∞

0

|u(p)|2dp
∫ ∞

0

q(p′, p)
h(p′)

h(p)
dp′.

Now we choose h(p) = p−a, 0 < a < 1. We are then left with showing that for

b = a, 1 + a,
∫ ∞

0

Q0

(
1

2

[
p′

p
+
p

p′

])
h(p′)

h(p)

dp′

e(p′)
≤
∫
Q0(

1

2
[x+ 1/x])x−bdx <∞.

These are satisfied since

Q0

(
1

2
[x+ 1/x]

)
=

{
O(x), as x → 0,

O(1/x), as x → ∞.

This concludes the proof. �
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On applying Lemmas 2.3.9, 2.3.10 and (2.2.10) to Theorems 1.1.1 and 1.1.2 we

derive

Theorem 2.3.11. There exists a positive constant C such that for all u ∈
L2(R+; e2(p)dp),

‖Kl,su‖ ≤ (4γ/3)‖Eu‖+ C‖u‖ (2.3.49)

for (l, s) = (0, 1/2) or (1,−1/2), and

‖Kl,su‖ ≤ (7γ/15)‖Eu‖+ C‖u‖ (2.3.50)

for other values of l, s. Hence,

• for (l, s) = (0, 1/2) or (1,−1/2), bl,s is self-adjoint if γ < 3/4, and essentially

self-adjoint if γ = 3/4;

• for other values of l, s, bl,s is self-adjoint if γ < 15/7 and hence for γ ≤ γc.

Remark 2.3.12. In [Tix (1997b)], Tix proves results for the Brown–Ravenhall

operator which are analogous to those of [Yaouanc et al. (1997)] for the quasi-

relativistic operator described in Section 2.2.3. He proves that for 3/4 < γ ≤
γc, b0,1/2 and b1,−1/2 are closed symmetric operators with deficiency indices (1, 1)

and have a one-parameter family of self-adjoint extensions indexed by a parameter

β ∈ [−1/2, 1/2) determined by the equation

2

γ
=

tan(πβ/2)

β
+

β

(1 − β2) tan(πβ/2)
. (2.3.51)

These are the Friedrichs extensions for −1/2 ≤ β ≤ 0, and other self-adjoint exten-

sions for 0 < β < 1/2. Note that β = 1/2 corresponds to γ = 3/4 when b0,1/2 and

b1,−1/2 are essentially self-adjoint, but not closed, by Theorem 2.3.11

The domain of the Friedrich extension bFl,s of bl,s is proved to be

D(bFl,s) = {φ = ψ + ξ : ψ ∈ L2(R+; e2(p)dp), ξ ∈ span[θ(p− 1)p−1−β ]},

where θ is the Heaviside function. The Friedrichs extension of the Brown–Ravenhall

operator b is the direct sum bF =
⊕

(l,s) bFl,s with domain

D(bF ) = {u : u =
∑

(l,m,s)∈I

p−1al,m,s(p)Ωl,m,s(ω), al,m,s ∈ D(bFl,s),

∑

(l,m,s)∈I

‖al,m,s‖2
L2(R+

<∞}.

For β in {z ∈ C : −1/2 ≤ β < 1/2}, Tix proves that the family of operators is a

self-adjoint holomorphic family in the sense of Kato, in analogy with the result of

[Yaouanc et al. (1997)] described in Remark 2.2.16. We refer to [Tix (1997b)] for a

full treatment of these and other related results.
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2.4 A unique continuation property

For solutions of Dirac-type equations Dψ = 0, there exist a number of methods

to prove the weak continuation property for solutions, i.e., that if ψ vanishes on a

non-empty open set, then it vanishes everywhere ([Booß-Bavnbeck (2000)]). One

way of proving it is to apply the classical Aronszajn theorem in [Aronszajn (1957)]

for second-order elliptic operators to the square of the operator D.

In [Bär and Strohmaier (2001)] a generalisation of the weak continuation prop-

erty for semi-bounded restrictions of Dirac-type operators has been established,

which is particularly relevant to our needs. The general result is as follows: let

M be a connected Riemannian manifold and let D be a Dirac-type operator act-

ing on smooth compactly supported sections of a Hermitian vector bundle over M .

Suppose D has a self-adjoint extension A in the Hilbert space of square-integrable

sections. Suppose that an L2-section ψ is contained in a closed A-invariant subspace

on which the restriction of A is semi-bounded. Then if ψ vanishes on a non-empty

open subset of M , it vanishes on all M .

In the context of this book, we are concerned with the following special cases,

avoiding the complicated topological structures, which are not necessary for our

purpose.

Example 1 Let M = R3 and in the terminology of Section 2.1.3, D = D′
0 + P,

the Dirac operator with a Hermitian matrix-valued function P. Electromagnetic

potentials and electric and magnetic anomalous moments are therefore included.

Example 2 Since the underlying manifold M need not be complete, it is possible to

deal with singular potentials. For example, we can chooseM = R3\{0}, D = D′
0+P

with domain C∞
0 (R3 \ {0},C4) and P having a Coulomb singularity, subject to the

assumptions of Theorem 2.1.13 to make D essentially self-adjoint.

More examples can be generated from Examples 1 and 2 by the procedure in

the next example.

Example 3 If D is a Dirac-type operator on M acting on sections of a Hermitian

vector bundle E (spinor fields in Examples 1 and 2), then a Dirac-type operator on

M × R is defined by

D :=

(
D ∂

∂t

− ∂
∂t −D

)

acting on a section of E ⊕E.

Theorem 2.4.1. Let P satisfy the conditions of Theorem 2.1.13 and let ψ belong

to an invariant subspace of the self-adjoint extension A = DP of D′
P , on which A is

bounded below, i.e., for some λ0, ψ ∈ χ[λ0,∞)(A), the projection onto the subspace

of A corresponding to the spectral subset [λ0,∞). Then if ψ = 0 on a non-empty

open subset O of R3 it vanishes identically on R3.

Note that Corollary 1.7 in [Thaller (1992)] gives the case P = 0 of this theorem.

Physically this means that one cannot localise a single electron in a bounded region.



August 17, 2010 18:11 World Scientific Book - 9.75in x 6.5in spectral

82 Spectral Analysis of Relativistic Operators

The same applies for an electron described by a Brown–Ravenhall operator with

magnetic field; see Section 4.7.2.

Proof. We give a sketch only, and refer to [Bär and Strohmaier (2001)] and [Roe

(1988)] for details and precise statements. The proof requires what is known as the

“finite propagation speed” for a Dirac-type operator D: for compactly supported

ψ the support of exp(itD)ψ grows at most with speed one. We wish to show that

ψ = 0.

Without loss of generality we may assume that ψ belongs to an A-invariant

subspace where A is strictly bounded below by 1, i.e., χ(−∞,1](A)ψ = 0. In other

words, ψ lies in the image of the projection χ(1,∞)(A). The family of functions fz,

fz(λ) =

{
λ−1eizλ, λ ≥ 1

0, λ < 1,

is uniformly bounded by 1 for all z ∈ C− and for each fixed λ it is continuous in

z. Therefore the family of bounded operators fz(A) is continuous in z ∈ C− in the

strong operator topology, and the map z 7→ fz(A)ψ is continuous from C− into the

set of L2(R3,C4)-valued functions.

We now fix z0 ∈ C+ and consider the family of functions gz defined by

gz(λ) =

{
λ−1 eizλ−eiz0λ

z−z0 , z 6= z0
ieiz0λ, z = z0,

for λ ≥ 1 and gz(λ) = 0 for λ < 1. The family gz is also uniformly bounded and

continuous in z. This shows that

lim
z→z0

fz(A)ψ − fz0(A)ψ

z − z0

exists and hence z 7→ fz(A)ψ is holomorphic on C+.

Fix a non-empty relatively compact open subset Õ of O. If u is a smooth function

with support inside Õ, then by the finiteness of propagation speed, there exists ε > 0

such that the support of eitAu is contained in O for |t| < ε. Hence for all t with

|t| < ε we have

0 = (ψ, e−itAu) = (eitAψ, u)

= (Aft(A)ψ, u)

= (ft(A)ψ,Au).

The identity eizAψ = Afz(A)ψ follows from the assumption that ψ lies in the

image of the projection χ(1,∞)(A). The function z 7→ (fz(A)ψ,Au) is continuous

on C− and holomorphic on C+. Moreover, it vanishes on [−ε, ε]. From the Schwarz

reflection principle we therefore have that

(fz(A)ψ,Au) = 0

for all z ∈ C−. In particular for z = it, t > 0 we obtain

(e−tAψ, u) = (fit(A)ψ,Au) = 0
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for all u with support contained in Õ. Hence e−tAψ vanishes on Õ for all t > 0.

The last step of the proof involves the Dirac-type operators D defined on the

half cylinder X = R3 \ {0}× R+ and acting on C4 ⊕ C4-valued functions:

D :=

(
D ∂

∂t

− ∂
∂t −D

)
.

We define a distribution Ψ1 in C4 over X by

Ψ1(v) :=

∫ ∞

0

(e−tAψ, v(·, t))L2(R3,C4)dt

for all v ∈ C∞
0 (X,C4). The differential equation

d

dt
e−tAψ = −Ae−tAψ

shows that the distribution

Ψ :=

(
Ψ1

Ψ1

)

in C4⊕C4 satisfies DΨ = 0 in the distributional sense. Then Ψ is regular by elliptic

regularity theory. Since Ψ vanishes on the open subset Õ×(0,∞) ofX , the standard

unique continuation property of D implies Ψ = 0. Hence Ψ1 = 0 and e−tAψ = 0

for all t > 0. On taking the limit as t→ +0, we obtain ψ = 0. �
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Chapter 3

Spectra

3.1 The Dirac operator

3.1.1 Preliminary lemmas

The first lemma will be needed to determine the essential spectra of the Dirac,

quasi-relativistic and Brown–Ravenhall operators. In it H0 =
√
−∆ + 1 and D0 is

the free Dirac operator.

Lemma 3.1.1. Let V (x) = γ/|x|. Then the maps

|V |1/2 : H1(R3) → L2(R3), |V | : H2(R3) → L2(R3)

are compact. Equivalently |V |1/2H−1
0 and |V |H−2

0 are compact on L2(R3), or, in

the terminology of Section 1.4, |V |1/2 is H0-compact and |V | is H2
0-compact.

In view of (2.1.11) and (2.1.13), it follows that |V |1/2D−1
0 and |V |D−2

0 are com-

pact on L2(R3,C4).

Proof. Let θ ∈ C∞
0 (R+) be such that 0 < θ < 1,

θ(t) =

{
1, 0 < t < 1,

0, t > 2

and, for ε > 0, θε(t) = θ(εt). Then, for all u ∈ H1(R3),

‖|V |1/2u‖2 ≤ γ

{∫

|x|<1/ε

|θεu|2
|x| dx + ε‖u‖2

}
.

Also, by the Cauchy–Schwarz and Hardy inequalities,

∫

|x|<1/ε

|θεu|2
|x| dx ≤

(∫

|x|<1/ε

|u|2dx)

)1/2(∫

R3

|u|2
|x|2 dx

)1/2

≤ 2

(∫

|x|<1/ε

|u|2dx)

)1/2

‖∇u‖. (3.1.1)

It follows from this that |V |1/2 : H1(R3) → L2(R3) is compact. For, if um tends

weakly to zero in H1(R3), it is bounded in H1(R3), and tends strongly to zero in

85
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L2(B1/ε), where B1/ε is the ball with centre the origin and radius 1/ε. Hence, from

(3.1.1), for a positive constant K such that ‖um‖ ≤ K,

lim sup
m→∞

‖|V |1/2um‖2 ≤ γK2ε,

whence |V |1/2um → 0 in L2(R3), since ε is arbitrary. Our assertion about |V |1/2
follows.

Suppose next that {um} is a sequence in H2(R3) that converges weakly to zero.

Then, with θε as before,

‖V um‖2 ≤
∫

|x|<2/ε

|V θεum|2dx +

∫

|x|>1/ε

|V θεum|2dx

≤ 4γ2

∫

|x|<2/ε

|∇[θεum]|2dx + γ2ε2‖um‖2

≤ 4γ2‖um‖2
H1(B2/ε) + γ2ε2‖um‖2,

on using Hardy’s inequality. Since the embedding H2(R3) ↪→ H1(B2/ε) is compact,

it follows that

lim sup
m→∞

‖V um‖2 ≤ (γKε)2,

which implies the compactness of V : H2(R3) → L2(R3).

The remaining statements in the lemma merely reflect the facts that H−1
0 and

D−1
0 are homeomorphisms of L2(R3) onto H1(R3) and L2(R3; C4) onto H1(R3; C4),

respectively. �

The second lemma is an abstract virial theorem proved in [Balinsky and Evans

(1998)]; it is the basis of the proof of Weidmann’s virial theorem for Schrödinger

operators in [Weidmann (1967)], and is modelled on Weidmann’s proof.

Lemma 3.1.2. Let U(a), a ∈ R+, be a one-parameter family of unitary operators

on a Hilbert space H, which converges strongly to the identity as a→ 1. Let T be a

self-adjoint operator in H and Ta := f(a)U(a)TU(a)−1, where f(1) = 1 and f ′(1)

exists. If φ ∈ D(T ) ∩ D(Ta) is an eigenvector of T corresponding to an eigenvalue

λ, then

lim
a→1

(
φa,

[
Ta − T

a− 1

]
φ

)
= λf ′(1)‖φ‖2, (3.1.2)

where φa = U(a)φ and (·), ‖ · ‖ are, respectively, the inner product and norm of H.

Proof. From Tφ = λφ we have Taφa = λf(a)φa. Hence, (φa, Tφ) = λ(φa, φ) and

(Taφa, φ) = λf(a)(φa, φ). Consequently,
(
φa,

[
Ta − T

a− 1

]
φ

)
= λ

[
f(a) − 1

a− 1

]
(φa, φ)

and the result follows on allowing a→ 1. �



August 17, 2010 18:11 World Scientific Book - 9.75in x 6.5in spectral

Spectra 87

3.1.2 The essential spectrum of D

We recall from Theorem 2.1.6 that for |γ| ≤
√

3/2, D0 + γ/| · | on C∞
0 (R3) is

essentially self-adjoint, and so the associated Dirac operator D is its closure. Also,

by Theorem 2.1.13, if |γ| <
√

3/2, D(D) = D(D0).

Theorem 3.1.3. Suppose V (x) = γ/|x|, where |γ| <
√

3/2. Then D has essential

spectrum R \ (−1, 1).

Proof. We infer from D(D) = D(D0) that

(D0 + i)−1 + (D + i)−1 ((D0 + i) − (D + i)) (D0 + i)−1 = (D + i)−1

and hence

(D + i)−1 − (D0 + i)−1 = (D + i)−1V (D0 + i)−1. (3.1.3)

We showed in Lemma 3.1.1 that A := |V |1/2(D0 + i)−1 is compact on L2(R3; C4)

and hence, so is

(D0 − i)−1|V |1/2|V |1/2(D0 + i)−1 ⊆ A∗A.

This implies the compactness of

(D0 + i)−1|V |1/2|V |1/2(D0 + i)−1

since (D0 + i)−1(D0 − i) is bounded on D(D0) = H1(R3; C4).

The fact that D(D) = D(D0), and the Closed Graph Theorem, ensure that the

operator (D + i)−1(D0 + i) is bounded on D(D0) furnished with the graph norm.

Hence, by (3.1.3) and Section 1.4, (D + i) and (D0 + i) have the same essential

spectrum, namely R \ (−1, 1).

�

In [Thaller (1992)], Theorem 4.7, it is shown that D = D0 + V has essential

spectrum R \ (−1, 1) for any potential V which is such that D is self-adjoint, V

is D0-bounded and limR→∞ ‖V (D0 − i)−1χ(|x| > R)‖ = 0, where χ denotes the

characteristic function. This covers the Coulomb potentials V (x) = γ/|x| for |γ| ≤√
3/2.

In order to prove that the essential spectrum of D does not contain any embedded

eigenvalues, we apply Lemma 3.1.2 to establish a virial theorem for D. The same

method is used in [Thaller (1992)], Theorem 4.21, for more general potentials V .

Theorem 3.1.4. Suppose V (x) = γ/|x|, |γ| ≤
√

3/2. Then D = D0 + V has no

eigenvalues in R3 \ (−1, 1). In fact the spectrum in R3 \ (−1, 1) is absolutely con-

tinuous.

Proof. To prove that there are no eigenvalues in R3 \ [−1, 1], we apply Lemma

3.1.2 with f(x) = x and U(a) the dilation operator defined by U(a)φ(x) = a3/2φ(ax)

and T = D = D0 + V. Then,

(Taφ)(x) = a

{
1

a
[(−iα · ∇)φ](x) + βφ(x) + V (ax)

}

= (Tφ)(x) + (a− 1)βφ(x).
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Hence, D(Ta) = D(T ) and from Lemma 3.1.2, if Tφ = λφ, and φa := U(a)φ,

λ‖φ‖2 = lim
a→1

(φa, βφ)

= (φ, βφ).

From this we infer that −1 ≤ λ ≤ 1 and, hence, there are no eigenvalues in R3 \
[−1, 1].

Suppose Tφ = φ. Then, from above, ‖φ‖2 = (φ, βφ) and this implies that

‖φ3‖2 + ‖φ4‖2 = 0,

where φj , j = 1, 2, 3, 4 are the components of φ, and thus φ3 = φ4 = 0. Let u be the

2-spinor

u =

(
φ1

φ2

)
.

Then, on substituting (2.1.4), it follows that −i(σ ·∇)u = 0 which gives, on taking

Fourier transforms,

(p · σ)û(p) =

3∑

j=1

pjσj û(p) = 0

and hence |p|2|û(p)|2 = 0. This in turn implies that û = 0 and hence φ1 = φ2 = 0.

Therefore λ = 1 is not an eigenvalue. A similar argument proves that there is no

eigenvalue at λ = −1.

The absolute continuity of the spectrum is established in [Weidmann (1982)].

�

3.1.3 Eigenvalues in (−1, 1)

Theorem 3.1.5. Suppose V (x) = −γ/|x|, 0 ≤ γ ≤
√

3/2. Then the eigenvalues of

the Dirac partial wave operators Dl,s = D0;l,s + V in the gap (−1, 1) are given by

λn;l,s =



1 +

γ2

(n+
√
κ2
l,s − γ2)2





−1/2

, n ∈ N0, (3.1.4)

where κl,s = l + s + 1/2. Hence, from Theorem 2.1.1, the set of eigenvalues of

D = D0 + V is
⋃

n∈N0,(l,s)∈I

λn;l,s,

where I is the index set defined in (2.1.27). Thus, there is an infinity of positive

eigenvalues accumulating at 1.
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Proof. Set κ = κl,s and consider the operator τ in (2.1.52) which typifies the

partial wave operators, namely

τ = −iσ2
d

dr
− κ

r
σ1 + σ3 + V.

Note that κl,s ≥ 1 since, in the notation (l, s) ∈ I, l ∈ N0 for s = 1/2 and l ∈ N for

s = −1/2. We follow the treatment in [Thaller (1992)], Section 7.4, but avoid the

explicit use of supersymmetry and the abstract Foldy–Wouthuysen transformation

made therein.

In

iσ2(τ − λ) = I2
d

dr
+

(−κ −γ
γ κ

)
1

r
+

(
0 −λ− 1

λ− 1 0

)

the second matrix on the right-hand side has eigenvalues ±t, t =
√
κ2 − γ2, and is

diagonalised by

A =

(
κ− t −γ
−γ κ− t

)
.

It follows that

iσ2A
−1iσ2(τ − λ)f =

(−1 − κλ
t τ∗0 (λ)

τ0(λ) 1 − κλ
t

)
u, u = A−1f, (3.1.5)

where

τ0(λ) := − d

dr
− t

r
+
γλ

t

and τ∗0 (λ) is its Lagrangian adjoint d
dr − t

r + γλ
t . The operators τ, τ0(λ) and τ∗0 (λ)

have domains

D(τ) = {u : u ∈ ACloc(R+,C
2), u, τu ∈ L2(R+,C

2)},
D(τ0(λ)) = {v : v ∈ ACloc(R+), v, τ0(λ)v ∈ L2(R+)},
D(τ∗0 (λ)) = {v : v ∈ ACloc(R+), v, τ0(λ)

∗v ∈ L2(R+)}.
From (3.1.5) we infer that f is an eigenvector of τ corresponding to the eigenvalue

λ if and only if u = A−1f =

(
u1

u2

)
satisfies

τ0(λ)u1 = (
κλ

t
− 1)u2

τ∗0 (λ)u2 = (
κλ

t
+ 1)u1. (3.1.6)

Note, in particular, that u1 ∈ D(τ0(λ)) and u2 ∈ D(τ∗0 (λ)), and, by (3.1.6),

τ0(λ)u1 ∈ D(τ∗0 (λ)) and τ∗0 (λ)u2 ∈ D(τ0(λ)). We therefore have

τ∗0 (λ)τ0(λ)u1 = (
κ2λ2

t2
− 1)u1 (3.1.7)

τ0(λ)τ
∗
0 (λ)u2 = (

κ2λ2

t2
− 1)u2. (3.1.8)
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Since τ∗0 (λ)τ0(λ) ≥ 0, we must have |λ| ≥ t/κ. The solutions of the equation

τ∗0 (λ)v = 0 are constant multiples of

v(r) = rte−(γλ/t)r,

which lies in L2(R+) for λ > 0, whereas the solutions of τ0(λ)v = 0 are constant

multiples of

v(r) = r−te(γλ/t)r

and, hence, only the trivial solution lies in L2(R+). Therefore τ0(λ) has trivial null

space, and so has τ∗0 (λ)τ0(λ) by (1.2.4). We conclude that the smallest eigenvalue

of τ is

λ0 = t/κ =

{
1 +

γ2

κ2 − γ2

}−1/2

(3.1.9)

with corresponding eigenvector

f0 = Au(0), u(0) =

(
0

rt exp
(
−γλ0

t r
)
)
. (3.1.10)

Let

τ1(λ) := − d

dr
− t+ 1

r
+

γλ

t+ 1
.

Then

τ∗0 (λ)τ0(λ) −
γ2λ2

t2
= τ1(λ)τ

∗
1 (λ) − γ2λ2

(t+ 1)2
(3.1.11)

and hence (3.1.7) is identical with

τ1(λ)τ
∗
1 (λ)u1 =

(
κ2

1λ
2

(t+ 1)2
− 1

)
u1 (3.1.12)

where κ1 =
√

(t+ 1)2 + γ2. As before, the smallest value of λ for which this equa-

tion has an L2(R+) solution is

λ1 =
t+ 1

κ1
=

{
1 +

γ2

(t+ 1)2

}−1/2

corresponding to the solution

u
(1)
1 (r) = rt+1 exp

(
− γλ1

(t+ 1)
r

)
, (3.1.13)

which lies in the null space of τ∗1 (λ1). It follows from (3.1.11) that u
(1)
1 is an eigen-

vector of τ0(λ1)
∗τ0(λ1) corresponding to the positive eigenvalue (κ2λ2

1/t
2)−1. Since

τ0(λ1) has trivial null space, τ0(λ1)u
(1)
1 6= 0 and, by the remark following (1.2.6),

τ0(λ1)u
(1)
1 is an eigenvector of τ0(λ1)τ0(λ1)

∗ corresponding to the same eigenvalue

(κ2λ2
1/t

2)−1, and all the eigenvectors corresponding to this eigenvalue are constant

multiples of τ0(λ1)u
(1)
1 . Also λ1 > λ0 and since the eigenvalues λ > λ0 of τ are
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in one-one correspondence with the values of λ for which (3.1.12) has a non-trivial

solution, it follows that there are no eigenvalues of τ between λ0 and λ1. Moreover,

the eigenvector of τ corresponding to λ1 is

f (1) = Au(1), u(1) =

(
u

(1)
1

τ0(λ1)u
(1)
1

)
. (3.1.14)

An iterative procedure determines the remaining eigenvalues and eigenvectors

of τ. For λ > λ1 and n ≥ 2, let

τn(λ) := − d

dr
− t+ n

r
+

γλ

t+ n
.

The smallest value of λ for which the equation

τn(λ)τn(λ)∗φ =

(
κ2
nλ

2

(t+ n)2
− 1

)
φ, κn =

√
(t+ n)2 + γ2 (3.1.15)

has an L2(R+) solution is

λn =
t+ n

κn
=

{
1 +

γ2

(n+
√
κ2 − γ2)

}−1/2

(3.1.16)

with corresponding L2(R+) solution

φn(r) = rt+n exp

(
− γλn

(t+ n)
r

)
, (3.1.17)

which lies in the null space of τ∗n(λn). A crucial property of the τn(λ) is

τn−1(λ)
∗τn−1(λ) −

γ2λ2

(t+ n− 1)2
= τn(λ)τn(λ)∗ − γ2λ2

(t+ n)2
,

which has the following consequences. Firstly, τn−1(λ)
∗τn−1(λ) > 0, so that τn−1(λ)

has trivial null space, and secondly

τn−1(λn)∗τn−1(λn)φn =

(
κ2
n−1λ

2
n

(t+ n− 1)2
− 1

)
φn, (3.1.18)

where λn > (t+n−1)/κn−1 = λn−1. Furthermore ψ := τn−1(λn)φn is a non-trivial

L2(R+) solution of

τn−1(λn)τn−1(λn)∗ψ =

(
κ2
n−1λ

2
n

(t+ n− 1)2
− 1

)
ψ. (3.1.19)

It follows that

ψ = τ1(λ2)τ2(λ3) · · · τn−1(λn)φn

satisfies

τ∗0 (λ1)τ0(λ1)ψ =

(
κ2λ2

1

t2
− 1

)
ψ

and the non-trivial L2(R+) solutions of

τ0(λ1)τ
∗
0 (λ1)φ =

(
κ2λ2

1

t2
− 1

)
φ

are constant multiples of τ0(λ1)ψ. Consequently, eigenvectors of τ corresponding

to the eigenvalue λn in (3.1.16) for n ≥ 2 are constant multiples of

f (n) = Au(n), u(n) =

(
τ1(λ2)τ2(λ3) · · · τn−1(λn)φn

τ0(λ1)τ1(λ2)τ2(λ3) · · · τn−1(λn)φn

)
, (3.1.20)

where φn is given by (3.1.17). �
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Remark 3.1.6. If
√

3/2 < γ < 1, Theorem 3.1.5 continues to be true for the

distinguished self-adjoint extension of D′
0 − γ/| · | mentioned in Remark 2.1.9. But

this requires the imposition of a boundary condition like

lim
r→0

u(r) = 0.

The proof above then remains valid since L2(R+) solutions of τ0(λ)v = 0 are still

excluded. This is tantamount to choosing a distinguished self-adjoint extension of

the operator T ′
0 generated by τ on C∞

0 (R+,C
2) (see Section 2.1.2), for those values

of κ for which τ is not in the limit-point case at the origin.

3.1.4 Min-max characterisation

In [Dolbeault et al. (2000b)] and [Dolbeault et al. (2000a)], Dolbeault, Esteban and

Séré establish a min-max characterisation of the eigenvalues in a gap within the

essential spectrum of an unbounded self-adjoint operator, which is applicable to the

eigenvalues in (−1, 1) of Dirac operators with Coulomb-type potentials. In their

result for D = D0 + V, V (x) = γ/|x|, quoted in the following theorem, Λ+ and

Λ− = 1−Λ+ are the projections onto the positive and negative spectral subspaces

respectively of D0, H = L2(R3,C4), H± = Λ±H and F± := Λ±C∞
0 (R3,C4).

Theorem 3.1.7. Let

λk = inf
Mk

sup

ψ ∈Mk ⊕ F−
‖ψ‖ = 1

(Dψ, ψ), k ≥ 1, (3.1.21)

where the infimum is over all k-dimensional subspaces Mk of F+. Then, λk = µk,

the kth positive eigenvalue of D, counting multiplicity and limk→∞ λk = 1.

In [Dolbeault et al. (2000b)], it is assumed that γ < γc = 4π/(π2 +4) ≈ 0.9, the

critical value for the positivity of the Brown–Ravenhall operator as established in

Theorem 2.3.7. The range of γ is extended in [Dolbeault et al. (2000a)] to 0 < λ < 1

and so the eigenvalues of the distinguished self-adjoint operator D̃ referred to in

Remark 2.1.9 and Remark 2.1.14 are covered. Results on a min-max principle for

abstract self-adjoint operators with a spectral gap may also be found in [Dolbeault

et al. (2000a)], [Griesemer and Siedentop (1999)], [Griesemer et al. (1999)].

3.2 The quasi-relativistic operator

3.2.1 The essential spectrum

Theorem 3.2.1. Suppose 0 ≤ γ ≤ 2/π. Then the essential spectrum of H = H0 +

V, V (x) = −γ/|x|, coincides with that of H0 =
√
−∆ + 1, namely, [1,∞). In (0, 1),
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the spectrum of H consists of an infinite number of isolated eigenvalues of finite

multiplicity, which accumulate only at 1. If γ < 2/π, the smallest eigenvalue λ0

satisfies λ0 ≥ (1 − [πγ/2]2)1/2.

Proof. From Lemma 3.1.1, A := |V |1/2(H0+1)−1 is compact on L2(R3) and hence

so is (H0 + 1)−1|V |(H0 + 1)−1 = A∗A. Therefore, in the terminology of Section 1.4,

V is form H2
0-compact. Also, by Theorem 2.2.6, H0 + V ≥ 0 and this implies that

Q(|V |) ⊃ Q(H0). The fact that H has essential spectrum [1,∞), then follows from

Theorem 1.4.2 in the case γ < 2/π when H is the form sum of H0 and V . The

proof in the critical case γ = 2/π, when H is the Friedrichs extension of H0 and V ,

is included in [Yaouanc et al. (1997)], Lemma 4.

Since H0 =
√
−∆ + 1 ≤ 1−∆, and −∆−γ/|·| has an infinite number of negative

eigenvalues (see [Edmunds and Evans (1987)], Theorem XI.1.5), it follows that H

has infinitely many eigenvalues smaller than 1. The lower bound for the smallest

eigenvalue λ0 is established in Theorem 2.2.7 when γ < 2/π. When γ = 2/π, λ0 is

still positive, as noted in the following Remark. �

Remark 3.2.2. When γ = 2/π, the lower bound for λ0 in Theorem 3.2.1 vanishes.

However, even in this critical case, there are numerical indications of Hardekopf and

Sucher in [Hardekopf and Sucher (1985)] that the lower bound is positive. This was

confirmed by Martin, Raynal, Roy, Singh and Stubbe in [Raynal et al. (1994)] who

proved that, for 0 < γ ≤ 2/π,

λ0 ≥ inf
p∈R3

(Hφ)(p)

φ(p)

for any positive trial function φ, and used this to yield

0.4825 < λ0 < 0.4843

when γ = 2/π.

We now use Lemma 3.1.2 to prove a virial theorem for H which is similar to

Herbst’s virial theorem in [Herbst (1977)], Theorem 2.4.

Theorem 3.2.3. Let γ < 2/π and Hφ = λφ. Then

(φ,H−1
0 φ) = λ‖φ‖2 (3.2.1)

and

(V φ, φ) = ‖H
−1/2
0 φ‖2 − ‖H

1/2
0 φ‖2. (3.2.2)

It follows that H has no embedded eigenvalues in (1,∞). The spectrum in [1,∞) is

absolutely continuous.

Proof. Let H0,m := (−∆ + m2)1/2 where m > 0. Theorem 2.2.6 applies also to

the operator Hm = H0,m + V : in particular, it is an operator sum for γ < 1/2 and

a form sum for 1/2 ≤ γ < 2/π. Furthermore, if m1,m2 > 0, then

H0,m1 − H0,m2 = (m2
1 −m2

2)(H0,m1 + H0,m2)
−1 =: Bm1,m2
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is a bounded operator on L2(R3). Thus, if γ < 1/2, it follows that

Hm1 = Hm2 +Bm1,m2 (3.2.3)

and D(Hm1) = D(Hm2). The identity (3.1.3) is still true in the range 1/2 ≤ γ < 2/π,

but since Hm1 and Hm2 are form sums, the derivation is not as immediate. We first

assert that their domains coincide. For, on applying the Parseval formula, with

u, v ∈ Q(H0,m1) = Q(H0,m2) = H1/2(R3), we have

(H
1/2
0,m1

u,H
1/2
0,m1

v) = (H
1/2
0,m2

u,H
1/2
0,m2

v)

+

∫

R3

{√
p2 +m2

1 −
√
p2 +m2

2

}
û(p)v̂(p)dp

= (H
1/2
0,m2

u,H
1/2
0,m2

v) + (Bm1,m2u, v)

and so, for all u, v ∈ Q(Hm1) = Q(Hm2),

hm1 [u, v] = hm2 [u, v] + (Bm1,m2u, v),

where hmj [·, ·] is the quadratic form associated with Hmj , j = 1, 2. Hence, if u ∈
D(Hm1) and v ∈ D(Hm2) it follows from the Second Representation Theorem that

(Hm1u, v) = (u,Hm2v) + (Bm1,m2u, v).

Since Bm1,m2 is bounded and Hm1 and Hm2 are self-adjoint, it follows that

D(Hm1) = D(Hm2) and (3.1.3) holds.

We now apply Lemma 3.1.2 with T = H ≡ H1, f(t) = t, and U(a) the unitary

operators defined by U(a)φ(x) = a3/2φ(ax). Then it is readily verified that Ta =

aU(a)H1U(a)−1 = Ha and so(
φa,

[
Ha − H

a− 1

]
φ

)
= (a+ 1)

(
φa, [H0,a + H0]

−1φ
)

→ (φ,H−1
0 φ)

as a→ 1, whence (3.1.1).

Furthermore,

(φ,H−1
0 φ) = λ‖φ‖2

= (φ,Hφ)

= ‖H
1/2
0 φ‖2 + (V φ, φ) (3.2.4)

whence (3.2.2).

Suppose Hφ = λφ. Then from (3.2.4),

(V φ, φ) = (H−1
0 φ, φ) − (H0φ, φ)

and so

λ‖φ‖2 = (H−1
0 φ, φ)

≤ ‖φ‖2.

Hence, there are no eigenvalues in (1,∞).

The absence of singular continuous spectrum, and, hence, the absolute continuity

of the spectrum in [1,∞), is proved in [Herbst (1977)], Theorem 2.3. �
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3.3 The Brown–Ravenhall operator

3.3.1 The essential spectrum

The analogue of Theorem 3.2.1 is the following

Theorem 3.3.1. Let V (x) = −γ/|x|, 0 ≤ γ ≤ γc = 2
(
π
2 + 2

π

)−1
. Then the

Brown–Ravenhall operator B = Λ+(D0 + V )Λ+ in (2.3.10) has the same essen-

tial spectrum as Λ+D0Λ+, namely [1,∞). In [0, 1), the spectrum of B consists of an

infinite number of isolated eigenvalues of finite multiplicity which accumulate at 1.

The smallest eigenvalue λ0 satisfies λ0 ≥ 1 − γc > 0.09.

Proof. We shall prove the result only in the case γ < γc, when, in view of Remark

2.3.8(v), B is the form sum of Λ+D0Λ+ = D0Λ+ and Λ+V Λ+, and the form domain

Q(B) coincides with that of Λ+D0Λ+ = D0Λ+. Set B0 := Λ+D0Λ+ = D0Λ+ and

C = Λ+WΛ+,W = −V. Note that the operators in these forms act in L2(R3,C4);

see (2.3.10) and (2.3.11). We have

(Bψ, φ) = (B0ψ, φ) − (Cψ, φ), ψ, φ ∈ Q(B),

in the form sense. On taking, for arbitrary f, g ∈ L2(R3,C4), ψ = B−1f, φ = B−1
0 g,

so that ψ ∈ D(B) and φ ∈ D(B0) ⊂ Q(B0) = Q(B), it follows from the First

Representation Theorem that

(f,B−1
0 g) = (B−1f, g) − (B−1

0 CB−1f, g)

and, hence, in view of the self-adjointness of B−1,

B−1 − B−1
0 = B−1

0 CB−1

= [B−1
0 Λ+W

1/2][W 1/2Λ+B−1]; (3.3.1)

recall from Theorem 2.3.7(i) that B is strictly positive and is thus invertible. We

shall prove that B−1 − B−1
0 is compact. By (2.3.5), B0 = H0Λ+, where H0 =√

−∆ + 1, and so the first factor on the right-hand side of (3.3.1) can be written

B−1
0 Λ+W

1/2 = Λ+H−1
0 W 1/2.

We know from Lemma 3.1.1 that W 1/2 : H1(R3; C4) → L2(R3,C4) is compact.

Consequently, H−1
0 W 1/2 : H1(R3; C4) → H1(R3; C4) is compact and B−1

0 Λ+W
1/2

is compact on H1(R3; C4). To show that the second factor in (3.3.1) is bounded, we

write it as

W 1/2Λ+B−1 = [W 1/2Λ+B
−1/2
0 ][B

1/2
0 B−1]. (3.3.2)

The range of B−1, namely D(B), lies in Q(B) = Q(B0) = D(B
1/2
0 ), and hence

B
1/2
0 B−1 is defined on L2(R3,C4) and is a closed operator. Hence by the Closed

Graph Theorem, B
1/2
0 B−1 is bounded on L2(R3,C4). Next, we write the first factor

on the right-hand side of (3.3.2) as

W 1/2Λ+B
−1/2
0 = W 1/2H

−1/2
0 Λ+.
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By Kato’s inequality, we have

‖W 1/2f‖2 ≤ (γπ/2)

∫

R3

|p||f̂(p)|2dp

≤ (γπ/2)

∫

R3

√
|p|2 + 1|f̂(p)|2dp = (γπ/2)‖H

1/2
0 f‖2

and, hence, for all g ∈ L2(R3,C4),

‖W 1/2H
−1/2
0 Λ+g‖ ≤ (γπ/2)1/2‖Λ+g‖.

Therefore, W 1/2H
−1/2
0 Λ+ is bounded on L2(R3,C4), which implies the boundedness

of W 1/2Λ+B−1 in (3.3.2) and completes the proof of the claim that B−1 − B−1
0 is

compact on L2(R3,C4), thus establishing that B and B0 have the same essential

spectrum, namely [1,∞).

The case γ = γc is proved by Tix in [Tix (1998)], Theorem 8, by subtly adapting

the above proof and using results from [Herbst (1977)] and [Yaouanc et al. (1997)].

By Theorem 3.1.7, the kth eigenvalues of D and B satisfy the inequality

λk(D) ≥ inf
Mk

sup
ψ∈Mk ,‖ψ‖=1

(Dψ, ψ) ≥ λk(B),

where Mk is a k-dimensional subspace of Λ+C
∞
0 (R3,C4). Since D has an infinity

of positive eigenvalues in (0, 1), it follows that for all k ∈ N, there exists a k-

dimensional subspace Mk on which (Bψ, ψ) ≤ 1. Consequently, B has an infinity of

isolated eigenvalues of finite multiplicity in [0, 1), which accumulate at 1. Note that

if γ ≤ 2/π, since B is then the restriction of HI4 to H = Λ+L
2(R3,C4), it follows

that λk(H) ≤ λk(B) ≤ λk(D).

The final assertion in the theorem that λ0 ≥ 1 − γc > 0.09 is due to Tix [Tix

(1998)]; see also [Tix (1997a)].

�

3.3.2 The virial theorem

Our main results are the following theorem and corollary, which result from the

application of Lemma 3.1.2 to the Brown–Ravenhall operator b of (2.3.18). In

Remark 2.3.8(iv) we noted that for γ < γc, b is the form sum of E and −K with

form domain L2(R3;
√
p2 + 1dp)⊗C2, where E is the operator of multiplication by

e(p) =
√
p2 + 1,

(Ku)(p) =
γ

2π2

∫

R3

K(p′,p)u(p′)dp′

with kernel

K(p′,p) =
(e(p′) + 1)(e(p) + 1)I2 + (p′ · σ)(p · σ)

n(p′)|p′ − p|2n(p)
,

and n(p) =
√

2e(p)[e(p) + 1].
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Theorem 3.3.2. Let γ < γc. If λ is an eigenvalue of b with eigenvector φ, then

λ‖φ‖2 =

∫

R3

1

e(p)
|φ(p)|2dp

− γ

4π2

∫∫

R3×R3

φ∗(p′)K1(p′,p)φ(p)

[
1

e(p)
− 1

e(p)2
+

1

e(p′)
− 1

e(p′)2

]
dp′dp

+
γ

4π2

∫∫

R3×R3

φ∗(p′)K2(p′,p)φ(p)

[
1

e(p)
+

1

e(p)2
+

1

e(p′)
+

1

e(p′)2

]
dp′dp, (3.3.3)

where

K1(p′,p) =
[e(p′) + 1][e(p) + 1]I2
n(p′)|p − p′|2n(p)

, (3.3.4)

K2(p′,p) =
(p′·σ)(p·σ)

n(p′)|p − p′|2n(p)
. (3.3.5)

Corollary 3.3.3. Let γ < γc and bφ = λφ. Then

(λ − 1)

∫

R3

|φ(p)|2
{

1 − 1

e(p)
+

1

e(p)2

}
dp

=
γ

2π2

∫∫

R3×R3

φ∗(p′)K2(p′,p)φ(p)

[
1

e(p′)
+

1

e(p)

]
dp′dp

−
∫

R3

|φ(p)|2 [e(p) − 1][2e(p) − 1]

e(p)2
dp. (3.3.6)

Before proving Theorem 3.3.2 and Corollary 3.3.3, we need the following lemma,

which is similar to Lemma 2.3.10. In it bm denotes the operator with e(p) re-

placed by em(p) :=
√
p2 +m2 in b and associated changes to make bm the Brown–

Ravenhall operator when the mass m 6= 1. To be specific, bm = Em −Km, where

Em is multiplication by em(p) and Km is the integral operator with kernel

Km(p′,p) =
[em(p′) +m][em(p) +m]I2 + (p′ · σ)(p · σ)

nm(p′)|p − p′|2nm(p)
,

where nm(p) =
√

2em(p)[em(p) +m]. In particular b1 ≡ b and

(b0u)(p) = pu(p) − γ

2π2
(K0u)(p)

where K0 has kernel

K0(p′,p) =
1

2

{
pp′I2 + (p′ · σ)(p · σ)

p′p|p − p′|2
}
.

Lemma 3.3.4. For any m ∈ R+, the operators bm and b0 have the same domain

and bm − b0 can be extended to a bounded operator on L2(R3,C2).
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Proof. We have

0 ≤ em(p) − p ≤ m,

and, on using the inequality 2
√

1 + a
√

1 + b ≤ 2+ |a|+ |b| for a, b ∈ (−1, 1), we can

write

|Km(p′,p) −K0(p′,p)| =
1

2|p− p′|2
{[√

1 +
m

em(p′)

√
1 +

m

em(p)
− 1

]

+

[√
1 − m

em(p′)

√
1 − m

em(p)
− 1

]
(p′ · σ)(p · σ)

p′p

}

≤ m

2|p− p′|2
{

1

em(p)
+

1

em(p′)

}
.

Hence, for φ in the form domain of bm − b0, we have

|(φ, bmφ) − (φ, b0)| ≤

≤ m‖φ‖2 +
mγ

4π2

∫∫

R3×R3

1

|p− p′|2
{

1

em(p)
+

1

em(p′)

}
|φ(p)||φ(p′)|dp′dp.

By the Cauchy–Schwarz inequality, the last integral is no greater than
∫∫

R3×R3

|φ(p)|2 1

|p − p′|2
{

1

em(p)
+

1

em(p′)

}
h(p′)

h(p)
dp′dp,

where we choose h(p) = |p|−α, 1 < α < 2. Then (see [Lieb and Loss (1997)], (3)

in the proof of Corollary 5.10)
∫

R3

1

|p− p′|2
h(p′)

h(p)em(p)
dp′ =

|p|α
em(p)

∫

R3

1

|p − p′|2
1

|p′|α dp
′

= O(|p|α−1|p|1−α) = O(1)

and ∫

R3

1

|p− p′|2
h(p′)

h(p)em(p′)
dp′ ≤ |p|α

∫

R3

1

|p− p′|2
1

|p′|α+1
dp′ = O(1).

Hence, for some positive constant C,

|(φ, bmφ) − (φ, b0)| ≤ Cm‖φ‖2

and (·, bm·) − (·, b0·) can be extended to a bounded quadratic form on{
L2(R3,C2)

}
×
{

L2(R3,C2)

}
. It follows that bm and b0 have the same domain

and this in turn implies the rest of the lemma. �

Proof of Theorem 3.3.2. We apply Lemma 3.1.2 to T = b, f(a) = a and

U(a) defined by U(a)φ(p) = a−3/2φ(p/a) =: φa(p). Then U(a) → I strongly in

L2(R3,C2) and

Ta := aU(a)bU(a)−1 = ba.
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By Lemma 3.3.4, an eigenvector φ of b, lies in D(ba) for any a. Thus, all that

remains is to evaluate the limit on the left-hand side of (3.1.2). We have
(
φa,

[
ba − b

a− 1

]
φ

)
=

∫

R3

[
ea(p) − e(p)

a− 1

]
φa(p)φ(p)∗dp

− γ

2π2

∫∫

R3×R3

φa(p
′)∗
[
Ka(p′,p) −K(p′,p)

a− 1

]
φ(p)dp′dp

=: I1 −
γ

2π2
I2, (3.3.7)

and (3.3.3) will follow if we can justify taking the limit as a→ 1 under the integral

signs on the right-hand side of (3.3.7).

In I1, 0 < {ea(p)− e(p)}/(a− 1) ≤ 1 and, hence, as a→ 1, since ‖φa −φ‖ → 0,

we have

lim
a→1

I1 = lim
a→1

∫

R3

[
ea(p) − e(p)

a− 1

]
|φ(p)|2dp =

∫

R3

1

e(p)
|φ(p)|2dp,

on applying the Dominated Convergence Theorem. We write I2 as

∫∫

R3×R3

[φa(p
′) − φ(p′)]∗

[
Ka(p′,p) −K(p′,p)

a− 1

]
φ(p)dp′dp

+

∫∫

R3×R3

φ(p′)∗
[
Ka(p′,p) −K(p′,p)

a− 1

]
φ(p)dp′dp =: I3 + I4,

and make use of the readily verified estimate∣∣∣∣
Ka(p′,p) −K(p′,p)

a− 1

∣∣∣∣ ≤ ka/|p− p′|2,

where ka → 1 as a→ 1. Thus I3 is bounded by∫∫

R3×R3

|φa(p′) − φ(p′)||φ(p)| dp′dp

|p − p′|2

and, on using the Parseval identity and F
(

1
|·|
)

=
√

2
π

1
|·|2 , this is equal to

2π2

∫

R3

u(x)v(x)
dx

|x| ,

where û(p) = |φa(p) − φ(p)| and v̂(p) = |φ(p)|. This in turn is bounded by a

constant multiple of
(∫

R3

|φa(p) − φ(p)|2|p|dp
)1/2(∫

R3

|φ(p)|2|p|dp
)1/2

on using the Cauchy–Schwarz and Kato inequalities. We claim that the first of

these integrals tends to 0 as a→ 1. This is obviously so if φ = ψ ∈ C0(R
3,C2). Also∫

R3

|φa(p) − ψa(p)|2|p|dp = a

∫

R3

|φ(p) − ψ(p)|2|p|dp.
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Since C0(R
3,C2) is dense in L2(R3,C2), our claim is justified and we have that I3 →

0 as a→ 1. In I4 the integrand is majorised by the function |p−p′|−2|φ(p′)||φ(p)|,
which is integrable by Kato’s inequality. Hence the Dominated Convergence Theo-

rem applies and it is easily verified that (3.3.3) follows. �

Proof of Corollary 3.3.3. From (3.3.3) we have

λ|φ|2 =

∫

R3

|φ(p)|2 dp
e(p)

− γ

2π2
Re

[∫∫

R3×R3

φ∗(p′)K(p′,p)φ(p)

{
1

e(p)
− 1

e(p)2

}
dp′dp

]

+
γ

2π2

∫∫

R3×R3

φ∗(p′)K2(p′,p)φ(p)

{
1

e(p)
+

1

e(p′)

}
dp′dp. (3.3.8)

Also, for all ψ ∈ Q(b),

∫

R3

e(p)ψ∗(p)φ(p)dp − γ

2π2

∫∫

R3×R3

ψ∗(p′)K(p′,p)φ(p)dp′dp

= λ

∫

R3

ψ∗(p)φ(p)dp. (3.3.9)

We choose ψ(p) = [e(p)−1 − e(p)−2]φ(p) in (3.3.9): clearly ψ ∈ Q(b). Then

γ

2π2

∫∫

R3×R3

φ∗(p′)K(p′,p)φ(p)

{
1

e(p)
− 1

e(p)2

}
dp′dp

=

∫

R3

[e(p) − λ]

{
1

e(p)
− 1

e(p)2

}
|φ(p)|2dp. (3.3.10)

On substituting (3.3.10) in (3.3.9),

λ|φ|2 =

∫

R3

|φ(p)|2 dp
e(p)

−
∫

R3

[e(p) − λ]

{
1

e(p)
− 1

e(p)2

}
|φ(p)|2dp

+
γ

2π2

∫∫

R3×R3

φ∗(p′)K2(p′,p)φ(p)

{
1

e(p)
+

1

e(p′)

}
dp, dp′

whence

λ

∫

R3

|φ(p)|2
{

1 − 1

e(p)
+

1

e(p)2

}
dp =

∫

R3

|φ(p)|2
{

1

e(p)
− 1 +

1

e(p)

}
dp

+
γ

2π2

∫∫

R3×R3

φ∗(p′)K2(p′,p)φ(p)

[
1

e(p′)
+

1

e(p)

]
dp′dp,
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and

(λ− 1)

∫

R3

|φ(p)|2
{

1 − 1

e(p)
+

1

e(p)2

}
dp

=

∫

R3

|φ(p)|2 [e(p) − 1][1 − 2e(p)]

e(p)2
dp

+
γ

2π2

∫∫

R3×R3

φ∗(p′)K2(p′,p)φ(p)

[
1

e(p′)
+

1

e(p)

]
dp′dp. (3.3.11)

The corollary is therefore proved. �

3.4 The absence of embedded eigenvalues

Theorem 3.4.1. If γ < γc, the operator b has no eigenvalues in [1,∞). The spec-

trum in [1,∞) is absolutely continuous.

Proof. From (3.3.6)
(
λ− 1

)∫

R3

|φ(p)|2
{

1 − 1

e(p)
+

1

e(p)2

}
dp

≤ γ

2π2

∫∫

R3×R3

φ∗(p′)H(p′,p)|φ(p)|dp′dp

−
∫

R3

|φ(p)|2 [e(p) − 1][2e(p) − 1]

e(p)2
dp, (3.4.1)

where

H(p′,p) =
pp′

n(p′)n(p)|p − p′|2
[

1

e(p′)
+

1

e(p)

]
.

Set

J(p′,p) =
1

|p− p′|2
[

1

e(p′)
+

1

e(p)

]

and let h be an arbitrary positive function, which will be chosen later. Then,∫∫

R3×R3

H(p′,p)|φ(p′)||φ(p)|dp′dp =

=

∫∫

R3×R3

(
p

n(p)
|φ(p)|J1/2(p′,p)

[
h(p′)

h(p)

]1/2)
×

×
(

p′

n(p′)
|φ(p′)|J1/2(p′,p)

[
h(p)

h(p′)

]1/2)
dpdp′

≤
∫

R3

p2

n2(p)
|φ(p)|2dp

∫

R3

h(p′)

h(p)
J(p′,p)dp′, (3.4.2)
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by the Cauchy–Schwarz inequality. We make the choice h(p) = p−3/2 and so

∫

R3

h(p′)

h(p)
J(p′,p)dp′

=

∫

R3

1

|p′ − p|2
1√

p′2 + 1

p3/2

p′3/2
dp′ +

∫

R3

1

|p′ − p|2
1√
p2 + 1

p3/2

p′3/2
dp′

=: I1 + I2 (3.4.3)

say. We now follow [Jakabussa-Amundsen (2004)], Section I.5, to obtain more

precise estimates for I1 and I2 than those in the proof of Theorem 3.1 in [Balinsky

and Evans (1998)]. These are based on the simple estimate

1√
q2 + 1

≤
{

1, if q ≤ 1,
1
q , if q > 1.

We first note that ∫

S2

1

|p′ − p|2 dω
′ =

2π

pp′
ln

∣∣∣∣
p+ p′

p− p′

∣∣∣∣ .

Hence,

I1 ≤ 2πp1/2

{∫ 1

0

p−1/2 ln

∣∣∣∣
p+ p′

p− p′

∣∣∣∣ dp′ +

∫ ∞

1

p′−3/2 ln

∣∣∣∣
p+ p′

p− p′

∣∣∣∣ dp′
}

= 2πp

∫ 1/p

0

t−1/2 ln

∣∣∣∣
1 + t

1 − t

∣∣∣∣ dt+ 2π

∫ ∞

1/p

t−3/2 ln

∣∣∣∣
1 + t

1 − t

∣∣∣∣ dp′. (3.4.4)

Also

I2 = 2π
p√
p2 + 1

∫ ∞

0

t−1/2 ln

∣∣∣∣
1 + t

1 − t

∣∣∣∣ dt.

The next step is to substitute the following integrals evaluated in [Jakabussa-

Amundsen (2004)], Appendix A; see also [Gradshteyn and Ryzhik (1965)], p. 205–

206.
∫ a

0

t−1/2 ln

∣∣∣∣
1 + t

1 − t

∣∣∣∣ dt = 2
√
a ln

∣∣∣∣
1 + a

1 − a

∣∣∣∣+ 4 arctan
√
a− 2 ln

∣∣∣∣
√
a+ 1√
a− 1

∣∣∣∣ ,
∫ ∞

0

t−1/2 ln

∣∣∣∣
1 + t

1 − t

∣∣∣∣ dt = 2π, (3.4.5)

∫ ∞

a

t−3/2 ln

∣∣∣∣
1 + t

1 − t

∣∣∣∣ dt = 2π − 2 ln

∣∣∣∣
√
a+ 1√
a− 1

∣∣∣∣− 4 arctan
√
a+

2√
a

ln

∣∣∣∣
1 + a

1− a

∣∣∣∣ .

It follows that

I1 ≤ 4π2 + 4π

{
2
√
p ln

∣∣∣∣
1 + p

1− p

∣∣∣∣+ 2(p− 1) arctan(1/
√
p)

−(p+ 1) ln

∣∣∣∣
1 +

√
p

1 −√
p

∣∣∣∣
}

=: 4π2α(p) (3.4.6)
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say, and

I2 =
4π2p√
p2 + 1

.

On substituting these in (3.4.2), and then in (3.4.1), the resulting inequality can be

rewritten in the following form:

0 ≤
∫

R3

|φ(p)|2
{

1 − 1

e(p)
+

1

e(p)2

}
{1 − λ+ Φ(p)} dp, (3.4.7)

where

Φ(p)

{
1 − 1

e(p)
+

1

e(p)2

}
=

2γp2

n2(p)

(
α(p) +

p√
p2 + 1

)
− [e(p) − 1][2e(p)− 1]

e(p)2
.

This gives

Φ(p) =
p2g1(p)

p2 + 2 −
√
p2 + 1

{
γ − g0(p)

g1(p)

}
,

where

g0(p) =
2
√
p2 + 1 − 1√
p2 + 1 + 1

, g1(p) =
p+ α(p)

√
p2 + 1√

p2 + 1 + 1
.

A numerical calculation gives minp∈R+ g0(p)/g1(p) = 0.973. Since γc = 0.906, it

follows that Φ is negative for γ ≤ γc. Hence, from (3.4.7), we conclude that λ < 1,

thus proving that there are no eigenvalues embedded in the essential spectrum

[1,∞). The absence of a singular continuous spectrum is proved in [Evans et al.

(1996)], Theorem 2. The proof is therefore complete. �

It is also of interest to analyse the implications of the virial theorem for the

operators bl,s.

In the partial wave decomposition of B and b in Section 2.3.1, spinors φ ∈
L2 (R3,C2) are expanded in terms of the spherical spinors Ωl,n,s,

φ(p) =
∑

(l,m,s)∈I

p−1φl,m,s(p)Ωl,m,s(ω) (3.4.8)

over the index set I = {l ∈ N0,m = −l − 1/2, · · · , l + 1/2, s = ±1/2, Ωl,m,s 6= 0}
and

∫

R3

|φ(p)|2dp =
∑

(l,m,s)∈I

∞∫

0

|φl,m,s(p)|2dp. (3.4.9)

This yields the representation (2.3.21), namely,

(φ, bψ) =
∑

(l,m,s)∈I

(φl,m,s, bl,sψl,m,s), (3.4.10)
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where

(φl,m,s, bl,sψl,m,s) =

∞∫

0

e(p)φl,m,s(p)ψl,m,s(p)dp

− γ

π

∞∫

0

∞∫

0

φl,m,s(p
′)kl,s(p

′, p)ψl,m,s(p)dp
′dp (3.4.11)

and

kl,s(p
′, p) =

[e(p′) + 1]Ql
(

1
2

[
p′

p + p
p′

])
[e(p) + 1]

n(p′)n(p)
+
p′Ql+2s

(
1
2 [p

′

p + p
p′ ]
)
p

n(p′)n(p)

=: k1
l,m(p′, p) + k2

l,m(p′, p) (3.4.12)

say. The nature of the associated self-adjoint operators bl,s is described in Theorem

2.3.11 and Remark 2.3.12.

Theorem 3.4.2. For all values of (l, s), the operators bl,s have no eigenvalues in

[1,∞) if γ ≤ γc.

Proof. The analogue of (3.3.6) is

(
λ− 1

) ∞∫

0

|φl,m,s(p)|2
{

1 − 1

e(p)
+

1

e(p)2

}
dp

=
γ

π

∞∫

0

∞∫

0

φl,m,s(p
′)k2

l,s(p
′, p)φ(p)

[
1

e(p′)
+

1

e(p)

]
dp′dp

−
∞∫

0

|φl,m,s(p)|2
[e(p) − 1][2e(p) − 1]

e(p)2
dp. (3.4.13)

Since Q0(t) ≥ · · · ≥ Ql(t) ≥ 0 for all t > 1, it follows that for all (l, s) 6= (1,−1/2)

k2
l,s(p

′, p) ≤ p′p

n(p′)n(p)
Q1

(
1

2

[
p′

p
+
p

p′

])

and, hence, on writing φ for φl,m,s in (3.4.13), we get

(
λ− 1

) ∞∫

0

|φ(p)|2
{

1 − 1

e(p)
+

1

e(p)2

}
dp

≤ γ

π

∞∫

0

|φ(p)|2 p2

n2(p)h(p)
dp

∞∫

0

h(p′)Q1

(
1

2

[
p′

p
+
p

p′

])(
1

e(p′)
+

1

e(p)

)
dp′

−
∞∫

0

|φ(p)|2 [e(p) − 1][2e(p) − 1]

e(p)2
dp, (3.4.14)
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for any positive function h(· ), on applying the Cauchy–Schwarz inequality. We

choose h(t) = 1/t, so that in the first term on the right-hand side of (3.4.14) we

have

γ

π

∞∫

0

|φ(p)|2 p2

n2(p)

{
p

e(p)

∞∫

0

1

p′
Q1

(
1

2

[
p′

p
+
p

p′

])
dp′

+ p

∞∫

0

1

p′e(p′)
Q1

(
1

2

[
p′

p
+
p

p′

])
dp′
}
dp

=
γ

π

∞∫

0

|φ(p)|2 p2

n2(p)

{
I1 + I2

}
dp

say. Let g1(u) = Q1(
1
2 [u+ 1

u ]). Then, by (2.2.8)

I1 ≤
∞∫

0

g1(u)
du

u
= 2,

and since g1(u) = g1(1/u),

I2 ≤
∞∫

0

g1(u)
du

u2
=

∞∫

0

g1(u)du.

Furthermore,

1∫

0

g1(u)du =
1

2

1∫

0

u ln

(
u+ 1

1 − u

)
du +

1

2

1∫

0

1

u
ln

(
u+ 1

1 − u

)
du−

1∫

0

du

=
1

2
+

1

2

π2

4
− 1 =

π2

8
− 1

2

and

∞∫

1

g1(u)du =
1

2

∞∫

1

1

u
ln

(
u+ 1

u− 1

)
du+

∞∫

1

{
u

2
ln

(
u+ 1

u− 1

)
− 1

}
du

=
π2

8
+

[
1

4
(u2 − 1) ln

(
u+ 1

u− 1

)
− u

2

]∞

1

=
π2

8
+

1

2
.

Hence, I2 ≤ π2

4 , and from (3.4.14)

(
λ− 1

) ∞∫

0

|φ(p)|2
{

1 − 1

e(p)
+

1

e(p)2

}
dp

≤ γ

π

∞∫

0

|φ(p)|2 p2

n2(p)

(π2

4
+ 2
)
dp−

∞∫

0

|φ(p)|2 [e(p) − 1][2e(p)− 1]

e(p)2
dp.
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On simplifying, we obtain

0 <

∫ ∞

0

|φ(p)|2
(

1 − 1√
p2 + 1

+
1

p2 + 1

)(
1 − λ+ Ψ(p)

)
dp,

where

Ψ(p) =
p2(
√
p2 + 1)

(
√
p2 + 1 + 1)(p2 + 2 −

√
p2 + 1)

{
π

(
γ

2π2

)(
π2

4
+2

)
− 2
√
p2 + 1 − 1√
p2 + 1

}

≤ p2
√
p2 + 1

(
√
p2 + 1 + 1)(p2 + 2 −

√
p2 + 1)

{
2

π2 + 4

(
π2

4
+ 2

)
− 1

}
< 0

for γ ≤ γc. Hence, λ < 1.

For the case (l, s) = (1,−1/2), the Legendre function Q1 in (3.4.14) has to be

replaced by Q0, and we have to consider

1

h(p)

∞∫

0

h(p′)Q0

(
1

2

[
p′

p
+
p

p′

])[
1

e(p′)
+

1

e(p)

]
dp′. (3.4.15)

The more precise estimates used in the proof of Theorem 3.4.1 are necessary in this

case. We now make the choice h(u) = 1/
√
u, and, with g0(u) = Q0(

1
2 [u + 1

u ]) =

ln |u+1
u−1 |, (3.4.15) becomes J1 + J2 say, where on using (3.4.5),

J1 = p

∞∫

0

1√
ue(pu)

g0(u)du

≤ p

∫ 1/p

0

1√
u
g0(u)du+

∫ ∞

1/p

1

u3/2
g0(u)du

= 2p1/2 ln

∣∣∣∣
1 + 1/p

1 − 1/p

∣∣∣∣+ 4p arctan
√

1/p− 2p ln

∣∣∣∣∣
1 +

√
1/p

1 −
√

1/p

∣∣∣∣∣

+ 2π − 2 ln

∣∣∣∣∣
1 +

√
1/p

1 −
√

1/p

∣∣∣∣∣− 4 arctan
√

1/p+ 2
√
p ln

∣∣∣∣
1 + 1/p

1 − 1/p

∣∣∣∣

= 2π + 4(p− 1) arctan
√

1/p+ 4
√
p ln

∣∣∣∣
1 + 1/p

1 − 1/p

∣∣∣∣− 2(p+ 1) ln

∣∣∣∣∣
1 +

√
1/p

1 −
√

1/p

∣∣∣∣∣
= 2πα(p)

and

J2 =
p

e(p)

∞∫

0

1√
u
g0(u)du = 2π

p√
p2 + 1

.

On substituting in (3.4.14) (with Q1 replaced by Q0) we deduce that

0 ≤
∫ ∞

0

|φ(p)|2
(

1 − 1√
p2 + 1

+
1

p2 + 1

)
{1 − λ+ Ψ(p)} dp,
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where(
1 − 1√

p2 + 1
+

1

p2 + 1

)
Ψ(p) =

γp2[α(p)
√
p2 + 1 + p]

(p2 + 1)[
√
p2 + 1 + 1]

− p2[2
√
p2 + 1 − 1]

(p2 + 1)(
√
p2 + 1 + 1

and, hence,

Ψ(p) =
p2(α(p)

√
p2 + 1 + p)

[p2 + 2 −
√
p2 + 1][

√
p2 + 1 + 1]

{
γ − 2

√
p2 + 1 − 1

α(p)
√
p2 + 1 + p

}
.

Thus Ψ is negative if

γ < min
p∈R+

2
√
p2 + 1 − 1

α(p)
√
p2 + 1 + p

=: γ0.

As we observed at the end of the proof of Theorem 3.4.1, γ0 = 0.973 > 0.906 = γc.

It follows that λ < 1 and the proof is complete. �
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Chapter 4

Miscellany

4.1 Stability of matter

A system of N electrons and K nuclei is known to be stable when governed by

non-relativistic quantum mechanics. This means that the ground state energy E0

associated with the Hamiltonian, which, in appropriate units, is of the form

HN,K =

N∑

j=1

(−∆j) + αVC (4.1.1)

satisfies

E0 ≥ const. (N +K). (4.1.2)

In (4.1.1), α is Sommerfeld’s fine-structure constant, whose physical value is ap-

proximately 1/137, and VC is the Coulomb potential of the electrons and nuclei,

namely,

VC(x1, · · · ,xN ) = −Z
N∑

j=1

K∑

k=1

1

|xj −Rk|
+

∑

1≤j<l≤N

1

|xj − xl|

+Z2
∑

1≤j<k≤K

1

|Rj −Rk|
, (4.1.3)

where the xj , Rk denote the co-ordinates of the jth electron and kth nucleus, re-

spectively, and we have taken the nuclear charges to be the same, namely Z, for

simplicity: in fact for the problem of stability, this does not involve any loss of gener-

ality, for, as proved in [Daubechies and Lieb (1983)], if there are separate charges Zj ,

the energy is concave in each Zj and stability holds in {0 ≤ Zj ≤ Z : j = 1, · · · ,K}
if it holds when all the Zj = Z.

The result (4.1.2) was first established by Dyson and Lenard in their pioneering

work [Dyson and Lenard (1967)] and [Dyson and Lenard (1968)]. Subsequently,

a different, and considerable easier proof was given by Lieb and Thirring in [Lieb

and Thirring (1975)], who also derived a much better constant. Stability became

a favourite topic of research and a number of interesting generalisations have been

109
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achieved. We now give a brief summary of some of the highlights. A significant

advance of relevance to this book was made by Conlon in [Conlon (1984)] who

investigated the quasi-relativistic Hamiltonian

HN,K =

N∑

j=1

{(−∆j + 1)1/2 − 1}+ αVC (4.1.4)

and proved stability as long as αZ < 10−200; Fefferman and de la Llave improved

on Conlon’s bound for αZ in [Fefferman and de la Llave (1986)] to αZ ≤ π/5, with

the improvement αZ ≤ π/2.06 on using a computer assisted proof. Lieb and Yau

then proved in [Lieb and Yau (1988)] for αZ ≤ 2/π, the optimal range in view of

Theorem 2.2.6, that (4.1.4) is stable if and only if α is less than some critical value

αc > 1/94. Lieb, Loss and Siedentop introduced a magnetic field, B(x) = curl A(x)

in [Lieb et al. (1996)] and considered

HN,K(A) =

N∑

j=1

| − i∇j + A(xj)| + αVC . (4.1.5)

They proved that for arbitrary magnetic potential A, (4.1.5) is stable if α < α̃,

where

1/α̃ = (π/2)Z + 2.80Z2/3 + 1.30. (4.1.6)

For α = 1/137, this allows Z ≤ 59. The presence of the magnetic field, for arbitrary

A, actually eases the stability problem for the magnetic Schrödinger operator

HN,K(A) =
N∑

j=1

(−i∇j + A(xj))
2 + αVC (4.1.7)

on account of the diamagnetic inequality in Theorem 4.5.1 below. However, dif-

ficulties are encountered on replacing the one-electron kinetic energy by the non-

relativistic Pauli operator,

PA = [σ · (−i∇ + A)]2 =

3∑

j=1

{σj (−i∂j +Aj)}2

= (−i∇ + A)2I2 + σ · B,
where σ = (σ1, σ2, σ3) is the triple of Pauli matrices defined in (2.1.5), A =

(A1, A2, A3) and I2 is the 2 × 2 identity matrix. The presence of the Zeeman

term σ · B allows for the possibility that arbitrarily large magnetic fields B can

cause even the hydrogen Hamiltonian

PA + αVC , VC(x) = −Z/|x|,
to have arbitrarily large negative energies, despite the fact that PA is non-negative

for any magnetic field. It is the existence of zero modes of the Pauli operator which

makes this possible: a zero mode of PA is an eigenvector ϕ corresponding to an
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eigenvalue at 0, thus PAϕ = 0. To see this, let ϕ be a zero mode, and for κ > 0

define ϕκ(x) = κ3/2ϕ(κx), so that ‖ϕκ‖ = ‖ϕ‖. Then

PAκϕκ = 0,

where Aκ(x) := κA(κx) and hence Bκ(x) = [curl Aκ](x) = κB(κx). Furthermore,

([PAκ + αVC ]ϕκ, ϕκ) = −αZ
∫

R3

1

|x|2 |ϕκ(x)|2dx

= −αZκ
∫

R3

1

|x|2 |ϕ(x)|2dx.

Therefore, on allowing κ → ∞, we see that PA + αVC can have arbitrarily large

negative energy for arbitrarily large magnetic fields. To remedy this problem for

arbitrary large fields, the field energy

HF = (8πα2)−1

∫

R3

|B(x)|2dx

is added to give, in general, the Hamiltonian

PN,K(A) =

N∑

j=1

PA(xj) + αVC +HF . (4.1.8)

In this case, stability was first announced in an unpublished note by Fefferman for

sufficiently small α and Z, and a proof, with physically realistic constants, obtained

by Lieb, Loss and Solovej in [Lieb et al. (1995)]. A special case of the latter is

α = 1/137, Z ≤ 1050. As in the quasi-relativistic example above, a feature of the

result is that the system is unstable if α is greater than some critical value, no

matter how small Z is.

A Hamiltonian, which is both relativistic and also includes magnetic fields, is

the following modelled on the Brown–Ravenhall operator,

BN,K(A) = Λ+




N∑

j=1

D
(j)
0 (A) + αVC +HF


Λ+, (4.1.9)

where

D
(j)
0 (A) = α · (−i∇ + A(xj)) + β.

In (4.1.9) there are two obvious candidates for Λ+, namely the projection Λ+,N

onto

HN =

N∧

j=1

H
(j)
+ ,

where H
(j)
+ is the positive spectral subspace of the free Dirac operator D

(j)
0 acting

in the space of the jth electron, and the projection Λ+,N(A) onto

HN (A) =

N∧

j=1

H
(j)
+ (A)
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where H
(j)
+ (A) is the positive spectral subspace of D

(j)
0 (A). However, it is proved

in [Lieb et al. (1997)] that the first choice yields instability for any α, while the

second yields stability for small enough α and Z. In particular, with the choice of

Λ+,N(A), there is stability for Z ≤ 56 and α = 1/137.

In the case of no magnetic field and with Λ+ = Λ+,N , it is established in

[Balinsky and Evans (1999)] that the one-electron operator B1,K(0) is stable if

αZ ≤ 2(2/π+ π/2)−1 and α ≤ 2π{(π2 + 4)(2 +
√

1 + π/2}−1. This is the analogue

of the result proved by Daubechies and Lieb in [Daubechies and Lieb (1983)] for

the quasi-relativistic operator H1,K . Hoever and Siedentop [Hoever and Siedentop

(1999)] consider arbitrary values of N and K, but with the massless case of the

Dirac operator, that is, D0 = −iα · ∇. They prove that for γ < 2(2/π + π/2)−1,

there exists an α0 such that there is stability (in fact BN,K(0) ≥ 0) for all αZ < γ

and α < α0. With α = 1/137, this allows Z ≤ 88.

Our main concern in this chapter will be with two features of the problem of

stability which have a pivotal role in the problem and many of the works quoted

above. The first is the existence, or otherwise, of zero modes of the kinetic energy

part of the Hamiltonian. We have already hinted above that the Pauli operator can

have zero modes. This was not established until Loss and Yau gave the first example

in [Loss and Yau (1986)]. This and other examples of potentials that give rise to

zero modes for the Pauli operator will be discussed in Section 4.2. Note that −∆

and H0 have no zero modes and so zero modes are not relevant to (4.1.1) and (4.1.4).

If PAψ = 0, then the kinetic energy term in (4.1.8) vanishes for Ψ(x) =
∏N
j=1 ψ(xj),

and

(PN,K(A)Ψ,Ψ) = ([αVC +HF ]Ψ,Ψ),

which is not bounded below for large α and Z leading to instability. The existence

of zero modes of PA has other important physical consequences; see [Adam et al.

(1999)], [Frölich et al. (1986)], [Lieb and Loss (1986)] and [Loss and Yau (1986)].

An important mathematical implication is that, even if the scalar potential V in

the one-body operator PA + V, is such that the operator is bounded below, there

can’t be an analogue of the celebrated Cwikel, Lieb, Rosenblum inequality for the

negative eigenvalues of PA +V, in terms of some Lp(R3) norm of V , since any small

negative perturbation V would produce negative eigenvalues, contrary to such an

inequality if V is sufficiently small.

The second feature referred to above concerns the Lieb–Thirring inequalities for

the sum of the negative eigenvalues of an operator. The need for such an estimate

appears naturally in some of the proofs of stability (e.g. in [Lieb et al. (1995)], [Lieb

et al. (1997)]) in which the operator is bounded below by the sum of N identical

copies of a one-body operator h, say. Since electrons, being fermions, satisfy the

Exclusion Principle, a lower bound for the many-body operator is then given by

the sum of the negative eigenvalues of h. The results in [Lieb et al. (1995)], [Lieb

et al. (1997)] will be discussed in Section 4.6 below, but the original papers should

be consulted for full details.
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4.2 Eigenvalues of the operators DA and PA

We shall see that there are distinct advantages in approaching the problem for the

Pauli operator PA through the Weyl–Dirac or massless Dirac operator

DA = σ · (−i∇ + A). (4.2.1)

Note that unlike the Dirac operator, this acts on 2-spinors. We then have

PA = D2
A = (−i∇ + A)2 + σ · B. (4.2.2)

If |B(x)| → 0 as |x| → ∞, it is known (see [Thaller (1992)], Theorem 7.7)

that the Dirac operator DA + β has essential spectrum R \ (−1, 1) and so DA has

essential spectrum R. It is shown in [Helffer et al. (1989)] that this remains true

under conditions that are much weaker on B, without even the requirement that

|B(x)| → 0 as |x| → ∞. If A has continuously differentiable components and the

associated magnetic field B satisfies the conditions

lim
|x|→∞

|B(x)| = 0, lim
|x|→∞

|x ×B(x)| = 0, (4.2.3)

it is proved in [Berthier and Georgescu (1987)] that DA has no eigenvalues embedded

in R \ {0}. An eigenfunction corresponding to an assumed eigenvalue in R \ {0} is

proved to have compact support and is therefore identically zero on account of the

unique continuation principle in Theorem 2.4.1.

4.2.1 Examples of zero modes

Loss–Yau examples

The first example of a magnetic potential A and magnetic field B = ∇ × A for

which PA has zero modes is the following constructed in [Loss and Yau (1986)]:

A(x) =
3

(1 + r2)2




2x1x3 − 2x2

2x2x3 + 2x1

1 − x2
1 − x2

2 + x2
3


 (4.2.4)

and

B(x) =
12

(1 + r2)3




2x1x3 − 2x2

2x2x3 + 2x1

1 − x2
1 − x2

2 + x2
3


 (4.2.5)

where x = (x1, x2, x3) and r = |x|. Their example is based on finding a 2-spinor ψ

and a real-valued function λ such that

[(σ · p) ψ](x) = λ(x)ψ(x), (4.2.6)

the magnetic potential A = (A1, A2, A3) that they seek then being given by

Ai(x) = λ(x)
〈ψ(x), σiψ(x)〉

|ψ(x)|2 . (4.2.7)
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The above example is determined by the solution

ψ(x) =
1

(1 + r2)3/2
(1 + ix · σ)

(
1

0

)
(4.2.8)

of the Loss–Yau equation (4.2.6) with λ(x) = 3/(1 + r2).

It is observed in [Loss and Yau (1986)] that in addition to their simplest solution

(4.2.8) of (4.2.6), there are similar solutions with higher angular momenta. Using

instead of the constant spinor
(

1

0

)
,

the spinor

Φl,m =

(√
l +m+ 1/2 Yl,m−1/2

−
√
l −m+ 1/2 Yl,m+1/2

)
,

where m ∈ [−l−1/2, l+1/2] and Y are spherical harmonics, they found the solution

ψl,m(x) =
rl

(1 + r2)l+3/2
(1 + ix · σ)Φl,m (4.2.9)

of (4.2.6) with

λ(x) =
2l+ 3

1 + r2
.

For the special case of maximal number m = l+ 1/2, these solutions simplify to

ψl(x) = ψl,l+1/2 =
Yl,lr

l

(1 + r2)l+3/2
(1 + ix · σ)

(
1

0

)
(4.2.10)

and the corresponding magnetic potential and magnetic field are

A(l)(x) =
3 + 2l

(1 + r2)2




2x1x3 − 2x2

2x2x3 + 2x1

1 − x2
1 − x2

2 + x2
3


 (4.2.11)

and

B(l)(x) =
4(3 + 2l)

(1 + r2)3




2x1x3 − 2x2

2x2x3 + 2x1

1 − x2
1 − x2

2 + x2
3


 . (4.2.12)

The following two features of the Loss–Yau examples are of particular relevance

to what follows in Section 4.3. These are

|B| ∈ Lp(R3), for any p > 3/4, (4.2.13)
1
3 (3 + 2l)B(x), l ∈ N, also yields zero modes. (4.2.14)

In [Adam et al. (2000a)], it is proved that with the above A(l), the multiplicity

of the zero modes is at least l + 1. This was the first result to demonstrate that

degeneracy of zero modes can occur in three dimensions. However, multiple zero
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modes were also constructed in [Erdős and Solovej (2000)] and [Erdős and Solovej

(2001)].

In an attempt to explain the origin of zero modes, Erdős and Solovej in [Erdős

and Solovej (2000)] and [Erdős and Solovej (2001)] consider a more geometric view-

point. Using the known behaviour of the Dirac operator under conformal trans-

formations, and the knowledge that R3 is conformally equivalent to the punctured

3-dimensional sphere S3, they establish their zero modes as pull-backs of zero modes

of S2 under the Hopf map S3 → S2. In many cases they are able to compute the

multiplicity of zero modes precisely, with examples of arbitrary degeneracy being

exhibited. In R2, the celebrated Aharonov–Casher Theorem gives a precise value

to the dimension of the space of zero modes: see (4.3.2) below.

Elton’s examples

In [Elton (2000)], Elton constructed smooth magnetic potentials A(1) and A(2)

yielding zero modes of PA, which have the following properties:

1) A(1) has compact support and the associated zero mode is contained in L2(R3);

2) A(2) = (−x2, x1, 0) + Ã(2), where Ã(2) is bounded and supported on {|x3| ≤ 1},
and the associated zero mode is in the Schwartz class.

The construction of Elton’s examples follows from the “if” part of the next

lemma, which is Proposition 1 in [Elton (2000)] and is a summary of observations

made in the first part of Section 3 in [Loss and Yau (1986)]).

Lemma 4.2.1. Suppose that ψ is a smooth spinor field on R3 with |ψ(x)| > 0 for

all x ∈ R3, and A is a real magnetic potential. Then ψ and A satisfy

σ · (p + A)ψ = 0, p = −i∇,

if and only if they satisfy the pair of equations

A =
1

|ψ|2
(

1

2
curl < ψ,σψ > +Im < ψ,∇ψ >

)
(4.2.15)

and

div < ψ,σψ > = 0, (4.2.16)

where < ψ,σψ > is the vector-valued function with components < ψ, σiψ >, i =

1, 2, 3.

The construction of both of Elton’s examples use a common auxiliary function

g with the following properties:

(A1) g : R → R is smooth, compactly supported and non-negative;

(A2) g(t) = (4 − t2)1/2 for t ∈ [−1/2, 1/2];

(A3) supp(g) ⊆ [−1, 1];

(A4) ±g′(t) ≤ 0 for ±t ≥ 0.

Then R(g) = [0, 2] and the radially symmetric function g is smooth on R3. It is
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helpful to note that for any spinor ψ =

(
ψ1

ψ2

)
, we have

< ψ,σψ > =




2Re(ψ1ψ2)

2Im(ψ1ψ2)

|ψ1|2 − |ψ2|2


 .

Elton’s first step in the construction of his example A(1) is to define the real-

valued function

f(r) = r−3

(
−
∫ r

0

t4(g2)
′

(t)dt

)1/2

for all r ≥ 0. Then, f(r) is a smooth, strictly positive, radially symmetric function

on R3 and f(r) = 1/
√

3 for r ∈ (0, 1/2]. Also the property (A3) of g implies that

f(r) = C1r
−3 for all r ≥ 1, where C1 is the strictly positive constant defined by

C2
1 = −

∫ 1

0

t4(g2)
′

(t)dt.

Elton then defines a smooth spinor field ψ(1) on R3 by

ψ(1)(x) = f(r)

(
x3

x1 + ix2

)
+

(
ig(r)

0

)
.

Thus

|ψ(1)(x)|2 = r2f2 + g2.

Since f(r) > 0 for all r ∈ R+ and g(0) = 2, it follows that |ψ(1)(x)| never vanishes.

Furthermore,

< ψ(1),σψ(1) > =




2x1x3f
2 + 2x2fg

2x2x3f
2 − 2x1fg

(x2
3 − x2

1 − x2
2)f

2 + g2


 .

A straightforward calculation gives that div < ψ(1),σψ(1) > = 0.

The magnetic potential A(1) is that given by Lemma 4.2.1 with ψ = ψ(1). For

r ≥ 1

ψ(1) = C1r
−3

(
x3

x1 + ix2

)

and

< ψ(1)(x),σψ(1)(x) > = C2
1r

−6




2x1x3

2x2x3

(x2
3 − x2

1 − x2
2)


 .

Further calculations then give

curl < ψ(1)(x),σψ(1)(x) > = −2C2
1r

−6




−x2

x1

0



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and

< ψ(1)(x),∇ψ(1)(x) > = C2
1r

−6




−2x1 − ix2

ix1 − 2x2

−2x3


 .

Combining these expressions we thus have from Lemma 4.2.1 that A(1) = 0 for

r ≥ 1. Therefore A(1) is supported in the unit ball {x : |x| ≤ 1}. Moreover, ψ(1) is

smooth and |ψ(1)(x)|2 = C2
1r

−4 when r ≥ 1. Thus, ψ(1) ∈ L2(R3).

Since R(g) = [0, 2] we have 4 − g2 ≥ 0. Thus the following function is well

defined:

h(t) =

{−(4− g2(t))1/2 for t ≤ 0,

(4 − g2(t))1/2 for t ≥ 0.

Using h, define another smooth function k on R by k(t) =
∫ t
0 h(s)ds and consider

g, h and k as functions on R3 depending on x3 and constant in x1 and x2. Define

a smooth function u and spinor field ψ(2) on R3 by

u = e−ρ
2/2−k and ψ(2) = u

(
(ρ2 − 1)(−h+ ig)

2(x1 + ix2)

)
,

where ρ = (x2
1 + x2

2)
1/2. A calculation gives that div < ψ(2)(x),σψ(2)(x) > = 0.

Elton’s second example A(2) is the real magnetic potential given by Lemma 4.2.1

with ψ = ψ(2). A tedious, but straightforward, calculation leads to

A(2) = (−x2, x1, 0) + Ã(2),

where Ã(2) is bounded and supported on {|x3| ≤ 1}, and the associated zero mode

is in the Schwartz class. We refer to [Elton (2000)] for more details.

Adam, Muratori and Nash examples

Elton’s magnetic potential A(1) was the first example of a compactly supported

magnetic potential giving rise to a zero mode, but this example belongs to the type

studied in [Adam et al. (1999)]. In this section we present results from [Adam

et al. (2000d)] where a whole class of zero modes of Pauli operators with compactly

supported magnetic potentials have been constructed. This demonstrates that the

possibility of having zero modes in magnetic fields of finite range is not just a

curiosity, but a rather general feature of the Pauli operator. This is particularly

interesting from a physical perspective since magnetic fields with finite range are

the types of magnetic fields that may be realised experimentally.

Following [Adam et al. (2000d)], our objective is to study specific solutions

Ψ ∈ L2(R3) of the equation

σ · (p + A)Ψ = 0

where the magnetic potential A = (A1, A2, A3) and magnetic field B = curl A are

non-singular everywhere in R3 and are different from zero only in a finite region of

space. Further we require Ψ, Ai and Bi to be smooth everywhere.
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We first observe that the spinor field

Ψ0(x) =
i

r3

(
x3

x1 + ix2

)

solves the equation

(σ · p)Ψ0 = 0

in R3 \ {0}. The spinor field Ψ0 is singular at r = 0 but it is well behaved for large

r. So, it is natural to ask whether there exist spinor fields that are equal to Ψ0

outside a ball of radius r = R, and inside the ball they solve the Dirac equation for

some non-zero Ai and are such that they are non-singular and smooth everywhere.

In [Adam et al. (2000d)], the authors construct a whole class of such zero modes.

Their construction is based on the following ansatz for zero modes from [Adam

et al. (1999)]:

Ψ = g(r)e(if(r) x

r σ)
(

1

0

)

= g(r)
[
cos(f(r)) + i sin(f(r))x

rσ
](1

0

) (4.2.17)

for some real function f on R+ to be determined. The spinor field (4.2.17) leads to

a zero mode for the magnetic potential A with components

Ai(x) = h(r)
〈Ψ(x), σiΨ(x)〉

|Ψ(x)|2 (4.2.18)

provided that g(r) and h(r) are given in terms of the independent function f(r) by

dg

dr
= −2

r

t2

1 + t2
g

h =
1

1 + t2

(
dt

dr
+

2

r
t

)
,

where

t(r) := tan(f(r)).

A sufficient condition on t(r) to yield smooth, non-singular spinor fields in

L2(R3,C2), and smooth, non-singular magnetic potentials with finite magnetic field

energy
∫

R3 |B|2dx is

t(0) = 0,

t(r) ∼ c1r + o(r2) for r → 0,

t(∞) = ∞,

(4.2.19)

which we shall assume hereafter. If t → ∞, then Ψ becomes Ψ0 and A vanishes.

So, the main idea in [Adam et al. (2000d)] was to find some function t that becomes
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infinite at some finite r = R in a “smooth way” and stays infinite for r > R. To get

a more manageable condition, we rewrite these functions in terms of the function

c(r) := cos(f(r)) =
1

(1 + t(r)2)
1/2

.

Then,

dg

dr
= −2

r

(
1 − c2

)
g

and

h = c

(
− 1

(1 − c2)1/2
dc

dr
+

2

r

(
1 − c2

)1/2
)
.

We need c to behave like

c(r) ∼ 1 − c2r
2 + . . . for r → 0.

Let us assume that c approaches zero in a smooth way at r = R and stays zero

for r ≥ R. Also, suppose that dc/dr = 0 at r = R, and that the second derivative

d2c/dr2 is finite at r = R. These assumptions then imply that

A = 0 for r ≥ R,

and

g(r) = k · r2 for r ≥ R, with k = exp


−2

R∫

0

1 − c(r)2

r
dr


 .

The last identity leads to Ψ = const · Ψ0 for r > R.

By choosing different functions c many example of zero modes with finite range

magnetic potentials can be produced. For example, the choice R = 1 and

c(r) =
(
1− r2

)2
for r < 1, c(r) = 0 for r ≥ 1

gives

g(r) = exp

(
−4r2 + 3r4 − 4

3
r6 +

1

4
r8
)

for r < 1,

g(r) = exp

(
−25

12

)
r−2 for r ≥ 1.

and

h(r) =
2
(
1− r2

)2 (
2 − 4r2 + 4r4 − r6

)

(4 − 6r2 + 4r4 − r6)
1/2

for r < 1

h(r) = 0 for r ≥ 1.

Another example is

c(r) = exp

(
r2

r2 − 1

)
for r < 1, c(r) = 0 for r ≥ 1.
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4.2.2 Chern–Simons actions for magnetic fields with zero modes

The Chern–Simons action for a magnetic potential A is the integral

CS(A) =
1

16π2

∫

R3

A · B dx,

where B is a magnetic field with magnetic potential A. A conjecture that stood

for many years was that the Pauli operator PA has a zero mode if and only if there

exists a certain functional of the magnetic potential which admits only discrete

values. The simplest possible functional that could be imagined was the Chern–

Simons action. It is a topological invariant of the magnetic field, i.e., independent of

the metric, and therefore, if the existence and degeneracy of zero modes is related to

some topological feature, the Chern–Simons action would be an obvious candidate.

The conjecture fitted in well with the results in [Balinsky and Evans (2001)] and

[Balinsky and Evans (2002b)] (see also Section 4.3 below), that the existence of

zero modes is a rare event. It was also supported by examples of a whole class

of magnetic potentials with an arbitrary number of zero modes from [Adam et al.

(2000b)]. For all these magnetic potentials, which are characterised by an arbitrary

function and an integer l (the number of zero modes for a given gauge potential),

the Chern–Simon action indeed admits only the quantised values

1

16π2

∫

R3

A ·B dx =
1

4

(
l +

1

2

)2

.

The Chern–Simons actions for all the magnetic potentials from [Adam et al. (2000b)]

were calculated explicitly in [Adam et al. (2000c)].

However, in [Adam et al. (2003)] the conjecture was contradicted with the coun-

terexample which we now present. We show that the Chern–Simons action may

admit a continuous range of values for magnetic potentials with zero modes, so

it is not quantised in general. To see this let us look again into ansatz (4.2.17)

with conditions (4.2.19). For the corresponding magnetic potential (4.2.18), the

Chern–Simons action may be expressed (after performing the angular integration)

as ∫

R3

A · Bdx = 4π(2π − 4)

∫ ∞

0

rth2

1 + t2
dr + 4π(8 − 2π)

∫ ∞

0

r2t′h2

1 + t2
dr

= 4π

∫ ∞

0

(rf ′ + sin(2f))[(8 − 2π)rf ′ + (π − 2) sin(2f)]
dr

r
,

where t′ = dt/dr and f ′ = df/dr.

Consider now the one-parameter family of functions

ta(r) = r(a+ r2),

where a is an arbitrary real number. The functions ta satisfy the sufficient condition

(4.2.19) for all values of a, and therefore each ta generates a magnetic potential with

zero mode. From

t′a = a+ 3r2, ha =
3a+ 5r2

1 + r2(a+ r2)2



August 17, 2010 18:11 World Scientific Book - 9.75in x 6.5in spectral

Miscellany 121

it follows that
∫
A · Bdx = 16π

∫ ∞

0

r2[a+ (5 − π)r2]
(3a+ 5r2)2

(1 + r2(a+ r2)2)3
dr. (4.2.20)

The last integral can easily be evaluated numerically and it is not difficult to

see that the Chern–Simons action (4.2.20) is a continuous decreasing function of a

taking all values greater than 9π2.

4.2.3 Quaternionic description of zero modes

We now give a formal treatment of zero modes in terms of quaternions, which

clarifies the construction of examples of magnetic fields that give rise to zero modes.

It is based on the discussion in [Balinsky and Evans (2003)] and is motivated by

the constructions in [Loss and Yau (1986)], [Elton (2000)] and [Adam et al. (1999)],

which were described above.

Let H denote the 4-dimensional real vector space of quaternions, i.e., x =

(x1, x2, x3, x4) ∈ H is represented in the form x = x1 + x2i + x3j + x4k, where

the elements i, j, k anticommute,

ij = k, jk = i, ki = j, i2 = j2 = k2 = −1,

and x1, x2, x3, x4 are real. Multiplication in H is associative, but obviously not

commutative. The conjugate x̄ of x is the element x̄ = x1 −x2i−x3j−x4k, |x|2 :=

xx̄ = x2
1 +x2

2 +x2
3 +x2

4 and x−1 := x̄/|x|2. It follows that for all a,b ∈ H, ab = b̄ā.

Quaternions of the form x = x2i+x3j +x4k are said to be pure and we denote the

set of pure quaternions by Im H. Note that, if a ∈ Im H, then for all ψ ∈ H,

ψaψ̄ ∈ Im H, ψaψ−1 ∈ Im H (ψ 6= 0). (4.2.21)

The maps

Li : x 7→ ix, Lj : x 7→ jx, Lk : x 7→ kx,

of H into itself are real linear maps. A complex structure is introduced on H by the

map I : x 7→ xi, with respect to which Li, Lj , Lk become complex linear maps on

what is now a 2-dimensional complex vector space, for, since H is associative,

Li(I(x)) = i(xi) = (ix)i = I(Li(x)),

and similarly, Lj and Lk commute with I. Furthermore, the Li, Lj , Lk, anticommute

and satisfy

L2
i = L2

j = L2
k = −1, LiLj = Lk.

We can therefore make the identification (cf. [Rastall (1964)])

Li = −iσ1, Lj = −iσ2, Lk = −iσ3,

in terms of the Pauli matrices σ1, σ2, σ3.
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Consider now

DAψ = [σ · (−i∇ +A)]ψ =
3∑

j=1

(−iσj)∂jψ +
3∑

j=1

(−iσj)(iAj)ψ,

and regard ψ as having values in H. Then, in particular, iAjψ is now I(Ajψ), and

hence

[σ · (−i∇ + A)]ψ = Li
∂ψ

∂x
+ Lj

∂ψ

∂y
+ Lk

∂ψ

∂z
+ Li(IA1ψ) + Lj(IA2ψ) + Lk(IA3ψ)

= Dψ + ãψi, (4.2.22)

where

D = i
∂

∂x
+ j

∂

∂y
+ k

∂

∂z
(4.2.23)

and

ã = iA1 + jA2 + kA3 = A1i+A2j +A3k (4.2.24)

since A1, A2, A3 are real-valued.

For ψ to be a zero mode of DA, it must satisfy Dψ + ãψi = 0 for some ã of

the form (4.2.24), i.e. ã ∈ Im H. Of course, to be a zero mode, ψ must also lie in

L2(R3,C2); see Remark 4.2.6 below.

Lemma 4.2.2. Suppose that Dψ = ψf . Then Dψ + ãψi = 0 if and only if ã =

ψ(fi)ψ−1. Also, fi ∈ Im H if and only if ã ∈ Im H.

Proof. We have that

Dψ + ãψi = ψf + ãψi = 0

if and only if ãψi = −ψf and hence ãψ = ψ(fi), i.e., ã = ψ(fi)ψ−1 and fi = ψ−1ãψ.

It follows from (4.2.21) that fi ∈ Im H if and only if ã ∈ Im H. �

Remark 4.2.3. The special case of Lemma 4.2.2, when f is real is the basis of the

technique used by Loss and Yau in [Loss and Yau (1986)], Section 2 (see Section 4.2.1

above), for the construction of the first example of a magnetic potential yielding

zero modes.

If a ∈ Im H, then a = a1i+ a2j + a3k and the correspondence a ↔ (a1, a2, a3)

identifies Im H with R3. From (4.2.21), if ψ : R3 → H and a : R3 → Im H, then

ψ̄(x)a(x)ψ(x) ∈ Im H, and if ψ̄(x)a(x)ψ(x) = A(x)i + B(x)j + C(x)k we can

identify ψ̄aψ with the vector field (A,B,C) : R3 → R3. We now prove that this

fact can be used to construct a zero mode of Da, for some magnetic potentials a,

derived from appropriate vector fields as was done in [Loss and Yau (1986)].
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Theorem 4.2.4. Let ψ ∈ C1(R3,H) and denote the vector fields associated with

ψ̄iψ, ψ̄jψ, ψ̄kψ by A = (A1, A2, A3), B = (B1, B2, B3), C = (C1, C2, C3), respec-

tively. Then A(x), B(x), C(x) are orthogonal in R3 with equal norms |ψ(x)|2 for

all x ∈ R3, and if ψ satisfies

Dψ + ãψi = 0, ã ∈ Im H, (4.2.25)

then the vector field (A1, B1, C1) has zero divergence.

Conversely, given a non-vanishing vector field in C1(R3,R3) with zero diver-

gence, a function ψ ∈ C1(R3,H) with ψ(x) 6= 0 can be constructed to satisfy (4.2.25)

for ã = (Dψ)iψ−1.

Proof. If

Dψ + ãψi = 0 with ã ∈ Im H,

then

ψ̄(Dψ) = −ψ̄ãψi
and from (4.2.21) it follows that ψ̄(Dψ) has no i-component in H. Equivalently

ψ̄(Dψ) −
(
ψ̄(Dψ)

)
= ψ̄(Dψ) − (Dψ)ψ

has no i-component in its range. On substituting

Dψ = i
∂ψ

∂x
+ j

∂ψ

∂y
+ k

∂ψ

∂z
, Dψ = −∂ψ̄

∂x
i− ∂ψ̄

∂y
j − ∂ψ̄

∂z
k

we get that

ψ̄(Dψ) − (Dψ)ψ =
∂A

∂x
+
∂B

∂y
+
∂C

∂z

has no i-component in its range, and hence

div(A1, B1, C1) = 0.

Also

A ·B =

3∑

l=1

AlBl = −Re
{
(ψ̄iψ)(ψ̄jψ)

}

= −|ψ|2Re(ψ̄kψ) = 0

since ψψ̄ = |ψ|2 and ψ̄kψ ∈ Im H. Similarly A · C = B ·C = 0. Furthermore

|A|2 = |ψ|4 = |B|2 = |C|2.
Conversely, let X = (A1, B1, C1) be a non-vanishing vector field with div X = 0.

The 2-dimensional planes which are orthogonal to X at each x ∈ R3, constitute a

2-dimensional real vector bundle over R3. Since each fibre has an induced scalar

product and orientation we have an SO(2)-vector bundle. It is well-known that

as R3 is contractible, this SO(2)-vector bundle is trivial, and hence there exist

orthogonal vector fields Y = (A2, B2, C2), Z = (A3, B3, C3), which are orthogonal



August 17, 2010 18:11 World Scientific Book - 9.75in x 6.5in spectral

124 Spectral Analysis of Relativistic Operators

to X, have the same norm and X,Y,Z has positive orientation. The columns of

the matrix

Q =



A1 A2 A3

B1 B2 B3

C1 C2 C3




are therefore orthogonal with the same norm and det(Q) > 0. Hence the rows

A = (A1, A2, A3), B = (B1, B2, B3) and C = (C1, C2, C3) are also orthogonal and

have the same norms. On using (4.2.21), we see that any φ ∈ H1 = {h ∈ H : |h| = 1}
defines the orthogonal map x 7→ φ̄xφ : Im H → Im H, and so, on identifying Im H

with R3, a map Φ : H1 → SO(3) is defined. Both φ and −φ are pre-images of

the same member of SO(3), and in fact Φ is a double covering of SO(3). The

orthonormal basis
(

A
|A| ,

B
|B| ,

C
|C|
)

defines a function Ψ : R3 → SO(3). Since R3

is simply connected, it is well-known that Ψ can be lifted to Ψ̃ : R3 → H1, such

thatΨ = Ψ̃ ◦ Φ. The zero mode ψ that we seek is given by

ψ(x) =
√
|X(x)| · Ψ̃(x).

For, we now have

ψ̄iψ = A, ψ̄jψ = B, ψ̄kψ = C.

Hence, as in the first part, ψ̄Dψ has no i-component in H if div(A1, B1, C1) = 0.

Since this is given the theorem is proved. �

The next theorem connects the geometrical approach of [Erdős and Solovej

(2000, 2001)] and the analytical approach of [Adam et al. (2000a)] to construct

multiple zero modes.

Theorem 4.2.5. Let ψ0 ∈ C1(U,H), U ⊂ R3, satisfy

Dψ0 + ãψ0i = 0, ã : U → Im H (4.2.26)

and let g = u+ iv ∈ C1(U,C).

(a) If ψ0g is a solution of (4.2.26) in the domain U , so is ψ0g
n for all n ∈ Z.

(b) Let A, B, C be the vector fields in Theorem 4.2.4. Then ψ0g satisfies (4.2.26)

in the domain U if and only if, at every x ∈ U , (A2, B2, C2) and (A3, B3, C3) lie in

the plane of grad u and grad v, which is perpendicular to (A1, B1, C1), and g is a

conformal immersion of U into R2, i.e. the images of (A2, B2, C2) and (A3, B3, C3)

under g are orthogonal in R2 and have the same length.

Proof. Since the range of g is in C, we have gi = ig. Hence

0 = (Dψ0)g + ãψ0ig

= (Dψ0)g + ã(ψ0g)i

= D(ψ0g) + ã(ψ0g)i
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if and only if

iψ0
∂g

∂x
+ jψ0

∂g

∂y
+ kψ0

∂g

∂y
= 0. (4.2.27)

This implies that if ψ0g is a solution of (4.2.22), so is ψ0g
n for all n ∈ Z. From

(4.2.27)

(ψ0iψ0)
∂g

∂x
+ (ψ0jψ0)

∂g

∂y
+ (ψ0kψ0)

∂g

∂y
= 0

and so

(A1i+A2j +A3k)

(
∂u

∂x
+ i

∂v

∂x

)
+ (B1i+B2j +B3k)

(
∂u

∂y
+ i

∂v

∂y

)
+

+(C1i+ C2j + C3k)

(
∂u

∂z
+ i

∂v

∂z

)
= 0. (4.2.28)

This yields in particular

(A1, B1, C1) · ∇u = (A1, B1, C1) · ∇v = 0 (4.2.29)

so that the vector (A1, B1, C1) is perpendicular to grad u and grad v. Since vectors

(A2, B2, C2) and (A3, B3, C3) have been shown to be perpendicular to (A1, B1, C1)

in the proof of Theorem 4.2.4, the first part of (b) follows.

Let x(t) = (x(t), y(t), z(t)) be a tangent curve to (A2, B2, C2) in R3 with

(ẋ(0), ẏ(0), ż(0)) = (A2, B2, C2). The image of the vector (A2, B2, C2) under g

is given by
d

dt

(
u(x(t), y(t), z(t)), v(x(t), y(t), z(t))

)∣∣
t=0

=

(
∂u

∂x
A2 +

∂u

∂y
B2 +

∂u

∂z
C2,

∂v

∂x
A2 +

∂v

∂y
B2 +

∂v

∂z
C2

)
. (4.2.30)

Similarly the image of (A3, B3, C3) under g is(
∂u

∂x
A3 +

∂u

∂y
B3 +

∂u

∂z
C3,

∂v

∂x
A3 +

∂v

∂y
B3 +

∂v

∂z
C3

)
. (4.2.31)

But from (4.2.28)

∂u

∂x
A2 +

∂u

∂y
B2 +

∂u

∂z
C2 = −

(
∂v

∂x
A3 +

∂v

∂y
B3 +

∂v

∂z
C3

)

and
∂u

∂x
A3 +

∂u

∂y
B3 +

∂u

∂z
C3 =

∂v

∂x
A2 +

∂v

∂y
B2 +

∂v

∂z
C2.

It follows that (4.2.30) and (4.2.31) are orthogonal in R2 with the same length, as

asserted.

�

Remark 4.2.6. As noted in the paragraph before Lemma 4.2.2, for ψ to be a zero

mode of Da, it must lie in L2(R3,C2) as well as satisfy (4.2.25). Thus, while the

above theorems provide useful indicators, and indeed, as we have observed, special

cases were important steps in establishing the existence of zero modes in [Loss and

Yau (1986)], difficult analysis remains in the problem of constructing ã for which a

zero mode exists
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4.3 Zero modes of DA and PA in Rn, n ≥ 2.

We shall consider a self-adjoint realisation of the Weyl–Dirac operator,

DA = σ · (p + A), p = −i∇, (4.3.1)

in L2(Rn,C2), for n ≥ 2, but our primary concern is with n = 2 and n = 3, and,

indeed, the operators in preceding chapters have been defined with these values in

mind. We shall be assuming conditions on A which ensure that DA is defined as

the operator sum of σ · p and σ ·A, and PA = D2
A. Hence nul PA = nul DA.

The case n = 2 is of special interest in view of the Aharonov–Casher Theorem

in R2, which gives a precise value for the nullity of PA in terms of the magnetic

flux, namely

nul PA =

{
1

2π

∣∣∣∣
∫

R2

B(x)dx

∣∣∣∣
}
, (4.3.2)

where {y} denotes the largest integer strictly less than y and {0} = 0; see [Cycon

et al. (1987)], Section 6.4. Note that in this 2-dimensional case,

PA =

2∑

j=1

{
σj

(
1

i
∂j +Aj

)}2

,

A = (A1, A2) and the magnetic field is identified with the scalar B = ∂1A2 − ∂2A1.

In an unpublished work (see [Cycon et al. (1987)], Section 6.4) Avron and Tamares

considered the analogous problem on the sphere S2. There are difficulties in defining

the Dirac operator with a magnetic field on S2. The correct definition should be

as an operator acting on sections of a U(1)-bundle over S2. The magnetic field

is then the curvature 2-form of such a bundle and the nullity of PA is given by

|(1/2π)
∫

S2 B|dω, which is the absolute value of the first Chern invariant C1 of this

bundle.

We follow standard practice and use p to denote the momentum operator, taking

care to avoid the possibility of confusion with points in momentum space: thus −i∇
is denoted by p, rather than by F−1pF in terms of the Fourier transform F. It has

operator core C∞
0 (Rn,C2), that is, it is the closure of its restriction to C∞

0 (Rn,C2).

To simplify notation, we denote L2(Rn,C2) by Hn. The operators |p|,
√
|p| and

1/
√
|p| are non-negative self-adjoint operators in Hn; they are also injective and

have dense ranges R in Hn. For s = 1, 1/2,−1/2, we define Ds
n to be the completion

of the domain D(|p|s) of |p|s with respect to the norm

‖u‖Ds
n

:= ‖|p|su‖Hn. (4.3.3)

Note that C∞
0 (Rn,C2) is dense in Ds

n for s = 1, 1/2.

For φ ∈ R(
√

|p|) = D(1/
√
|p|), we have
∥∥∥∥∥

1√
|p|

φ

∥∥∥∥∥
D

1/2
n

= ‖φ‖Hn
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and so 1/
√
|p| : R(

√
|p|) ⊂ Hn → D

1/2
n is an isometry. Since D(

√
|p|) and R(

√
|p|)

are dense in D
1/2
n and Hn, respectively, it follows that 1/

√
|p| can be extended by

continuity to a unitary map from Hn onto D
1/2
n . Furthermore, 1/

√
|p| extends to

a unitary map from D
−1/2
n onto Hn. Thus 1/

√
|p| has three roles: a self-adjoint

operator in Hn, and unitary operators Hn → D
1/2
n and D

−1/2
n → Hn. We shall

continue to use the same notation for all three as the precise meaning will be clear

from the context.

The following facts will be needed from Sections 1.6 and 1.7.

(i) There are natural embeddings

D
1
2
n ↪→ L

2n
n−1 (Rn,C2), n ≥ 2, (4.3.4)

D1
n ↪→ L2n/(n−2)(Rn,C2), (4.3.5)

H1(R2,C2) ↪→ Lq(R2,C2), ∀q ∈ [2,∞). (4.3.6)

(ii) The dual
(
D

1
2
n

)∗
of D

1
2
n is D

− 1
2

n .

(iii) Kato’s inequality holds for all n ≥ 2: for all u ∈ D
1
2
n ,

∫

Rn

1

|x| |u(x)|2 dx ≤ cn

∫

Rn

|p||û(p)|2 dp = cn‖u‖2

D
1
2
n

(4.3.7)

where the best possible constant cn is given by the case p = 2, α = 1/2, of

Theorem 1.7.1.

We shall write ‖A‖Ln(Rn) to mean ‖ |A| ‖Ln(Rn), where |A| = (
n∑
j=1

|Aj |2)1/2.

Lemma 4.3.1. Let |A| ∈ Ln(Rn), n ≥ 2. Then

1√
|p|

(σ·A)
1√
|p|

: Hn −→ Hn (4.3.8)

is compact. Moreover, for all φ ∈ D
1
2
n ,

‖(σ ·A)φ‖
D

−
1
2

n

≤ γ2
n‖A‖Ln(Rn)‖φ‖

D
1
2
n

, (4.3.9)

where γn is the norm of the embedding (4.3.4).

Proof. We have seen that 1/
√
|p| is a unitary map from Hn onto D

1/2
n and from

D
−1/2
n onto Hn. It is therefore sufficient to prove that the multiplication operator

σ · A is a compact map of D
1/2
n into D

−1/2
n . Let φm → 0 weakly in D

1/2
n . Then

‖φm‖
D

1/2
n

≤ k say. Given ε > 0, set |A| = a1 + a2, where a1 ∈ C∞
0 (Ωε) for some
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ball Ωε and |a1(x)| ≤ kε say, and ‖a2‖Ln(Rn) < ε. Then, for ψ ∈ D
1/2
n , we have the

inequality

|
(
[σ · A]φm, ψ

)
| ≤

∫

Rn

(a1 + a2)|φm||ψ| dx := I1 + I2,

where, by Kato’s inequality (4.3.7),

I1 ≤ kε

∫

Ωε

[√
|x||φm(x)|

][
1√
|x|

|ψ(x)|
]
dx

≤ k′ε

(∫

Ωε

|φm(x)|2 dx
) 1

2
(∫

Rn

1

|x| |ψ(x)|2 dx
) 1

2

≤ k′′ε

(∫

Ωε

|φm(x)|2 dx
) 1

2

‖ψ‖
D

1/2
n
,

and

I2 ≤ ‖a2‖Ln(Rn)‖φm‖
L

2n
n−1 (Rn)

‖ψ‖
L

2n
n−1 (Rn)

≤ εγ2
n‖φm‖

D
1/2
n

‖ψ‖
D

1/2
n

≤ εγ2
nk‖ψ‖D1/2

n
.

Hence,

‖[σ · A]φm‖
D

−1/2
n

≤ k′′ε ‖φm‖L2(Ωε) + εγ2
nk.

Since D
1/2
n ↪→ L2(Ωε) is compact, we have

lim sup
m→∞

‖(σ · A)φm‖
D

−1/2
n

≤ εγ2
nk,

whence the compactness of (4.3.8) as ε is arbitrary. The proof of (4.3.9) follows

from that for I2 above. �

Lemma 4.3.2. Suppose that the following conditions are satisfied:

(i) when n ≥ 3, |A| ∈ Ln(Rn),

(ii) when n = 2, |A| ∈ Lr(R2) for some r > 2.

Then, given any ε > 0 there exists kε > 0 such that for all φ ∈ D1
n ∩ Hn

‖(σ · A)φ‖2 ≤ ε2‖φ‖2
D1

n
+ kε‖φ‖2. (4.3.10)

Proof. Choose |A| = a1 + a2, where |a1(x)| ≤ kε and ‖a2‖Ln(Rn) < ε in (i) and

‖a2‖Lr(R2) < ε in (ii). Then

‖(σ ·A)φ‖ ≤ ‖a1φ‖ + ‖a2φ‖ ≤ kε‖φ‖ + ε‖φ‖Lt(Rn)

where t = 2n/(n− 2) when n ≥ 3 and t = 2r
r−2 ∈ (2,∞) when n = 2. The lemma

follows from the embeddings (4.3.5) and (4.3.6). �
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Lemma 4.3.2 enables us to define the operator DA as the operator sum of σ · p
and σ ·A. Its domain D(DA) is given by

D(DA) = {φ : φ, σ · (p + A)φ ∈ Hn}
= D(D0) = D1

n ∩ Hn. (4.3.11)

Theorem 4.3.3. Suppose that

|A| ∈
{

Ln(Rn), when n ≥ 3,

L2(R2) ∩ Lr(R2) , for some r > 2, when n = 2.
(4.3.12)

Then, DA is the operator sum σ ·p+σ ·A on the domain (4.3.11) and nul DtA = 0

except for at most a countable number of values of t in [0,∞).

Proof. The fact about DA being the operator sum follows from Lemma 4.3.2.

Suppose that

DAφ = 0, φ ∈ D(DA) = D1
n ∩ Hn. (4.3.13)

Then, ψ =
√
|p|φ ∈ D

1/2
n ∩ Hn, and

‖ψ‖2 = (|p|φ, φ) ≤ 1

2
(‖pφ‖2 + ‖φ‖2).

Hence,

(E −K)ψ = 0 (4.3.14)

where

E =
1√
|p|

(σ · p)
1√
|p|

: Hn −→ Hn (4.3.15)

and

K = − 1√
|p|

(σ ·A)
1√
|p|

: Hn −→ Hn. (4.3.16)

Furthermore, E2 = I , the identity on Hn, E∗ = E and, by Lemma 4.3.1, K is

compact. Thus, from (4.3.14)

(I −EK)ψ = 0. (4.3.17)

Since ψ ∈ D
1/2
n ∩ Hn, it follows that

nul DA ≤ nul (I − EK) (4.3.18)

and, hence,

nul DtA ≤ nul (I − tEK).

The theorem therefore follows since the compact operator EK can have at most a

countable number of non-zero eigenvalues. �
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Theorem 4.3.4. Let (4.3.12) be satisfied. Then the set
{
A : nul DA = 0 and |A| ∈ Ln(Rn)

}

contains an open dense subset of Ln(Rn,Cn).

Proof. We shall prove that with FA = I −EKA, KA = − 1√
|p|

(σ ·A) 1√
|p|
, the

set
{
A : nul FA = 0 and |A| ∈ Ln(Rn)

}
(4.3.19)

is open in Ln(Rn,Cn). The theorem will follow from (4.3.18) since the density of

(4.3.19) is implied by Theorem 4.3.3.

Given ε > 0, suppose ‖A−A0‖Ln(Rn) < ε. Then

‖KA −KA0‖ ≤ γ2
nε

by Lemma 4.3.1. Let nul FA0 = 0. Since EKA0 is compact, this means that 1 is

not an eigenvalue and there exists δ > 0 such that

inf
‖f‖=1

‖ (I −EKA0)f ‖ ≥ δ.

Hence, if ε < δ
2γ2

n

inf
‖f‖=1

‖ (I −EKA)f ‖ ≥ δ

2

and hence nul FA = 0. The theorem therefore follows. �

Let L = EK. Since L∗L is a non-negative, self-adjoint and compact operator on

Hn, it follows from [Edmunds and Evans (1987)], Theorem II.5.6 that the number

] of its eigenvalues λj(L
∗L) that are greater than or equal to 1 satisfy

]{λj(L∗
L) ≥ 1} = maxR∈K (dim R),

where K is the set of all closed linear subspaces R of Hn which are such that

‖x‖2 ≤ (L∗
Lx, x), for all x ∈ R.

If ψ ∈ N(I − L), then ‖ψ‖2 = ‖Lψ‖2 = (L∗Lψ, ψ) and so

]{λj(L∗
L) ≥ 1} ≥ nul (I − L).

Hence,

]{λj(|L|) ≥ 1} ≥ nul (I − L), (4.3.20)

where |L| is the absolute value of L.

Lemma 4.3.5. Let (4.3.12) be satisfied. Then

nul (I − L) ≤ ]{λj(|p| − |A|) ≤ 0}. (4.3.21)
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Proof. We have

L
∗
L = K∗K =

(
1√
|p|

(σ · A)
1√
|p|

)2

.

The symmetric matrix σ ·A has eigenvalues ±|A| and is diagonalised by a unitary

matrix P, thus σ ·A = P ∗diag(|A|,−|A|) P. It follows that

1√
|p|

(σ · A)
1√
|p|

= U∗
(

1√
|p|

diag (|A|,−|A|) 1√
|p|

)
U

where U =
√
|p| P 1√

|p|
. Hence, U∗U = I and the extension of U to Hn is unitary.

The singular values of L therefore coincide with the absolute values of the eigen-

values of 1√
|p|

diag (|A|,−|A|) 1√
|p|
, and, hence, the eigenvalues of the compact,

self-adjoint operator

L =
1√
|p|

|A| 1√
|p|

in L2(Rn). This and (4.3.20) give

nul (I − L) ≤ ]{λj(L) ≥ 1}.

LetR denote the linear span of the eigenvectors of L corresponding to eigenvalues

λj(L) ≥ 1. Then, for all x ∈ R,

([
1√
|p|

|A| 1√
|p|

]x, x) = (Lx, x) ≥ ‖x‖2

and, hence, for all y ∈ R1 := (1/
√
|p|) R,

(|A|y, y) ≥ ‖
√
|p|y‖2

and

([|p| − |A|]y, y) ≤ 0.

Since 1/
√
|p| is unitary, R1 and R have the same dimension, and the lemma is

proved. �

Lemma 4.3.5 and Daubechies’ inequality (1.8.8) give

Corollary 4.3.6. Let (4.3.12) be satisfied. Then

nul DA ≤ cn

∫

Rn

|A(x)|ndx, (4.3.22)

where cn is the best constant in Daubechies’ inequality (1.8.8).
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Remark 4.3.7. In [Frölich et al. (1986)], Theorem A1 of Appendix A, it is proved

that for |B| ∈ L3/2(R3),

A(x) :=
1

4π

∫

R3

(x − y)

|x − y|3 ×B(y)dy (4.3.23)

defines the unique magnetic potential which is such that |A| ∈ L3(R3), curl A =

B, div A = 0 in D′, the space of distributions on R3, and

‖A‖L3(R3) ≤ C‖B‖L3/2(R3) (4.3.24)

for some constant C. Hence, from (4.3.23),

nul DA = nul PA ≤ const

∫

R3

|B|3/2dx. (4.3.25)

However, this is significantly worse than (4.3.22), since B may be the curl of a

highly oscillatory A for which nul DA is much smaller than ‖B‖L3/2(R3). A natural

question is: given a magnetic field B, can one determine a gauge A which minimises

‖A‖L3(R3)? We require, for all smooth functions f,

d

dλ

∫

R3

|A + λ∇f |3 dx = 0 at λ = 0.

This yields
∫

R3

div(|A|A) f dx = 0,

and, hence, div(|A|A) = 0.

Remark 4.3.8. Results similar in spirit to those in Theorem 4.3.4 and Corollary

4.3.6 were also obtained by Elton in [Elton (2002)]. He investigates the multiplicity

of the zero modes of DA within the class A of magnetic potentials which are con-

tinuous on R3 and decay like o(|x|−1) at ∞. A is a Banach space with respect to

the norm

‖A‖A := ‖(1 + |x|)A‖L∞(R3,R3)

and contains C∞
0 (R3,R3) as a dense subset. Denoting by Zm the subset of A

consisting of those A for which DA has a zero mode of multiplicity m, i.e. nul DA =

m, the following is Theorem 1 in [Elton (2002)]:

Theorem 4.3.9. (i) A = ∪m≥0Zm.

(ii) Z0 is a dense subset of A.

(iii) For any m ∈ N0 and non-empty set Ω ⊆ R3, C∞
0 (Ω,R3) ∩ Zm 6= ∅.
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In [Saitō and Umeda (2009)], Saitō and Umeda determine connections between

zero modes of DA and eigenvectors corresponding to the threshold eigenvalues ±1

of the magnetic free Dirac operator considered in the supersymmetric form

D0(A) := α · (p + A) + β =

(
1 DA

DA −1

)
. (4.3.26)

It follows from their Theorems 2.1 and 2.2 that DA has a zero mode if and only if

1 and −1 are eigenvalues of D0(A). If φ is a zero mode of DA then the eigenvectors

of D0(A) at ± are given respectively by
(
φ

0

)
,

(
0

φ

)
.

This is also a consequence of Theorem 7.1 in [Thaller (1992)]; see the discussions

following Definition 1.1 and Corollary 2.1 in [Saitō and Umeda (2009)]. These

results also combine with Theorem 1.2 in [Saitō and Umeda (2008a)] to give [Saitō

and Umeda (2008a)], Theorem 4.1, that if, for some positive constant C,

|A| ≤ C〈x〉−ρ := C{1 + |x|2}−ρ/2, (ρ > 1),

1 is an eigenvalue of D0(A) and f+ is a corresponding eigenvector, then there exists

a zero mode φ of DA such that for any ω ∈ S2,

lim
r→∞

r2f+(rω) =

(
u(ω)

0

)
,

where

u(ω) =
i

4π

∫

R3

{(ω ·A(y))I2 + iσ · (ω ×A(y))} φ(y)dy

and the convergence is uniform with respect to ω. If −1 is an eigenvalue with

eigenvector f−, then

lim
r→∞

r2f−(rω) =

(
0

u(ω)

)
.

The expression for f(rω) makes sense for each ω since an eigenfunction of DA

corresponding to an eigenvalue at 1 or −1 is known to be continuous under the

assumption on A, from [Saitō and Umeda (2009)], Theorem 2.1.

4.4 Decay rates of weak solutions of DQψ = 0

Here

DQ := α · p +Q, p = −i∇, (4.4.1)

where Q is a 4 × 4 matrix-valued function whose components qj,k, j, k = 1, 2, 3, 4

satisfy

|qj,k(x)| ≤ C|x|−1, |x| ≥ 1. (4.4.2)
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Hence, solutions of DAψ = 0 will be covered, and note that the condition on Q is

only assumed outside the unit ball.

Let ψ be a weak solution of DQψ = 0 that lies in L2(R3 \ B1,C
4), where B1 is

the open unit ball in R3 with centre at the origin and B1 is its closure. Hence, for

all φ ∈ C∞
0 (R3 \B1,C

4),

I :=

∫
〈DQψ(x), φ(x)〉dx = 0, ψ ∈ L2(R3 \B1,C

4). (4.4.3)

Our objective in this section is to shed some light on the behaviour of ψ at infinity.

This will be measured in terms of belonging to some Lp space at infinity, determined

by means of embedding theorems for Dirac–Sobolev spaces described in Section 4.4.2

below.

4.4.1 Reduction by inversion

We follow the treatment in [Balinsky et al. (2008)] and begin by carrying out an

inversion with respect to B1. This is an involution Inv : x 7→ y, y = x/|x|2.
For any function defined on R3 \ B1, the map M : φ 7→ φ̃ := φ o Inv−1 is such

that φ̃(y) = φ(x) and yields a function on B1 : φ ∈ C∞
0 (R3 \ B1,C

4) means that

φ̃ ∈ C∞
0 (B1 \ {0},C4). The inversion gives

M{(α · p)ψ}(y) = |y|2(β · p)ψ̃(y), (4.4.4)

where β = (β1, β2, β3) and

βk(y) =

3∑

j=1

αj

(
δjk −

2ykyj
|y|2

)
,

where δjk is the Kronecker delta function. It is readily verified that the matrices

βk(y) are Hermitian and satisfy

βk(y)βj(y) + βj(y)βk(y) = 2δjkI4.

Also, there exists a unitary matrix X(y) such that X ∈ C∞(R3 \ {0}) and, for all

y 6= 0,

X(y)−1βk(y)X(y) = −αk, k = 1, 2, 3. (4.4.5)

Setting ω := y/|y|, it is easy to verify that these conditions are satisfied by

X(y) =

(
X2(y) O2

O2 X2(y)

)
, (4.4.6)

where

X2(y) =

(
iω3 ω2 + iω1

−ω2 + iω1 −iω3

)
,
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and O2 is the zero 2 × 2 matrix. Let ψ̃(y) = −X(y)Ψ(y). Then, from (4.4.4), we

have

M{(α · p)ψ}(y) = |y|2X(y){(α · p)Ψ(y) + Y (y)Ψ(y)}, (4.4.7)

where

Y (y) =

3∑

j=1

αkX(y)−1

(
−i ∂
∂yk

X(y)

)
. (4.4.8)

Also, a calculation of the Jacobian of the inversion gives dx = |y|−6dy. On applying

the inversion to (4.4.3) and putting φ̃(y) = −X(y)Φ(y), we derive

I =
∫

B1

〈|y|2X(y){(α · p)Ψ(y) + Y (y)Ψ(y) − Q̃(y)X(y)Ψ(y)}, X(y)Φ(y)〉|y|−6dy

= 0

for all Φ ∈ C∞
0 (B1 \ {0},C4), which can be written as

I =

∫

B1

〈(α · p)Ψ(y) + Z(y)Ψ(y), |y|−4Φ(y)〉dy = 0, (4.4.9)

where

Z(y) = Y (y) − |y|−2X(y)−1Q̃(y)X(y). (4.4.10)

Equivalently, the factor |y|−4 can by removed from (4.4.9) to obtain

I =

∫

B1

〈(α · p)Ψ(y) + Z(y)Ψ(y),Φ(y)〉dy = 0 (4.4.11)

for all Φ ∈ C∞
0 (B1 \ {0},C4).

Let ζ ∈ C∞(R+) satisfy

ζ(t) =

{
0, for 0 < t < 1

1, for t > 2,

and for y ∈ R3, set ζn(y) = ζ(n|y|). Then

∇ζn(y) = nζ ′(n|y|) y

|y|
and so

|∇ζn(y)| = O
(
nχ[1/n,2/n](|y|)

)
,

where χI denotes the characteristic function of the interval I. It then follows from

(4.4.11), and now for all Φ ∈ C∞
0 (B1,C

4), that

I =

∫

B1

〈(α · p)Ψ(y) + Z(y)Ψ(y), ζn(y)Φ(y)〉dy

=

∫

B1

〈ζn(y){(α · p)Ψ(y) + Z(y)Ψ(y)},Φ(y)〉dy = 0. (4.4.12)
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In I,

ζn(y)(α · p)Ψ(y) = (α · p)(ζnΨ)(y) − [(α · p)ζn]Ψ(y)

and

Vn(y) := [(α · p)ζn] = O(nχ[1/n,2/n]).

Therefore, as n→ ∞,∣∣∣∣
∫

B1

〈Vn(y)Ψ(y),Φ(y)〉dy
∣∣∣∣ = O

(
n

∫

B1

|Ψ(y)|χ[1/n,2/n](y)dy

)

= O(n−1/2‖Ψ‖L2(B1)‖ → 0.

Also,∫

B1

〈[(α · p) + Z(y)]ζn(y)Ψ(y),Φ(y)〉dy =

∫

B1

〈ζn(y)Ψ(y), [(α · p) + Z(y)]Φ(y)〉dy

→
∫

B1

〈Ψ(y), [(α · p) + Z(y)]Φ(y)〉dy.

We have therefore proved that∫

B1

〈[(α · p) + Z(y)]Ψ(y),Φ(y)〉dy = 0 (4.4.13)

for all Φ ∈ C∞
0 (B1,C

4). In other words,

[(α · p) + Z(y)]Ψ(y) = 0 (4.4.14)

in the weak sense. From (4.4.10), it follows that

‖Z(y)‖C4 ≤ C|y|−1, (4.4.15)

for some positive constant C.

4.4.2 Embeddings of Dirac–Sobolev spaces

Definition 4.4.1. Let Ω be an open subset of R3 and 1 ≤ p < ∞. The Dirac–

Sobolev space H1,p
D (Ω,C4) is defined as

H1,p
D (Ω,C4) := {f : f, (α · p)f ∈ Lp(Ω,C4)} (4.4.16)

with norm

‖f‖D,1,p,Ω :=

{∫

Ω

(|f(x)|pp + |(α · p)f(x)|pp)dx
}1/p

, (4.4.17)

where | · |p is the `p norm in C4, so that,

|f(x)|pp :=
4∑

j=1

|fj(x)|p, |(α · p)f(x)|pp :=

∣∣∣∣∣∣

3∑

j=1

−iαj∂jf(x)

∣∣∣∣∣∣

p

p

.

We denote the completion of C∞
0 (Ω,C4) in H1,p

D (Ω,C4) by H1,p
D,0(Ω,C

4) and write ‖·
‖D,1,p for the H1,p

D (R3,C4) norm. As in the case of Sobolev spaces (see Section 1.6),

C∞(Ω,C4)∩H1,p
D (Ω,C4) is dense in H1,p

D (Ω,C4) and when Ω = R3, H1,p
D (R3,C4) =

H1,p
D,0(R

3,C4).
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The standard Sobolev space H1,p(Ω,C4) is the space of C4-valued functions

f ∈ Lp(Ω,C4) whose components have weak derivatives in Lp(Ω,C4), endowed

with the norm

‖f‖1,p,Ω :=





∫

Ω

(|f(x)|pp +

3∑

j=1

|pjf(x)|pp)dx





1/p

, (4.4.18)

where pj = −i∂j . The closure of C∞
0 (Ω,C4) in H1,p(Ω,C4) is denoted by

H1,p
0 (Ω,C4). Recall that we have adopted the standard notation H1(Ω,C4) and

H1
0 (Ω,C4) for H1,2(Ω,C4) and H1,2

0 (Ω,C4), respectively.

In the case p = 2, on using (2.1.2), we have that for f ∈ C∞
0 (Ω,C4),

∫

Ω

|(α · p)f(x)|22dx =

∫

Ω




∑

j<k

(〈αkαjf, pjpkf〉 + 〈αjαkf, pkpjf〉) +

3∑

j=1

|pjf |22



 dx

=

∫

Ω

3∑

j=1

|pjf(x)|22dx.

It follows that H1,2
D,0(Ω,C

4) = H1,2
0 (Ω,C4).

For general values of p ∈ [1,∞), we have

|(α · p)f |pp = |
3∑

j=1

αjpjf |pp

≤




3∑

j=1

|αjpjf |p



p

=




3∑

j=1

|pjf |p



p

≤ 3p−1




3∑

j=1

[
4∑

k=1

|pjfk|p
]
 = 3p−1

3∑

j=1

|pjf |pp

and so

‖f‖D,1,p,Ω ≤ 31−1/p‖f‖1,p,Ω.

Therefore, we have the continuous natural embeddings

H1,p(Ω,C4) ↪→ H1,p
D (Ω,C4), H1,p

0 (Ω,C4) ↪→ H1,p
D,0(Ω,C

4). (4.4.19)

We have already seen above that when p = 2 the Dirac–Sobolev space H1
D,0(Ω,C

4)

and Sobolev space H1
0 (Ω,C4) coincide. In the general case the following result was

established in [Ichinose and Saitō]:
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Theorem 4.4.2.

(i) When 1 < p <∞, H1,p
D,0(Ω,C

4) = H1,p
0 (Ω,C4).

(ii) When p = 1, H1,1
0 (Ω,C4) ↪→ 6= H1,1

D,0(Ω,C
4).

It follows from Theorem 4.4.2(i) and the Sobolev embedding theorem that, for

1 < p < 3,

H1,p
D,0(Ω,C

4) ↪→ Lp
∗

(Ω,C4), p∗ = 3p/(3− p). (4.4.20)

In particular, with Ω = R3, there is a positive constant C such that for all f ∈
H1,p
D,0(R

3,C4),

‖f‖p∗ ≤ C‖f‖D,1,p
= C{‖f‖pp + ‖(α · p)f‖pp}1/p. (4.4.21)

The scale transformation x = λy, f(x) =: g(y), yields

‖g‖p∗ ≤ C{λ‖g‖p + ‖(α · p)g‖p}.
Since λ is arbitrary, we have the following analogue of the Sobolev inequality (1.7.1)

‖g‖p∗ ≤ C‖(α · p)g‖p, for all g ∈ H1,p
D,0(R

3,C4). (4.4.22)

The result of Theorem 4.4.2 is analysed in [Balinsky et al.] where an interesting

connection is uncovered between part (ii) of the theorem and zero modes of Weyl–

Dirac operators with appropriate magnetic potentials. To be specific, let ψ be the

solution (4.2.8) of the Loss–Yau equation (4.2.6) with λ(x) = 3(1 + r2)−1. Thus

ψ(x) =
1

(1 + r2)3/2
(1 + ix · σ)

(
1

0

)
, r = |x|

and

(σ · p)ψ(x) =
3

(1 + r2)
ψ(x), p = −i∇.

Let χn ∈ C∞
0 (R+) be such that

χn(r) =

{
1, 0 ≤ r ≤ n,

0, r ≥ n+ 2,

and |χ′
n(r)| ≤ 1. Then ψn := χnψ ∈ C∞

0 (R3,C2) and for some constant positive C,

independent of n,

‖(σ · p)ψn‖L1(R3,C2) = ‖χn(σ · p)ψ + χ′
n(σ · x

r
)ψ‖L1(R3,C2)

≤ C.

If the spaces H1,1
0 (R3,C4) and H1,1

D,0(R
3,C4) coincide, then the Sobolev embedding

theorem would imply that H1,1
D,0(R

3,C4) is continuously embedded in L3/2(R3,C4)

and this is equivalent to

‖f‖L3/2(R3,C2) ≤ C‖(σ · p)f‖L1(R3,C2) (4.4.23)
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for all f ∈ C∞
0 (R3,C2). In particular, this would mean that ‖ψn‖L3/2(R3,C2) is

bounded independently of n, contrary to

‖ψn‖L3/2(R3,C2) ≥
∫

r≤n
|ψ(x)|dx � lnn.

Clearly, the properties of the above 2-spinor ψ which lead to the inequality

(4.4.23) being contradicted, and hence to the recovery of Theorem 4.4.2(ii), are

that (σ · p)ψ ∈ L1(R3,C2) and ψ(x) � r−2 at infinity. In fact, it was shown in

[Saitō and Umeda (2008b)] that these properties are satisfied by the zero modes of

any Weyl–Dirac operator DA whose magnetic potential A = (A1, A2, A3) is such

that

Aj measurable, |Aj(x)| = O([1 + |x|2]−ρ/2), ρ > 1

for j = 1, 2, 3.

It is natural to ask if (4.4.23) can be modified to give an analogue of the Sobolev

inequality in the case p = 1 for the standard Sobolev spaces. The answer is given

by the following theorem from [Balinsky et al.]. In it Lq,∞ denotes the weak -Lq

space and

‖f‖qq,∞ := sup
t>0

tqµ{x ∈ R3 : |f(x)| > t}, (4.4.24)

where µ denotes Lebesgue measure.

Theorem 4.4.3. For all f ∈ C∞
0 (R3,C2),

‖f‖3/2,∞ ≤ C‖(σ · p)f‖L1(R3,C2) (4.4.25)

for some positive constant C independent of f.

Proof. Let g = (σ · p)f. Then g ∈ C∞
0 (R3,C2) and

−∆f = (σ · p)2f = (σ · p)g.

Thus by (1.5.17),

f(x) = −iF−1

(
1

| · |2 F[(σ · ∇)g]

)
(x)

= −i 1

4π

∫

R3

1

|x − y| (σ · ∇y)g(y)dy

=
i

4π

3∑

j=1

σj

∫

R3

∂

∂yj

(
1

|x − y|

)
g(y)dy

= − i

4π

∫

R3

{
σ · (x − y)

|x − y|3
}
g(y)dy =: Iσ(g)(x), (4.4.26)

say. Then

|f(x)| ≤ 1

4π

∫

R3

1

|x − y|2 |g(y)|dy =:
1

4π
I(|g|)(x),
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where I(|g|) is the Riesz potential of |g|; see [Edmunds and Evans (2004)], Section

3.5 for the terminology and properties we need. Since | · |−2 ∈ L3/2,∞(R3), it follows

that I is of joint weak type (1, 3/2; 3,∞), which implies in particular that it is of

weak type (1, 3/2) and this means that there exists a constant C such that for all

u ∈ L1(R3),

‖I(u)‖L3/2,∞(R3) ≤ C‖u‖L1(R3). (4.4.27)

The inequality (4.4.25) follows. �

It is also easily seen, through the use of a function ψ with the above properties,

that the analogue of Hardy’s inequality for L1, namely
∫

R3

|f(x|
|x| dx ≤ C

∫

R3

|(σ · p)f(x)|dx, f ∈ C∞
0 (R3,C2),

does not hold. What is true is the following result from [Balinsky et al.].

Theorem 4.4.4. For all f ∈ C∞
0 (R3,C2).

∥∥∥∥
f

| · |

∥∥∥∥
L1,∞(R3,C2)

≤ ‖(σ · p)f‖L1(R3,C2). (4.4.28)

Proof. The inequality is an immediate consequence of Theorem 4.4.3 and the

following weak Hölder type inequality on R3 established in [Balinsky et al.]. Let

u ∈ Lp,∞, v ∈ Lq,∞, where 1 < p <∞, p−1 + q−1 = 1. Then uv ∈ L1,∞ and

‖uv‖L1,∞ ≤
(
(q/p)1/q + (p/q)1/p

)
‖u‖Lp,∞‖v‖Lq,∞ . (4.4.29)

To see this, set, for arbitrary ε > 0,

A = {x : ε|u(x)| > t1/p}

B = {x :
1

ε
|v(x)| > t1/q}

E = {x : |u(x)v(x)| > t}.
Since

|u(x)v(x)| ≤ p−1 (ε|u(x)|)p + q−1

(
1

ε
|v(x)|

)q
,

it follows that E ⊆ A ∪ B and, hence,

tµ(E) ≤ tµ{x : ε|u(x)| > t1/p} + tµ{x :
1

ε
|v(x)| > t1/q}. (4.4.30)

On substituting s := t1/p/ε, r := εt1/q, we have

tµ(E) ≤ εpspµ{x : |u(x)| > s} + ε−qrqµ{x : |v(x)| > r}
≤ εp‖u‖pLp,∞ + ε−q‖v‖qLq,∞ .

The right-hand side has its minimum when ε = (q‖v‖qLq,∞/p‖u‖pLp,∞)1/pq , which

yields (4.4.29). The choice u = f ∈ L3/2,∞(R3,C2), v = 1/| · | ∈ L3,∞(R3,C2) and

the application of Theorem 4.4.3 completes the proof of the theorem. �
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4.4.3 Decay of zero modes

Theorem 4.4.5. Let ψ be such that ψ ∈ L2(Bc1,C
4), Bc1 := R3 \B1, and

(α · p)ψ(x) = −Q(x)ψ(x), (4.4.31)

where

‖Q(x)‖C4 = O(|x|−1), |x| ≥ 1,

and ‖ · ‖C4 is any norm on the space of 4 × 4 matrices. Then∫

Bc

|ψ(x)|6|x|6dx <∞. (4.4.32)

Proof. If θ ∈ C1(R3) is 1 in a neighbourhood of infinity and supported in R3\B1,

then θψ has similar properties to those of ψ. Hence, we may assume, without loss

of generality, that ψ is supported in R3 \B1. Moreover,∫

Bc
1

|x|2|(α · p)ψ(x)|2dx <∞. (4.4.33)

In the notation of Section 4.4.1, set

Ψ(y) := −X−1(y)ψ̃(y), ψ̃(y) = (Mψ)(y).

Since X(y) � 1, we have from ψ ∈ L2(Bc1,C
4) that∫

B1

|Ψ(y)|2 dy|y|6 <∞. (4.4.34)

Also, from (4.4.7),

(M(α · p)ψ)(y) = |y|2{X(y)[(α · p)Ψ(y) + Y (y)Ψ(y)]}, (4.4.35)

where Y is given by (4.4.8) and is readily shown to satisfy

‖Y (y)‖C4 � 1/|y|.
Let Ψ(y) = |y|2Φ(y). Then

(α · p)Ψ(y) = |y|2
{

(α · p)Φ(y) +O

( |Φ(y)|
|y|

)}

and from (4.4.35),

|(M(α · p)ψ)(y)| � |y|4
{

(α · p)Φ(y) +O

( |Φ(y)|
|y|

)}
. (4.4.36)

Hence, from (4.4.31),
∫

B1

|y|−2

∣∣∣∣|y|4
{

(α · p)Φ(y) +O

( |Φ(y)|
|y|

)}∣∣∣∣
2
dy

|y|6 <∞. (4.4.37)

Since
∫
B1

|Φ(y)|2 dy
|y|2 <∞ by (4.4.34), it follows from (4.4.37) that

∫

B1

|(α · p)Φ(y)|2dy <∞,

and so by (4.4.20), that Φ ∈ L6(B1, C
4). Consequently∫

B1

|Ψ(y)|6|y|−12dy <∞,

which yields the theorem. �
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Under the assumption

‖Q(x)‖C4 ≤ C〈x〉−ρ, 〈x〉 =
√

1 + |x|2, ρ > 1, (4.4.38)

it is proved in [Saitō and Umeda (2008b)] that every zero mode of DQ := (α ·p)+Q,

is continuous and decays at infinity like 〈x〉−2, this rate being optimal. Also, DQ

is shown not to have any resonances if ρ > 3/2, where a resonance is defined as a

spinor f which is such that DQf = 0 and 〈·〉−sf ∈ L2(R3,C4) for some s > 0, but

f /∈ L2(R3,C4).

4.5 Sobolev and CLR inequalities for Pauli operators

In Section 4.1 we noted that if the Pauli operator PA had a zero mode, then there

could not be an analogue of the CLR inequality for the number of negative eigen-

values of PA + V in terms of an Lp norm of V. Our ultimate aim in this section is

to show that there is a CLR-type inequality if there is no zero mode and to give a

constant which involves a distance from A to the set in Theorem 4.3.4. First, we

need the diamagnetic inequality.

Let A ∈ L2
loc(R

n,Rn), i.e., the components Aj ∈ L2
loc(R

n). We refer to the

expression ∇A := ∇ + iA as the magnetic gradient (with respect to A) and to

DA := ∇2
A as the magnetic Laplacian. Note that for f ∈ L2

loc(R
n),∇Af is a

distribution. We define H1
A(Rn) to be the completion of C∞

0 (Rn) with respect to

the norm ‖ · ‖H1
A

:= (·, ·)H1
A

determined by the inner product

(f, g)H1
A

:= (f, g) +

n∑

j=1

([∂j + iAj ]f, [∂j + iAj ]g), (4.5.1)

where (·, ·) denotes the L2(Rn) inner product as usual. Note that f ∈ H1
A(Rn) does

not imply in general that f ∈ H1(Rn), or that its complex conjugate f ∈ H1
A(Rn).

The next theorem gives the (diamagnetic) inequality, which has an important

role in problems involving magnetic fields. It is equivalent to Kato’s distributional

inequality (see [Kato (1972)], Lemma A),

∆|f | ≥ Re [(sign f)∆Af ], (4.5.2)

where sign f(x) = f(x)/|f(x)|, when f(x) 6= 0 and 0 otherwise.

Theorem 4.5.1. Let A ∈ L2
loc(R

n,Rn) and f ∈ H1
A(Rn). Then |f | ∈ H1(Rn) and

|∇|f(x)|| ≤ |(∇Af)(x)|, a.e. x ∈ Rn. (4.5.3)

Hence, f 7→ |f | maps H1
A(Rn) continuously into H1(Rn) with norm ≤ 1.

Proof. We first assume that f ∈ C∞
0 (Rn) and set

fε :=
√
|f |2 + ε.
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Then, from f2
ε = |f |2 + ε, we have

2fε∂jfε = 2Re[f∂jf ] = 2Re[f(∂j + iAj)f ]

and, hence,

∇fε = Re[
f

fε
∇Af ] =: Re[Fε(f)], (4.5.4)

say. Next, we show that (4.5.4) holds for f ∈ H1
A(Rn). Let f (m) ∈ C∞

0 (Rn) be such

that limm→∞ f (m) = f in H1
A(Rn) and f (m) → f pointwise a.e. Then

Fε(f) − Fε(f
(m)) =

f (m)

f
(m)
ε

(
∇Af − ∇Af

(m)
)

+

(
f

fε
− f (m)

f
(m)
ε

)
∇Af =: I(m),

say. Since |f (m)/f
(m)
ε | ≤ 1, the first term on the right-hand side tends to zero

as m → ∞ and so does the second by the dominated convergence theorem, on

observing that f
fε

− f (m)

f
(m)
ε

→ 0 a.e. pointwise. Consequently I(m) → 0 in L2(Rn),

and, hence, in L1
loc(R

3). It follows that for all φ ∈ C∞
0 (Rn),

∫

Rn

fε∇φdx = −
∫

Rn

φ Re[Fε(f)]dx (4.5.5)

and, hence, (4.5.4) holds a.e. for all f ∈ H1
A(Rn); note that the assumption A ∈

L2
loc(R

n,Rn) implies that ∇f, and hence ∇fε, lies in L1
loc(R

n). As ε → 0, fε → |f |
uniformly, while f/fε is bounded and converges to sign f . Thus the dominated

convergence theorem applied to (4.5.5) gives
∫

Rn

|f |∇φdx = −
∫

Rn

φ Re[F0(f)]dx,

where F0(x) = sign f(x)∇Af(x), and

∇ |f |(x) = Re[sign f(x) ∇Af(x)]

for a.e. x ∈ Rn. The yields (4.5.3) and completes the proof. �

In [Lieb and Loss (1997)], Section 7.20, H1
A(Rn) is defined initially as the space

of functions f : Rn → C such that

f, (∂j +Aj)f ∈ L2(Rn), for j = 1, 2, · · · , n,

with the inner product (4.5.1). They then prove that this is a Hilbert space and

that C∞
0 (Rn) is a dense subspace. Therefore, the two definitions are equivalent.

In the rest of this section we assume n = 3. The formal Pauli operator

PA = {σ · (−i∇A)}2
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can be written as

PA = SA + σ ·B, (4.5.6)

where SA is the formal magnetic Schrödinger operator

SA = −DAI2 (4.5.7)

and σ · B is the Zeeman term. For Aj ∈ L2
loc(R

3), j = 1, 2, 3, the self-adjoint

realisations PA and SA are defined as the Friedrichs extensions of (4.5.6) and (4.5.7),

respectively, on C∞
0 (R3,C2). They are shown in the following lemma to have the

same form domain under the assumption

|B| ∈ L3/2(R3). (4.5.8)

Recall from Remark 4.3.7 that there is then a unique magnetic potential A, which

is such that |A| ∈ L3(R3), curl A = B, div A = 0 and (4.3.24) is satisfied. Since

a gauge transformation does not affect nul PA, we take this A to be our magnetic

potential.

Lemma 4.5.2. If (4.5.8) is satisfied, then for all ϕ ∈ C∞
0 (R3,C2) and ε > 0, there

exists a constant Cε such that

|((σ ·B)ϕ, ϕ)| ≤ ε‖SAϕ‖2 + Cε‖ϕ‖2. (4.5.9)

Therefore, Q(PA) = Q(SA) = H1
A(R3,C2).

Proof. Given ε > 0, we may write |B| = B1 + B2, where ‖B1‖3/2 < ε and

‖B2‖∞ ≤ Cε. Then

|((σ · B)ϕ, ϕ)| ≤ (B1ϕ, ϕ) + (B2ϕ, ϕ)

≤ ‖B1‖3/2‖ϕ‖2
6 + Cε‖ϕ‖2

≤ εγ2‖∇|ϕ|‖2 + Cε‖ϕ‖2,

where γ is the norm of the embedding H1(R3) ↪→ L6(R3), and so

|((σ ·B)ϕ, ϕ)| ≤ εγ2‖SAϕ‖2 + Cε‖ϕ‖2

on using the diamagnetic inequality. �

The method in the proof of Lemma 4.3.2 also gives, for |A| ∈ L3(R3) and ε > 0

arbitrary,

‖|A|ϕ‖2 ≤ ε‖ϕ‖2
D1

3
+ Cε‖ϕ‖2

and this implies that H1
A(R3,C2) coincides with H1(R3,C2) when |A| ∈ L3(R3).

Moreover, PA = D2
A, where DA is the Weyl–Dirac operator with domain D(D) =

D1∩H (see (4.3.11)): note that we have omitted the subscripts 3 from the subspaces

D1
3,H3.
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The operator SA has no zero modes. For if SAf = 0, f ∈ L2(R3), then, by the

diamagnetic inequality,

0 = (SAf, f) = ‖∇Af‖2 ≥ ‖∇|f |‖2,

which implies that f = 0. This, in turn, implies that the operator P := PA + |B|I2,
defined as the self-adjoint operator associated with the form (Pf, f) on Q(SA),

has no zero modes. For Pf = 0 and P ≥ SA + |B|I2 − σ · B ≥ SA imply that

SAf = 0 and, hence, f = 0. Therefore, SA and P have dense domains and ranges

in H = L2(R3,C2). Moreover, D(P1/2) = D(S
1/2
A ) = Q(SA).

We now follow a similar path to that in Section 4.3 and define spaces D1
A, D

1
B

as the completions of C∞
0 (R3,C2) with respect to the respective norms

‖f‖D1
A

:= ‖S
1/2
A f‖ = ‖∇Af‖ (4.5.10)

‖f‖D1
B

= ‖P1/2f‖. (4.5.11)

Since P ≥ SA, we have the natural embedding D1
B ↪→ D1

A, with norm ≤ 1. Also,

by the diamagnetic inequality, f 7→ |f | maps D1
A continuously into D1, which is

continuously embedded in L6(R3,C2) by the Sobolev embedding theorem. In fact

the spaces D1
A and D1

B are isomorphic if (4.5.8) is satisfied, and we shall prove in

the next lemma that D1
A is continuously embedded in L6(R3,C2).

Lemma 4.5.3. Let |A| ∈ L3(R3) and |B| ∈ L3/2(R3). Then

(1) for all f ∈ D1
B,

|([D ·A + A ·D]f, f)| ≤ 2γ‖A‖3‖f‖2
D1 (4.5.12)

≤ 2γ‖A‖3‖f‖2
D1

B

, (4.5.13)

where D = −i∇, ‖A‖3 ≡ ‖|A|‖3 and γ is the norm of the Sobolev embedding

D1 ↪→ L6(R3).

(2)

D1
B ↪→ D1

A ↪→ D1 ↪→ L6(R3,C2). (4.5.14)

Proof. (1) Let φ ∈ C∞
0 (R3,C2). Then

|([D ·A + A · D]φ, φ)| =

∣∣∣∣∣∣
2Re

3∑

j=1

(Ajφ,Djφ)

∣∣∣∣∣∣
≤ 2‖A‖3‖φ‖6‖∇φ‖
≤ 2γ‖A‖3‖∇φ‖2.

Thus (4.5.12) follows by continuity, and this implies (4.5.13) once (4.5.14) is estab-

lished.

(2) Let φ ∈ C∞
0 (R3,C2) and k > 1. Then

k(SAφ, φ) = (k − 1)(−∆ϕ, ϕ) + ({−∆ + k[D · A + A ·D] + k2|A|2}φ, φ)

+ ([k|A|2 − k2|A|2]φ, φ)

= (k − 1)(−∆φ, φ) + (SkAφ, φ) − (k2 − k)(|A|2φ, φ)

≥ (k − 1)(−∆φ, φ) − (k2 − k)(|A|2φ, φ),
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whence

(k − 1)‖∇φ‖2 ≤ k‖φ‖2
D1

A

+ k(k − 1)γ2‖A‖3 ‖∇|φ|‖2

≤ {k + k(k − 1)γ2‖A‖2
3}‖φ‖2

D1
A

,

by the diamagnetic inequality. Thus (4.5.14) is established, and so is (4.5.13). �

Set

p[φ] := (Pφ, φ), b[φ] := (|B|φ, φ) (4.5.15)

on C∞
0 (R3,C2). The self-adjoint operators associated with pA := p−b and p are PA

and P, respectively, and as we have already seen, they have the same form domain

Q = D(P1/2) = H1(R3,C2). When endowed with the graph norm

‖φ‖Q := (‖P1/2φ‖2 + ‖φ‖2)1/2,

Q is a Hilbert space that is continuously embedded in H; it is the space H+(P1/2)

in the terminology of Section 1.2. Also C∞
0 (R3,C2) is a form core, i.e., a dense

subspace of Q. It follows that

Q = D1
B ∩ H (4.5.16)

with the graph norm; the embedding D1
B ↪→ L6(R3,C2) guarantees the complete-

ness, since convergent sequences in D1
B therefore converge pointwise a.e. to their

limits.

From 0 ≤ b[φ] ≤ p[φ], it follows that there exists a positive, bounded, self-adjoint

operator B on D1
B such that

b[φ] = (Bφ, φ)D1
B

, φ ∈ D1
B.

For φ ∈ R(P1/2), the range of P1/2,

‖P−1/2φ‖D1
B

= ‖φ‖ (4.5.17)

and, hence, since D(P1/2) and R(P1/2) are dense subspaces of D1
B and H, respec-

tively, P−1/2 extends to a unitary map

U : H → D1
B, U = P−1/2 on R(P1/2). (4.5.18)

By Hölder’s inequality, for f ∈ D1
B,

‖|B|1/2f‖2 ≤ ‖|B|‖3/2‖f‖2
6 ≤ const.‖f‖2

D1
B

. (4.5.19)

Hence, the map f 7→ |B|1/2f : D1
B → H is continuous and

S := |B|1/2U : H → H (4.5.20)

is continuous.

Theorem 4.5.4.

nul PA = dim {u : Bu = u, u ∈ D1
B ∩ H}

≤ nul (1 − SS
∗). (4.5.21)
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Proof. Let u, φ ∈ D(P1/2). Then

pA[u, φ] = p[u, φ] − b[u, φ]

= (u− Bu, φ)D1
B

.

Hence, u ∈ N(PA) ⊂ D(P1/2) if and only if Bu = u with u ∈ H. Moreover, for any

f, g ∈ H,

(Sf, Sg) = (BUf, Ug)D1
B

,

whence

([S∗
S − 1]f, g) = ([B − 1]Uf, Ug)D1

B

.

The theorem follows since nul [S∗S − 1] = nul [SS∗ − 1] in view of (1.2.6). �

For f ∈ R(P1/2), g ∈ D(P1/2),

(f, S∗g) = (Sf, g) = (|B|1/2Uf, g)
= (Uf, |B|1/2g)
= (P−1/2f, |B|1/2g);

note that |B|1/2g ∈ H by (4.5.19) and since |B| ∈ L3/2(R3). Hence, |B|1/2g ∈
D(P−1/2) and P−1/2|B|1/2g = S∗g. It follows that S∗ = P−1/2|B|1/2 on D(P1/2) and

SS
∗ = |B|1/2U2|B|1/2 on D(P−1/2). (4.5.22)

This extends by continuity to a bounded operator on H.

Lemma 4.5.5. S is compact on H and

‖S‖2 ≤ γ2‖|B|‖3/2, (4.5.23)

where γ is the norm of D1 ↪→ L6(R3,C2).

Proof. It is enough to prove that |B|1/2 : D1
B → H is compact since S = |B|1/2U

and U : H → D1
B is unitary. Let {φn} be a sequence that converges weakly to zero

in D1
B, and, hence, in D1 by (4.5.14). It is therefore bounded, ‖φn‖D1

B

≤ k, say.

Given ε > 0, set |B| = B1 + B2, where B1 ∈ C∞
0 (Ωε) for some ball Ωε, B1 ≤ kε,

say, and ‖B2‖L3/2(R3) < ε. Then

‖|B|1/2φn‖2 ≤ kε‖φn‖2
L2(Ωε,C2) + γ2‖B2‖L3/2(R3)‖φn‖2

D1
B

≤ kε‖φn‖2
L2(Ωε,C2) + γ2k2ε.

The first term on the right-hand side tends to zero by the Rellich–Kondrachov

theorem. Since ε is arbitrary, the lemma is proved. �

Theorem 4.5.6. Suppose that B is such that nul (1 − SS∗) = 0, and set

δ(B) := inf
‖f‖=1,Uf∈H∩D1

B

‖[1− S
∗
S]f‖2. (4.5.24)

Then δ(B) > 0 and

PA ≥ δ(B)SA. (4.5.25)
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Proof. Since nul (1 − S∗S) = nul (1 − SS∗), the compact operator S∗S has no

eigenvalue at 1 and consequently δ(B) > 0. For any f such that f ∈ H and Uf ∈
H ∩D1

B,

δ(B)‖f‖2 ≤ ‖(1− S
∗
S)f‖2

= ‖f‖2 − 2(S∗
Sf, f) + ‖S∗

Sf‖2.

Let f = P1/2φ. Then Uf = φ, Sf = |B|1/2φ and so

δ(B)‖P1/2φ‖2 ≤ ‖P1/2φ‖2 − 2‖|B|1/2φ‖2 + ‖S∗|B|1/2φ‖2

= ‖P
1/2
A φ‖2 − ‖|B|1/2φ‖2 + ‖S∗|B|1/2φ‖2, (4.5.26)

since P = PA + |B|I2 in the form sense. Also, for any h ∈ R(P1/2),

‖Sh‖ = ‖|B|1/2P−1/2h‖ ≤ ‖h‖
since P ≥ |B|I2, and this implies that ‖S‖ ≤ 1 in view of R(P1/2) being dense in H.

Thus ‖S∗‖ = ‖S‖ ≤ 1 and from (4.5.26)

δ(B)‖P1/2φ‖2 ≤ ‖P
1/2
A φ‖2,

whence PA ≥ δ(B)P ≥ δ(B)SA. This completes the proof. �

Theorem 4.5.6 has the following immediate consequences from the corresponding

results for SA.

Corollary 4.5.7. Suppose that |A| ∈ L3(R3) and |B| ∈ L3/2(R3).

(i) For all φ ∈ D(P
1/2
A ) = Q,

‖P
1/2
A φ‖2 ≥ δ(B)

γ
‖φ‖2

6, (4.5.27)

where γ is the norm of the embedding D1 ↪→ L6(R3,C2).

(ii) For all φ ∈ Q,

‖P
1/2
A φ‖2 ≥ δ(B)

4

∥∥∥∥
φ

| · |

∥∥∥∥
2

. (4.5.28)

(iii) For 0 ≤ V ∈ L3/2(R3), the number N(PA − V ) of negative eigenvalues −λn of

PA − V satisfies

N(PA − V ) ≤ c[δ(B)]−3/2

∫

R3

V 3/2dx, (4.5.29)

where c is the best constant in the CLR inequality for −∆A in (1.8.7). Furthermore,
∑

λνn ≤ c[δ(B)]−3/2

∫

R3

V ν+3/2dx, (4.5.30)

for any ν > 0.

If any of the inequalities (4.5.27)–(4.5.29) are satisfied, then PA has no zero

mode. Whether or not nul PA = 0 implies that δ(B) > 0 is not clear. Note that

the infimum in (4.5.25) is taken over the subspace of H in which PA and 1 − SS∗

have the same nullity.

If γ2‖B‖3/2 < 1, where γ is the norm of the embedding D1 ↪→ L6(R3,C2), then

from (4.5.23), we have

N(PA − V ) ≤ c[1 − δ2‖B‖L3/2(R3)]
−3/2‖V ‖3/2

L3/2(R3)
. (4.5.31)
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4.6 One-electron relativistic molecules

4.6.1 Quasi-relativistic model

In [Daubechies and Lieb (1983)] Daubechies and Lieb investigated the stability of

one-electron molecules with K static nuclei, modelled on the Hamiltonian

H1,K(Z,R) := (−∆ + 1)1/2 −
K∑

k=1

αZk
|x −Rk|

+

K∑

j,k=1,j<k

αZjZk
|Rj −Rk|

, (4.6.1)

where α is the fine-structure constant, x is the electron position, Zk, Rk, are the

charge and position of the kth nucleus, respectively, and Z = (Z1, · · · , ZK),R =

(R1, · · · , RK). We separate the inter-nuclear interaction term and write

H1,K(Z,R) = H0
1,K(Z,R) +

K∑

j,k=1,j 6=k

αZjZk
|Rj −Rk|

(4.6.2)

where

H0
1,K(Z,R) = (−∆ + 1)1/2 −

K∑

k=1

αZk
|x −Rk|

. (4.6.3)

It is observed in [Daubechies and Lieb (1983)] that if the Rj are distinct, Theorem

2.2.6 can be extended to give that H0
1,K(Z,R) is bounded below if and only if

αZk ≤ 2/π for all k, and if
∑K

k=1 αZk > 2/π then the ground state energy E0(Z,R)

of H0
1,K(Z,R) tends to −∞ as the inter-nuclear distances tend to zero, i.e.,

lim
δ→0

E0(Z, δR) = −∞. (4.6.4)

The main theorem addresses the natural question of whether the nuclear repulsion

is strong enough to cancel out (4.6.4). Before proceeding, the following lemma, of

separate interest, is needed. It is a refinement of (1.7.8) in the case α = 1/2 for the

norm of |x|−1/2|p|−1/2 as an operator from L2(R3) into itself, i.e.,

‖|x|−1/2|p|−1/2‖ = (π/2)1/2. (4.6.5)

Lemma 4.6.1. Let ψ ∈ L2(R3) be supported in the ball B(0, R) centre the origin

and radius R, and let K denote the bounded operator 2π−1|x|−1/2|p|−1|x|−1/2. Then

(ψ,Kψ) ≤ ‖ψ‖2 − π−3R−2

(∫

B(0,R)

|x|−1/2|ψ(x)|dx
)2

. (4.6.6)

Proof. We give a sketch only and refer to [Daubechies and Lieb (1983)], Lemma

2.1, for the omitted details.

It is shown that (ψ,Kψ) ≤ (ψ∗,Kψ∗), where ψ∗ denotes the symmetric decreas-

ing rearrangement of ψ. Hence, it is sufficient to prove the lemma for decreasing

radially symmetric ψ. Also, by scaling, we may take R = 1. Thus ψ(x) = ψ(r) is

decreasing and supported on 0 ≤ r ≤ 1. For r ≥ 1, define ψ̃(r) = r−3ψ(r−1) and

f(r) :=

{
ψ(r), r ≤ 1,

ψ̃(r), r > 1.
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Then f ∈ L2(R3), ‖f‖2 = 2‖ψ‖2 and since ‖K‖ = 1 by (4.6.5), we have

(f,Kf) ≤ ‖f‖2 = 2‖ψ‖2. (4.6.7)

Also it can be shown that

(f,Kf) = 2(ψ,Kψ) + 2(ψ,Lψ), (4.6.8)

where L is an integral operator with kernel

L(x, y) = π−3|x|−1/2(1 + x2y2 − 2xy)−1|y|−1/2

and

(ψ,Lψ) = (8/π)

∫ 1

0

∫ 1

0

r1/2ψ(r)s1/2ψ(s) ln

[
1 + rs

1 − rs

]
drds

≥ (1/2π3)

[∫

B(0,R)

|x|−1/2ψ(x)dx

]2

min
t∈[0,1]

g(t),

where g(t) = t−1 ln( 1+t
1−t ). The minimum is attained at t = 0 and g(0) = 2, whence

the lemma from (4.6.7) and (4.6.8). �

Theorem 4.6.2. Suppose that αZk ≤ 2/π for k = 1, · · · ,K and that Rj 6= Rk for

j 6= k. Then

H0
1,K(Z,R) ≥ −3πα2

K∑

j,k=1,j<k

ZjZk
|Rj −Rk|

.

Hence H1,K(Z,R) ≥ 0 if α ≤ 1/3π.

Proof. As noted in the first paragraph of Section 4.1, it is proved in [Daubechies

and Lieb (1983)] that it is sufficient to prove the result for the case when all the

charges are equal and take as their common value the critical value 2/απ. Since

(−∆ + 1)1/2 ≥ (−∆)1/2 ≡ |p|, we may therefore set out to prove that for ‖ψ‖ = 1,

(ψ, |p|ψ) − (2/π)

K∑

j=1

(ψ, |x −Rj |−1ψ) ≥ −(12/π)

K∑

j,k=1,j<k

|Rj −Rk|−1 (4.6.9)

for all ψ ∈ Q(|p|) = H1/2(R3). We express the problem in the form of proving that

for a range A ≥ A0 of constants A

(ψ, |p|ψ) ≥ (2/π)

K∑

j=1


ψ,


|x −Rj |−1 −A

∑

k 6=j
|Rk − Rj |−1


ψ


 , (4.6.10)

and our goal is to show that A0 = 3 will do, which will establish (4.6.9) and hence

complete the proof. We include the elegant proof of this from [Daubechies and Lieb

(1983)] to enable a comparison to be made easily with the analogous result for the

Brown–Ravenhall model from [Balinsky and Evans (1999)] which will be reproduced

in the next section.
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Let a+ = max(a, 0), the positive part of a. Then

K∑

j=1

aj ≤
K∑

j=1

(aj)+ ≤




K∑

j=1

(aj)
1/2
+




2

and hence (4.6.10) will be satisfied if

(ψ, |p|ψ) ≥ (ψ, [
K∑

j=1

Wj ]
2ψ), (4.6.11)

where

Wj(x) =


 2

π


|x −Rj |−1 −A

∑

k 6=j
|Rk −Rj |−1




+




1/2

.

For any A, Wj has support in a ball B(Rj , tj) centre Rj and radius tj , where

t−1
j = A

∑

k 6=j
|Rk −Rj |−1. (4.6.12)

If A > 2, the balls B(Rj , tj) are disjoint since tj < A−1|Rk−Rj | for any k 6= j and,

hence,

|Rk −Rj | − (tk + tj) ≥ (1 − 2/A)|Rk −Rj |. (4.6.13)

We assume from now on that A > 2.

Let fj denote the characteristic function of B(Rj , tj). Since Wj = Wjfj and

Wj(x) ≤ (2/π)1/2|x −Rj |−1/2, we have

∑

j

Wj(x) ≤
(

2

π

)1/2∑

j

|x −Rj |−1/2fj(x) =: W (x). (4.6.14)

Since |x − Rj |−1/2fj(x) ≤ |x − Rj |−1/2 and |x|−1/2|p|−1/2 is bounded, it follows

that W |p|−1/2 is a bounded operator on L2(R3). In fact, we next show that it has

norm ≤ 1 if A is large enough. Let ψ ∈ C∞
0 (R3) be such that Wψ ∈ L2(R3). Then

‖|p|−1/2Wψ‖2 = (Wψ, |p|−1Wψ)

= (2/π)

K∑

j=1

(|x −Rj |−1/2fjψ, |p|−1|x−Rj |−1/2fjψ)

+ (2/π)

K∑

j,k=1,j 6=k
(|x −Rj |−1/2fjψ, |p|−1[|x −Rk|−1/2fkψ])

=: I1 + I2, (4.6.15)

say. By Lemma 4.6.1,

I1 = (2/π)

K∑

j=1

(fjψ, |x −Rj |−1/2|p|−1|x −Rj |−1/2fjψ)

≤
K∑

j=1

‖fjψ‖2 − π−3
K∑

j=1

t−2
j m2

j (4.6.16)
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where

mj =

∫
|x −Rj |−1/2fj(x)|ψ(x)|dx.

To deal with I2 we first recall that ( 1
|p|ψ)(x) := (F−1 1

|·|Fψ)(x), so that by (1.5.15)

(
1

|p|ψ
)

(x) = F−1[
1

| · | ψ̂](x)

=
1

2π2

∫

R3

1

|x − y|2ψ(y)dy. (4.6.17)

This gives

(2/π)(|x −Rj |−1/2fjψ, |p|−1[|x −Rk|−1/2fkψ])

= (1/π3)
∫
|x −Rj |−1/2fj(x)ψ(x)

[∫
|x − y|−2|y −Rk|−1/2fk(y)ψ(y)dy

]
dx

≤ π−3[1 − 2/A]−2mjmk|Rj − Rk|−2, (4.6.18)

since (4.6.13) implies that

|x − y| ≥ Rj +Rk − (tj + tk) ≥ (1 − 2/A)|Rj −Rk|.
We therefore have from (4.6.16) and (4.6.18)

‖|p|−1/2Wψ‖2 ≤ ‖ψ‖2 − π−3
K∑

j=1

t−2
j m2

j

+ π−3[1 − 2/A]−2
K∑

j,k=1,j 6=k
mjmk|Rj −Rk|−2.

On using the inequality mjmk ≤ (m2
j +m2

k)/2 this gives

‖|p|−1/2Wψ‖2 ≤ ‖ψ‖2 −
K∑

j=1

m2
jbj ,

where

bj = π−3t−2
j − π−3[1 − 2/A]−2

∑

k 6=j
|Rk −Rj |−2

≥ π−3[A2 − (1 − 2/A)−2]
∑

k 6=j
|Rk −Rj |−2,

by (4.6.12). If A ≥ 3, then A2 ≥ (1 − 2/A)−2 and bj ≥ 0. We have, therefore,

proved that if A ≥ 3, ‖|p|−1/2Wψ‖2 ≤ ‖ψ‖2 for all ψ ∈ C∞
0 (R3) and consequently

‖W |p|−1/2‖ = ‖|p|−1/2W‖ ≤ 1. It follows that

|p| −W 2 = |p|1/2[1 − (|p|−1/2W )(W |p|−1/2)]|p|1/2 ≥ 0.

Since W 2 ≥ (
∑K

j=1Wj)
2, (4.6.11) is established and the theorem is proved. �
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4.6.2 The Brown–Ravenhall model

The counterpart to the problem in Section 4.6.1 for the Brown–Ravenhall operator

concerns the Hamiltonian

B1,K(Z,R) = Λ+


D0 −

K∑

k=1

αZk
|x− Rk|

+

K∑

k,l=1,k<l

αZkZl
|Rk −Rl|


Λ+, (4.6.19)

where, in our usual notation, D0 is the free Dirac operator and Λ+ is the projection

onto the positive spectral subspace of D0. The Hilbert space in which B1,K(Z,R)

acts is H+ := Λ+L
2(R3,C4). As in Section 4.6.1, we separate out the inter-nuclear

interaction term and write

B1,K(Z,R) = B0
1,K(Z,R) +

K∑

k,l=1,k<l

αZkZl
|Rk −Rl|

, (4.6.20)

where

B0
1,K(Z,R) = Λ+

(
D0 −

K∑

k=1

αZk
|x −Rk|

)
Λ+. (4.6.21)

The operator defined by (4.6.19) has form domain H1/2(R3,C4) and is the re-

striction to H+ of H1,K(Z,R)I4, where H1,K(Z,R) is given by (4.6.1). Hence if

Zk ≤ 2/πα for all k and α ≤ 1/3π, Theorem 4.6.2 implies that B1,K(Z,R) is non-

negative. The problem tackled in [Balinsky and Evans (1999)] was to extend the

range of nuclear charges to Zk ≤ γc/α, where γc = 2(π/2 + 2/π)−1 is the critical

value of γ in Theorem 2.3.7 for the Brown–Ravenhall operator b (and hence B)

to be bounded below, and to determine an appropriate bound on α. The operator

B0
1,K(Z,R) is non-negative if the Zk ≤ γc/α and the argument in Theorem 3.3.1

remains valid to prove that the essential spectrum of B0
1,K(Z,R) is [1,∞). Hence,

B1,K(Z,R) has essential spectrum

1 +

K∑

k,l=1,k<l

αZkZl
|Rk −Rl|

,∞


 .

The analogue of Theorem 4.6.2 is

Theorem 4.6.3. Suppose that αZk ≤ γc, k = 1, 2, . . . ,K, and α ≤ γc/(4 +

2
√

1 + π/2), where γc = 2/
(
π
2 + 2

π

)
, and Rk 6= Rl for k 6= l. Then B1,K

(
Z,R

)

is stable in the sense that there exists a constant C such that

B1,K

(
Z,R

)
≥ CK.

The range α ≤ γc/(4 + 2
√

1 + π/2) ≈ 0.125721 includes the physical value of α.

Just as in Section 4.6.1, Lemma 4.6.1 had a pivotal role in the proof of Theorem

4.6.2, the proof of Theorem 4.6.3 rests heavily on an analogous lemma, but the
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argument involving rearrangement inequalities, which was used to establish Lemma

4.6.1, is not available for the 2-spinors now involved, and there is an additional

complication in that the operator (p·σ)/|p|2 which appears, does not have a positive

kernel, unlike 1/|p|. To overcome these obstacles, new ideas were developed in

[Balinsky and Evans (1999)], which we now present. Some preparatory work is first

necessary.

We recall from (2.3.8) that a spinor ψ in the positive spectral subspace of D0

satisfies

ψ̂(p) =
1

n(p)

(
[e(p) + 1] u(p)

(p·σ) u(p)

)
, (4.6.22)

where u ∈ L2(R3,C2) is a Pauli spinor, e(p) =
√
p2 + 1 and n(p) = [2e(p)(e(p) +

1)]1/2. Conversely any Dirac spinor of the form (4.6.22) is in the image of H+ under

the Fourier transform. Also
(
ψ,B0

1,1(Z)ψ
)

=
(
u, b1,1(Z)u

)
,

where b1,1(Z) is given by (2.3.13) and (2.3.14), with γ = αZ. In Lemma 3.3.4,

b1,1(Z) is proved to have the same domain in L2(R3,C2) as b0
1,1(Z), which is defined

in the form sense by

b0
1,1(Z) = |p| − 1

2
γ

(
W + PWP

)
, γ = αZ, (4.6.23)

where
(
Pu
)
(p) =

p·σ
|p| u(p), (4.6.24)

(
Wu

)
(p) =

1

2π2

∫

R3

u(p
′

)
dp

′

|p − p′ |2 . (4.6.25)

Also, b1,1(Z) − b0
1,1(Z) can be extended to a bounded operator on L2(R3,C2).

While the Brown–Ravenhall operator is simply expressed in momentum space,

it will be necessary for us to work in x-space with the operator

b̃0
1,1(Z) = F−1b0

1,1(Z)F

= |p| − 1

2
γ

(
1

|x| +
p·σ
|p|

1

|x|
p·σ
|p|

)
. (4.6.26)

Here we have used (1.5.16) to give

(
F−1WF u

)
(x) =

1

|x|u(x)

and p, 1/|x| stand for −i∇ and multiplication by 1/|x|, respectively. Hereafter we

omit the tilde in b̃0
1,1.
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The operator p·σ
|p| is a unitary (and self-adjoint) involution; let P± denote the

projections onto its eigenspaces corresponding to its eigenvalues at ±1. Then, we

have P± = 1
2

(
1± p·σ

|p|
)

and

P±|p| = |p|P±, P±
1

|p|1/2 =
1

|p|1/2P±, (4.6.27)

P 2
± = P±, P ∗

± = P±. (4.6.28)

Lemma 4.6.4. Let K := γc
1

|x|1/2P+
1
|p|P+

1
|x|1/2 . Then K ≥ 0 and

sup
‖ψ‖=1

(
ψ,Kψ

)
= 1.

Proof. The operator b0
1,1(Z) is non-negative if and only if γ ≤ γc and, for φ ∈

H1/2(R3,C2) = Q(|p|I2),
(
φ, P+b0

1,1

(
Z
)
P+φ

)
=
(
P+φ, |p|P+φ

)
− γ

(
φ, P+

1

|x|P+φ

)
.

Hence, with ψ = |p|1/2φ, γ ≤ γc is equivalent to

‖P+ψ‖2 =

(
P+

1

|p|1/2ψ, |p|P+
1

|p|1/2ψ
)

≥ γ

(
1

|p|1/2ψ, P+
1

|x|P+
1

|p|1/2ψ
)

= γ

∥∥∥∥
1

|x|1/2P+
1

|p|1/2ψ
∥∥∥∥

2

. (4.6.29)

Let A := 1
|x|1/2P+

1
|p|1/2 . Then A∗ := 1

|p|1/2P+
1

|x‖1/2 and K = γcAA
∗. It follows

from (4.6.29), and since A = AP+, that

sup
‖ψ‖=1

(
ψ,Kψ

)
= γc‖A∗‖2 = 1.

�

From

[(· × p)u(·)]∧(p) =

(
−i∇p × p

)
û(p)

and

[(x × ·)u(·)]∨(x) =

(
−i∇x × x

)
ǔ(x)

where ǔ = F−1 it follows that in both x and p spaces, the total angular momentum

operator J ≡
(
J1, J2, J3

)
= x × p+ 1

2σ = L+ 1
2σ depends only on the angular co-

ordinates, and commutes with the Brown–Ravenhall operators b1,1(Z) and b0
1,1(Z)

(see Section 2.1.1). We also recall from Section 2.1.1 that the Ωl,m,s are simultaneous
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eigenvectors of J2, J3 and L2 with corresponding eigenvectors (l + s)(l + s+ 1),m

and l(l + 1), respectively. From

(J)2 = (L +
1

2
σ)2 = L2 +

3

4
+ σ · L

we have σ · L + 1 = J2 − L2 + 1
4 . It follows from (2.1.37) and (2.1.38) that the

Ωl,m,s and Ωl+2s,m,−s are, respectively, eigenvectors of σ · L + 1 corresponding to

the eigenvalue k, where

k =

{
l + 1, if s = 1/2,

−l, if s = −1/2.

We have the isomorphism

H = L2(R3,C2) −→ L2((0,∞); r2dr) ⊗ L2(S3,C2);

any f ∈ H can be written, with r = |x|, ω = x/|x|,

f(x) =
∑

(l,m,s)∈I

cl,m,s(r)Ωl,m,s(ω) (4.6.30)

and

‖f‖2 =
∑

(l,m,s)∈I

∫ ∞

0

|cl,m,s(r)|2r2dr (4.6.31)

where I is the index set defined in (2.1.27).

The Fourier transform takes angular momentum channels into angular momen-

tum channels, and so (4.6.30) and (4.6.31) continue to hold when x is replaced by

p. We also need the following identities:
∫

S2

∫

S2

1

|x − y|2 Ω∗
l,m,s(ωx) Ωl′,m′,s′(ωy)dωxdωy =

=
2π

|x||y|Ql
( |x|2 + |y|2

2|x||y|

)
δll′δmm′δss′ , (4.6.32)

(
x·σ
|x|

)
Ωl,m,s(ω) = Ωl+2s,m,−s(ω), ω =

x

|x| , (4.6.33)

1

|p|

[
g(r)

r
Ωl,m,s(ω)

]
=

{
1

πr

∫ ∞

0

g(s)Ql

(
r2 + s2

2rs

)
ds

}
Ωl,m,s(ω), (4.6.34)

(σ·p)
[
ig(r)Ωl,m,s(ω)

]
= Ωl+2s,m,−s(ω)

[
dg

dr
+

1 − k

r
g(r)

]
. (4.6.35)

The first is established in Lemma 2.2.2 and the second in (2.1.28). The identity

(4.6.34) follows on using (4.6.17), (2.2.5) and the orthogonality properties of the
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spherical harmonics. To prove (4.6.35) we use the argument in [Greiner (1990)],

p. 171. To begin, we have by (2.1.17) and (2.1.28),

(σ · p)[igΩl,m,s] = [(σ · p)(ig)]Ωl,m,s + ig(σ · p)Ωl,m,s

=
dg

dr
(σ · er)Ωl,m,s + ig(σ · p)Ωl,m,s

=
dg

dr
Ωl+2s,m,−s + ig(σ · p)Ωl,m,s. (4.6.36)

The use of (2.1.28) again and then the identity (2.1.35) gives

(σ · p)Ωl,m,s = (σ · p)(σ · er)Ωl+2s,m,−s

= {(p · er) + iσ · (p × er)}Ωl+2s,m,−s

= {−ix · ∇ − 3i− iσ · (x × p)} 1

r
Ωl+2s,m,−s

= −i
{

2

r
+

1

r
(σ · L)

}
Ωl+2s,m,−s

= −i
{

1

r
− k

r

}
.

On substituting this in (4.6.36) we obtain (4.6.35).

It follows from (4.6.34) and (4.6.35) that 1/|p| preserves the angular momentum

channels, but (p·σ)/|p| does not. However, (p·σ)/|p| and P+ have the following

invariant subspaces. We can write the decomposition represented by (4.6.30) as

H ≡ L2(R3,C2) =
⊕

l≥0, m=−l−1/2,...,l+1/2

Hl,m,

where Hl,m is the space of functions of the form

cl,m,1/2(r)Ωl,m,1/2(ω) + cl+1,m,−1/2(r)Ωl+1,m,−1/2(ω). (4.6.37)

Then, by (4.6.34) and (4.6.35)

P+ : Hl,m → Hl,m. (4.6.38)

We are now in a position to state the analogue of Lemma 4.6.1.

Lemma 4.6.5. Let K = γc
1

|x|1/2P+
1
|p|P+

1
|x|1/2 . Then for all ψ ∈ L2(R3,C2) with

support in B(0, R) we have

(
ψ,Kψ

)
≤ ‖ψ‖2 − C0

R2

(∫

R3

|ψ(x)| dx√
|x|

)2

, (4.6.39)

where C0 = 1/(π3 + 4π).

To prove it we need some preliminary lemmas, the first of which seems to be of

particular interest

Lemma 4.6.6.
p · σ
|p|2 ≤ x · σ

|x|
1

|p|
x · σ
|x| . (4.6.40)
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Proof. Let

K̃ =
γc
2

1

|x|1/2
(

1

|p| +
x · σ
|x|

1

|p|
x · σ
|x|

)
1

|x|1/2 . (4.6.41)

We shall prove that for all ψ ∈ L2(R3,C2)

(
ψ,Kψ

)
≤
(
ψ, K̃ψ

)
,

whence the lemma.

Let ψ ∈ Hl,m be of the form

1

r
f(r)Ωl,m,1/2(ω) +

1

r
g(r)Ωl+1,m,−1/2(ω) (4.6.42)

with f, g ∈ C1
0 (0,∞); such spinors are dense in Hl,m. In

(
ψ,Kψ

)
=
γc
2

(
1

|x|1/2ψ,
1

|p|
1

|x|1/2ψ
)

+
γc
2

(
1

|x|1/2ψ,
p · σ
|p|2

1

|x|1/2ψ
)

it follows from (4.6.34) and (4.6.35) that the first term is diagonal and the second

off-diagonal in f and g. The diagonal term is

γc
4π2

∫

R3

∫

R3

f̄(r)

r3/2
f(r′)

r′3/2
1

|x − x′|2 Ω∗
l,m,1/2(ω)Ωl,m,1/2(ω

′)dxdx′

+
γc
4π2

∫

R3

∫

R3

ḡ(r)

r3/2
g(r′)

r′3/2
1

|x − x′|2 Ω∗
l+1,m,−1/2(ω)Ωl+1,m,−1/2(ω

′)dxdx′

=
γc
2π

∞∫

0

∞∫

0

f̄(r)√
r

f(r′)√
r′
Ql

(
r2 + r′2

2rr′

)
drdr′+

+
γc
2π

∞∫

0

∞∫

0

ḡ(r)√
r

g(r′)√
r′
Ql+1

(
r2 + r′2

2rr′

)
drdr′ (4.6.43)

from (4.6.32). The off-diagonal term in (ψ,Kψ) is

γc
8π

∫

R3

∫

R3

f̄(r′)

r′3/2
Ω∗
l,m,1/2(ω

′)
1

|x − x′|p · σ
{
g(r)

r3/2
Ωl+1,m,−1/2(ω)

}
dxdx′

+
γc
8π

∫

R3

∫

R3

ḡ(r′)

r′3/2
Ω∗
l+1,m,−1/2(ω

′)
1

|x − x′|p · σ
{
f(r)

r3/2
Ωl,m,1/2(ω)

}
dxdx′

=: γc
(
I1 + I2

)
(4.6.44)

say; in (4.6.44) we have used the fact that |p|−2 has kernel (4π|x − x′|)−1; cf.

(4.6.17). We shall also need
∫

S2

∫

S2

1

|x − x′|Ω
∗
l,m,s(ωx)Ωl,m,s(ωx′)dωxdωx′ =

4π

2l + 1

rl<

rl+1
>

, (4.6.45)
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where r< = min(|x|, |x′|) and r> = max(|x|, |x′|). In I1, we set G(r) = g(r)/r3/2.

From (4.6.35) we have

(p · σ)
{
G(r)Ωl+1,m,−1/2(ω)

}
= iΩl,m,1/2(ω)

(
dG

dr
+
l + 2

r
G(r)

)
,

and, on substituting in (4.6.44), we get

I1 =
1

2(2l + 1)

∞∫

0

∞∫

0

f̄(r′)

r′3/2
i
rl<
rl+1
>

(
dG

dr
+
l + 2

r
G(r)

)
r2r′

2
drdr′

=
i

2(2l+ 1)

∞∫

0

∞∫

0

f̄(r′)

(
r<
r>

)l+1/2{
dg

dr
+
l+ 1/2

r
g(r)

}
drdr′

=
i

2

∞∫

0

r∫

0

f̄(r′)g(r)

(
r′

r

)l+1/2
drdr′

r
. (4.6.46)

Similarly

I2 =
−i
2

∞∫

0

r∫

0

ḡ(r)f(r′)

(
r′

r

)l+ 1
2 drdr′

r
. (4.6.47)

Hence, for ψ ∈ Hl,m given by (4.6.42), we have

(
ψ,Kψ

)
=
γc
2π

∞∫

0

∞∫

0

f̄(r)√
r

f(r′)√
r′
Ql

(
r2 + r′2

2rr′

)
drdr′

+
γc
2π

∞∫

0

∞∫

0

ḡ(r)√
r

g(r′)√
r′
Ql+1

(
r2 + r′2

2rr′

)
drdr′

− γc Im

[ ∞∫

0

r∫

0

f̄(r′)g(r)

(
r′

r

)l+ 1
2 drdr′

r

]
. (4.6.48)

In

(
ψ, K̃ψ

)
=
γc
2

(
1

|x|1/2ψ,
1

|p|
1

|x|1/2ψ
)

+
γc
2

(
x · σ
|x|

1

|x|1/2ψ,
1

|p|
x · σ
|x|

1

|x|1/2ψ
)

(4.6.49)

the first term is the same as that in (ψ,Kψ), whilst in the second we have from

(4.6.33)

(
σ · x

|x|

)
ψ(x) = −1

r
f(r)Ωl+1,m,−1/2(ω) − 1

r
g(r)Ωl,m,1/2(ω).
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Hence, both terms in (4.6.49) are diagonal and

(
ψ, K̃ψ

)
=
γc
2π

∞∫

0

∞∫

0

f̄(r)√
r

f(r′)√
r′
Ql

(
r2 + r′2

2rr′

)
drdr′

+
γc
2π

∞∫

0

∞∫

0

ḡ(r)√
r

g(r′)√
r′
Ql+1

(
r2 + r′2

2rr′

)
drdr′

+
γc
2π

∞∫

0

∞∫

0

ḡ(r)√
r

g(r′)√
r′
Ql

(
r2 + r′2

2rr′

)
drdr′

+
γc
2π

∞∫

0

∞∫

0

f̄(r)√
r

f(r′)√
r′
Ql+1

(
r2 + r′2

2rr′

)
drdr′. (4.6.50)

Therefore, from (4.6.48) and (4.6.50),

(
ψ, K̃ψ

)
−
(
ψ,Kψ

)
=
γc
2π

∞∫

0

∞∫

0

ḡ(r)√
r

g(r′)√
r′
Ql

(
r2 + r′2

2rr′

)
drdr′

+
γc
2π

∞∫

0

∞∫

0

f̄(r)√
r

f(r′)√
r′
Ql+1

(
r2 + r′2

2rr′

)
drdr′

+ γc Im

[ ∞∫

0

r∫

0

f̄(r′)g(r)

(
r′

r

)l+1/2
drdr′

r

]
. (4.6.51)

We need to prove that the right-hand side of (4.6.51) is non-negative. For this we

use the Mellin transform M.

Let Q̂l(z) = Q̃l(z)/
√
z, where Q̃l(x) := Ql(

1
2 [x + 1

x ]). Thus, from (1.5.21)and

(1.5.22)

Q̂]l (z) =
1√
2π

∫ ∞

0

p−1−izQ̃l(p)dp

=
1

2

√
π

2

Γ([l + 1− iz]/2)Γ([l+ 1 + iz]/2)

Γ([l + 2− iz]/2)Γ([l+ 2 + iz]/2)
.

We then have in the first term of (4.6.48),

1√
2π

∞∫

0

∞∫

0

f̄(r)√
r

f(r′)√
r′
Ql

(
r2 + r′2

2rr′

)
drdr′ =

∫ ∞

0

f̄(r)
(
f ? Q̂l

)
(r)dr

=

∫ ∞

∞
|f ](s)|2Q̂]l (s)ds,

since M : L2(R+) → L2(R) is unitary. Similarly for the second term of (4.6.48).

In (4.6.46) and (4.6.47) we set Θ(x) = xl+1/2χ(x), where χ is the characteristic
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function of [0, 1]. Then,

I1 =
i

2

∞∫

0

∞∫

0

f̄(r′)g(r)Θ

(
r′

r

)
drdr′

r

= i

√
π

2

∫ ∞

0

f̄(r′) (g ?Θ) (r′)dr′

= i

√
π

2

∞∫

−∞

f ](s)g](s)Θ](s)ds,

where

Θ](s) =
1√
2π

1∫

0

p−is+ldp =
1√
2π

(1 + l − is)−1.

Similarly,

I2 = −i
√
π

2

∞∫

−∞

f ](s)g](s) Θ](s)ds.

Hence, we can write

(
ψ,Kψ

)
=

γc√
2π

∞∫

−∞

(
f ](s), g](s)

)



Q̂]l (s) iπΘ](s)

−iπΘ](s) Q̂]l+1(s)






f ](s)

g](s)


 ds. (4.6.52)

Since
(
ψ,Kψ

)
≥ 0, the smooth 2 × 2-matrix in (4.6.52) is pointwise non-negative,

and hence so is the matrix 

Q̂]l+1(s) −iπΘ](s)

iπΘ](s) Q̂]l(s)




since the two matrices have the same eigenvalues. Hence,

γc

∞∫

−∞

(
f ](s), g](s)

)


Q̂]l+1(s) −iπΘ](s)

iπΘ](s) Q̂]l (s)






f ](s)

g](s)


 ds ≥ 0.

But this is precisely the right-hand side of (4.6.51). Hence,
(
ψ,Kψ

)
≤
(
ψ, K̃ψ

)
for

all the C1
0 (R3) functions ψ in Hl,m considered, and, hence, for all ψ ∈ Hl,m since

K and K̃ are bounded. Since K and K̃ map Hl,m into itself, it follows that K ≤ K̃

on H and, hence, the lemma is proved. �

Lemma 4.6.7. For all ψ ∈ L2(R3,C2)
(
ψ, K̃ψ

)
≤ ‖ψ‖2.
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Proof. First observe from (4.6.50) that since Q0 ≥ Q1 ≥ . . . ≥ 0, it is sufficient

to prove the result for ψ ∈ H0,m. In (4.6.50), with l = 0, we may use Hilbert’s

inequality in Theorem 1.7.2 since 1√
r
√
r′
Ql

(
r2+r′2

2rr′

)
is homogeneous of degree −1.

We have

(
ψ, K̃ψ

)
≤ γc

2π

{
k1

∞∫

0

(
|f(r)|2 + |g(r)|2

)
dr + k2

∞∫

0

(
|f(r)|2 + |g(r)|2

)
dr

}
,

where, by (2.2.8),

k1 =

∞∫

0

Q0

(
1

2

[
r +

1

r

])
dr

r
=

∞∫

0

ln

∣∣∣∣
r + 1

r − 1

∣∣∣∣
dr

r
=
π2

2

and

k2 =

∞∫

0

Q1

(
1

2

[
r +

1

r

])
dr

r
=

∞∫

0

{
1

2

(
r +

1

r

)
ln

∣∣∣∣
r + 1

r − 1

∣∣∣∣− 1

}
dr

r
= 2.

Hence,

(
ψ, K̃ψ

)
≤

∞∫

0

(
|f(r)|2 + |g(r)|2

)
dr = ‖ψ‖2

and the lemma is proved. �

Lemma 4.6.8. Let

ψ(x) =
∑

(l,m,s)∈I

1

r
fl,m,s(r)Ωl,m,s(ω)

φ(x) =
1

r

√ ∑

(l,m,s)∈I

∣∣fl,m,s(r)
∣∣2 Ω0,1/2,1/2(ω), Ω0,1/2,1/2(ω) =

1

2
√
π

(
1

0

)
.

Then

‖ψ‖ = ‖φ‖, (4.6.53)

(
ψ, K̃ψ

)
≤
(
φ, K̃φ

)
, (4.6.54)

∫

R3

1√
|x|

|ψ(x)|dx ≤
∫

R3

1√
|x|

|φ(x)|dx. (4.6.55)
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Proof. The equality (4.6.53) is obvious. With

ψl,m(x) =
1

r
fl,m,1/2(r)Ωl,m,1/2(ω) +

1

r
fl+1,m,−1/2(r)Ωl+1,m,−1/2(ω)

we have from (4.6.50)

(
ψl,m, K̃ψl,m

)
≤ γc

2π

∞∫

0

∞∫

0

{
1√
r
√
r′

(
|fl,m,1/2(r)||fl,m,1/2(r′)|

+ |fl+1,m,−1/2(r)||fl+1,m,−1/2(r
′)|
)

×
(
Q0

(
r2 + r′2

2rr′

)
+Q1

(
r2 + r′2

2rr′

))}
drdr′.

Hence,

(
ψ, K̃ψ

)
=
∑

l,m

(
ψl,m, K̃ψl,m

)

≤ γc
2π

∑

(l,m,s)∈I

∞∫

0

∞∫

0

1√
r
√
r′
|fl,m,s(r)||fl,m,s(r′)|

×
[
Q0

(
r2 + r′2

2rr′

)
+Q1

(
r2 + r′2

2rr′

)]
drdr′

≤ γc
2π

∞∫

0

∞∫

0

1√
rr′

( ∑

(l,m,s)∈I

∣∣fl,m,s(r′)
∣∣2
)1/2( ∑

(l,m,s)∈I

∣∣fl,m,s(r)
∣∣2
)1/2

×
[
Q0

(
r2 + r′2

2rr′

)
+Q1

(
r2 + r′2

2rr′

)]
drdr′

=
(
φ, K̃φ

)

again by (4.6.50) with g = 0, f =
( ∑
(l,m,s)∈I

∣∣fl,m,s
∣∣2)1/2, l = 0 and m = 1/2.

Finally, if dµ denotes the Haar measure on the orthogonal group O(3), we have

for g ∈ O(3)

∫

R3

1√
|x|

|ψ(x)|dx =

∫

R3

1√
|x|

|ψ(gx)|dx

=: I(g)

=

∫

O(3)

I(g)dµ(g)

=

∫

R3

1√
|x|
dx

( ∫

O(3)

|ψ(gx)|dµ(g)

)
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≤
∫

R3

1√
|x|

( ∫

O(3)

|ψ(gx)|2dµ(g)

)1/2

dx

=
1

2
√
π

∫

R3

1√
|x|

(
1

r2

∑

(l,m,s)∈I

∣∣fl,m,s(r)
∣∣2
)1/2

dx

=

∫

R3

1√
|x|

|φ(x)|dx.

The proof is therefore complete. �

Proof of Lemma 4.6.5.

In view of Lemmas 4.6.4–4.6.8 and a change of scale, it is enough to prove (4.6.39)

with K replaced by K̃ and ψ of the form

ψ(x) =
f(r)

r
Ω0,1/2,1/2(ω),

with f ≥ 0 and support f ⊂ B(0, 1), that is, from (4.6.48)

(
ψ, K̃ψ

)
≡ γc

2π

∞∫

0

∞∫

0

f(r)f(r′)√
r
√
r′

[
Q0

(
r2 + r′2

2rr′

)
+Q1

(
r2 + r′2

2rr′

)]
drdr′

≤
1∫

0

|f(r)|2dr − C0

(
2
√
π

1∫

0

√
rf(r)dr

)2

. (4.6.56)

Define

f̃(r) :=

{
f(r), r ∈ [0, 1]
1
rf
(

1
r

)
, r > 1.

Then

2

1∫

0

|f(r)|2dr =

∞∫

0

|f̃(r)|2dr (4.6.57)

and, from Lemma 4.6.7,

γc
2π

∞∫

0

∞∫

0

f̃(r)f̃ (r′)√
r
√
r′

[
Q0

(
r2 + r′2

2rr′

)
+Q1

(
r2 + r′2

2rr′

)]
drdr′

≤
∞∫

0

|f̃(r)|2dr = 2

1∫

0

|f(r)|2dr. (4.6.58)
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The left-hand side can be written as

2γc

{
1

2π

1∫

0

1∫

0

f(r)f(r′)√
r
√
r′

[
Q0

(
r2 + r′2

2rr′

)
+Q1

(
r2 + r′2

2rr′

)]
drdr′

+
1

2π

1∫

0

∞∫

1

f(r)f(1/r′)√
r r′

√
r′

[
Q0

(
r2 + r′2

2rr′

)
+Q1

(
r2 + r′2

2rr′

)]
drdr′

}

= 2γc
(
J1 + J2

)

say. We have

J2 =
1

2π

1∫

0

1∫

0

f(r)f(r′)√
r
√
r′

[
Q0

(
1

2

[
rr′ +

1

rr′
])

+Q1

(
1

2

[
rr′ +

1

rr′
])]

drdr′

≥ 1

2π

1∫

0

1∫

0

√
rf(r)

√
r′f(r′)

[
1

rr′
Q0

(
1

2

[
rr′ +

1

rr′
])]

drdr′

≥ 1

π

1∫

0

1∫

0

√
rf(r)

√
r′f(r′)drdr′ (4.6.59)

since inf
0≤u≤1

[
1
u ln

(
1+u
1−u

)]
= 2. Hence, from (4.6.58) and (4.6.59),

2

1∫

0

|f(r)|2dr ≥ 2
(
ψ, K̃ψ

)
+ 2γc

(
1

π

1∫

0

1∫

0

√
rf(r)

√
r′f(r′)drdr′

)
,

whence

(
ψ, K̃ψ

)
≤ ‖ψ‖2 − γc

π

( 1∫

0

√
rf(r)dr

)2

= ‖ψ‖2 − C0

(∫

R3

|ψ(x)| dx√
|x|

)2

with C0 = γc/4π
2 = (π3 + 4π)−1. �

Proof of Theorem 4.6.3.

Now that we have available Lemma 4.6.5, we are able to proceed along similar lines

to those in the proof of Theorem 4.6.2. The argument to justify the sufficiency of

taking Zk = Zc for all k, continues to hold.

We shall prove that when αZk = αZ = γc, k = 1, . . . ,K, there exist constants

A and C such that
(
ψ, B0

1,K(Z,R
)
ψ) ≥ −Aγc

∑

j 6=k

1∣∣Rj −Rk
∣∣‖ψ‖

2 + CK‖ψ‖2 (4.6.60)
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for all ψ ∈ Λ+H
1(R3,C4).

We have

V (x) :=

K∑

k=1

{
αZk∣∣x −Rk

∣∣ −Aγc
∑

j 6=k

1∣∣Rj −Rk
∣∣
}

≤
( K∑

k=1

V 2
k (x)

)

≤
( K∑

k=1

Vk(x)

)2

=: U(x), (4.6.61)

where

V 2
k (x) := γc

[
1∣∣x −Rk

∣∣ −A
∑

j 6=k

1∣∣Rj −Rk
∣∣
]

+

,

and the subscript + denotes the positive part. Hence, (4.6.60) is satisfied if
(
ψ, D0ψ

)
≥
(
ψ, Uψ

)
+ CK‖ψ‖2. (4.6.62)

We now translate the problem to one for 2-spinors, using (4.6.22). In view of the

remarks concerning b0
1,1(Z) in (4.6.23) (applied K times with the origin shifted to

Rk, k = 1, . . . ,K, to accommodate the K nuclei), (4.6.62) will follow if we can

prove that for all φ ∈ H1(R3,C2)
(
φ,
[
|p| − 1

2

(
U +

p · σ
|p| U

p · σ
|p|

)]
φ

)
≥ 0. (4.6.63)

Clearly, p·σ
|p| commutes with U + p·σ

|p| U
p·σ
|p| =: Ũ and if L is the operator

φ(x1, x2, x3) → σ3φ(x1, x2,−x3) we have L
(
p·σ
|p|
)

= −
(
p·σ
|p|
)
L, and LŨ = ˜̃UL, where

˜̃U coincides with Ũ with a minus sign inserted before the third components of the

Rk. Thus we need only prove (4.6.63) for φ ∈ P+H
1/2(R3,C2), where P+ is the

projection onto the eigenspace at 1 for p·σ
|p| . In other words, it is sufficient to prove

that for all φ ∈ H1/2(R3,C2)
(
φ, |p|φ

)
≥
(
φ, P+UP+φ

)
,

or, equivalently, for all u ∈ H,

‖u‖2 ≥
(
u,

1√
|p|

P+UP+
1√
|p|

u

)
. (4.6.64)

The functions Vk in (4.6.61) are supported in balls B(Rk, tk), where

t−1
k = A

∑

j 6=k

1∣∣Rj −Rk
∣∣ . (4.6.65)
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Hence,

∣∣Rj −Rk
∣∣− (tj + tk) ≥

(
1 − 2

A

)∣∣Rj −Rk
∣∣ (4.6.66)

so that the balls are disjoint if A > 2.

Let χk denote the characteristic function of B(Rk, tk). Then

V 2
k (x) = V 2

k (x)χk(x) ≤ γc∣∣x −Rk
∣∣

and

√
U(x) ≤ γ1/2

c

K∑

k=1

{
|x −Rk|−1/2χk(x)

}
=:
√
U1(x).

Clearly (4.6.64) is satisfied if, for all u ∈ H

‖u‖2 ≥
(
u,

1√
|p|

P+U1P+
1√
|p|

u

)
.

With T := 1√
|p|
P+

√
U1, this becomes

(
u, TT ∗u

)
≤ ‖u‖2,

and so
∥∥T ∗∥∥ ≤ 1, which in turn is implied by

(
u, T ∗Tu

)
≤ ‖u‖2 , u ∈ H,

or (
u,
√
U1P+

1

|p|P+

√
U1 u

)
≤ ‖u‖2 , u ∈ H. (4.6.67)

Thus, we need to prove that for all u ∈ H

‖u‖2 ≥ γc

K∑

j,k=1

(
u, χj(x)

1
∣∣x −Rj

∣∣1/2P+
1

|p|P+χk(x)
1

∣∣x −Rk
∣∣1/2 u

)

= γc

K∑

j=1

(
u, χj(x)

1
∣∣x −Rj

∣∣1/2P+
1

|p|P+χj(x)
1

∣∣x −Rj
∣∣1/2u

)

+ γc
∑

j 6=k

(
u, χj(x)

1
∣∣x −Rj

∣∣1/2P+
1

|p|P+χk(x)
1

∣∣x −Rk
∣∣1/2u

)

= I1 + I2

say. By Lemma 4.6.5, with C0 = (π3 + 4π)−1,

I1 ≤
K∑

j=1

{
‖χju‖2 − C0

t2j

(∫ 1

|x −Rj |1/2
|(χju)(x)|dx

)2
}
.

In I2

P+
1

|p|P+ =
1

2

(
1

|p| +
p · σ
|p|2

)
;
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1
|p| ,

p·σ
|p|2 have kernels 1

2π2|x−y|2 , i
4π

(x−y)·σ
|x−y|3/2 , respectively. Thus

I2 ≤ 1

4π

(
1

π
+

1

2

)
γc
∑

j 6=k

∫

R3

∫

R3

1

|x −Rj |1/2
|(χju)(x)| ×

× 1

|x− y|2
1

|y −Rk|1/2
|(χku)(y)|dxdy

≤ 1

4π

(
1

π
+

1

2

)
γc

[
1 − 2

A

]−2∑

j 6=k

∣∣Rj −Rk
∣∣−2

mjmk

by (4.6.66), where

mj :=

∫

R3

χj(x)|u(x)|
|x −Rj |1/2

dx.

Thus

I1 + I2 ≤ ‖u‖2 − C0

K∑

j=1

1

t2j
m2
j +

1

4π

(
1

π
+

1

2

)
γc

[
1 − 2

A

]−2

×

×
∑

j 6=k

∣∣Rj −Rk
∣∣−2

(1/2)
(
m2
j +m2

k

)

≤ ‖u‖2

if

C0

t2j
− 1

4π

(
1

π
+

1

2

)
γc

[
1 − 2

A

]−2∑

j 6=k

∣∣Rj −Rk
∣∣−2 ≥ 0

for all j. On substituting (4.6.65), the last inequality is satisfied if

A2 ≥
(

1 +
π

2

)(
1 − 2

A

)−2

,

that is A ≥ 2 +
√

1 + π/2. We have, therefore, established (4.6.60), and can take

A = 2 +
√

1 + π/2. Consequently, we have

B1,K

(
Z,R

)
≥ −2Aγc

∑

j<k

1∣∣Rk −Rj
∣∣ + αZ2

c

∑

j<k

1∣∣Rk −Rj
∣∣ + CK ≥ CK

if 2α[2 +
√

1 + π/2] ≤ γc, that is α ≤ 2π

(π2+4)(2+
√

1+π/2)
≈ 0.125721. The proof is

therefore complete. �

4.7 Stability of matter in magnetic fields

Our focus in this section is on techniques that have proved to be effective for es-

tablishing the stability of matter subject to magnetic fields. We recall from Section

4.1 that, as was shown to be the case in the last section for relativistic molecules,

when magnetic fields are present, stability requires a bound on the fine-structure

constant α as well as on Zα or Zα2.
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4.7.1 Non-relativistic matter

The Hamiltonian to be considered for N electrons and K static nuclei having charge

Z in a magnetic field B = curl A is that given in (4.1.8), namely

PN,K(A) =

N∑

j=1

PA(xj) + αVC +HF , (4.7.1)

where PA = [σ · (−i∇+A)]2, the Pauli operator and HF = (8πα2)−1
∫

R3 |B(x)|2dx
is the field energy, which, as noted before, has to be included for stability for large

magnetic fields. We follow the treatment in [Lieb et al. (1995)] in which use is made

of the relativistic stability result

N∑

j=1

| − i∇ + A(xj)| + κVC ≥ 0 (4.7.2)

proved in [Lieb and Yau (1988)], to give a lower bound for the Coulomb potential

term VC in (4.7.1) and thus obtain

PN,K(A) ≥ P̃ :=

N∑

j=1

Tj +HF , (4.7.3)

where the Tj are copies of the one-body operator

T := PA − κ−1|1
i
∇ + A|. (4.7.4)

The inequality (4.7.2) is proved in the corollary to Theorem 1 in [Lieb and Yau

(1988)] under the conditions (appropriate to here)

0 < 2κ ≤ 0.032, Zκ ≤ 1/π. (4.7.5)

It follows from the Pauli Exclusion Principle that the ground state energy E of

PN,K(A) is bounded below by EN +HF , where

EN = 2

[N/2]∑

j=1

λj

and λ1 ≤ λ2 ≤ · · · are the eigenvalues of T repeated according to multiplicity.

Define

Nλ(T ) := ]{j : λj ≤ λ}.
Let µ > 0, and suppose there exists k such that −λk+1 < µ ≤ −λk, 1 ≤ k ≤ [N/2].

Then
∫ ∞

µ

N−λ(T )dλ =
k∑

j=1

j(−λj + λj+1)

= −
k∑

j=1

λj + kλk+1
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and so

k∑

j=1

λj = kλk+1 −
∫ ∞

µ

N−λ(T )dλ. (4.7.6)

This gives

[N/2]∑

j=1

λj = kλk+1 +

[N/2]∑

j=k+1

λj −
∫ ∞

µ

N−λ(T )dλ

≥ −µN/2−
∫ ∞

µ

N−λ(T )dλ (4.7.7)

since λj > −µ for j ≥ k + 1. We therefore have

EN ≥ −Nµ− 2

∫ ∞

µ

N−λ(T )dλ. (4.7.8)

If µ > −λk for all 1 ≤ k ≤ [N/2], then EN ≥ −Nµ, and, hence, (4.7.8) holds

always.

Since PA > 0, and PA = (−i∇ + A)2 + σ ·B, it follows that, for λ ≥ µ,

PA ≥ µλ−1PA

= µλ−1(−i∇ + A)2 − µλ−1|B|.

By the Cauchy–Schwarz inequality, for any κ > 0, ψ ∈ D([p+A]2), with p := −i∇,

(|p +A|ψ, ψ) ≤ ‖|p +A|ψ‖‖ψ‖
= ([p +A]2ψ, ψ)1/2‖ψ‖
≤ (1/3λκ)([p +A]2ψ, ψ) + (3λκ/4)‖ψ‖2.

The choice µ = 4/3κ2 gives

T ≥ λ−1κ−2(p + A)2 − (4/3)λ−1κ−2|B| − (3λ/4)

and, hence,

T + λ ≥ λ−1κ−2
{
(p + A)2 − V

}
,

where V (x) = (4/3)|B(x)| − (λ2κ2/4). This implies that

N−λ(T ) ≤ N0(Tλ),

where Tλ := (p + A)2 − V and so the CLR inequality (1.8.7) gives

N−λ(T ) ≤ L3

∫

R3

[
4|B(x)|

3
− λ2κ2

4

]3/2

+

dx, (4.7.9)

where L3 is Lieb’s bound, L3 = 0.1156.
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On substituting (4.7.9) in (4.7.8) and inverting the order of integration, we get

EN ≥ −Nµ− 2L3

∫ ∞

µ

∫

|B(x)|≥3λ2κ2/16

[
4

3
|B(x)| − λ2κ2

4

]3/2
dxdλ

≥ −Nµ− 2L3

∫

R3

dx

∫ √
16|B(x)|/3κ2

0

[
4

3
|B(x)| − λ2κ2

4

]3/2
dλ

= −Nµ− 4πL3

3κ

∫

R3

|B(x)|2dx.

Therefore, the ground state energy E satisfies

E ≥ EN +HF

≥ −Nµ+

{
1

8πα2
− 4πL3

3κ

}∫

R3

|B(x)|2dx

≥ −Nµ

if κ ≥ (32π2/3α2)L3 = 12.2α2 when L3 = 0.1156. On inserting this in the Lieb–

Yau conditions (4.7.5), we have that E ≥ −Nµ, where µ = (4/3)κ−2, and, hence,

stability, if

2α ≤ 0.071, 2Zα2 ≤ 0.052. (4.7.10)

For α = 1/137, this requires Z ≤ 490. If (4.7.10) is assumed, the choice κ =

min{0.0315/2, (πZ)−1} yields the lower bound

E ≥ −Nmax{5380, 13.2Z2}. (4.7.11)

Note that (4.7.11) holds for all magnetic fields B. In [Lieb et al. (1995)], it is

also established by a direct method that does not involve the use of (4.7.2), that

E ≥ −2.622/3max{Q(Z)2,Q(11.4)2}N1/3K2/3, (4.7.12)

where Q(t) = t+
√

2t+ 2.2, provided that

2Zα2 ≤ 0.082, and 2α ≤ 0.12.

It is shown in [Lieb (1976)] that this gives the correct dependence of the ground

state energy E on Z for Z ≥ 1.

The following Lieb–Thirring inequality is proved in [Lieb et al. (1995)] by the

same technique

Theorem 4.7.1. Let λ1 ≤ λ2 ≤ · · · be the negative eigenvalues of PA − V, V ≥ 0.

Then, for all 0 < γ < 1,

∑
|λj | ≤ aγ

∫

R3

V (x)5/2dx + bγ

(∫

R3

|B(x)|2dx
)3/4(∫

R3

V (x)4dx

)1/4

(4.7.13)

where aγ(2
3/2/5)(1−γ)−1L3, bγ = 31/42−9/4πγ−3/8(1−γ)−5/8L3, and L3 = 0.1156.
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Proof. As in (4.7.6), it follows that

∑
λj = −

∫ ∞

0

N−λ(PA − V )dλ

=

{
−
[∫ µ

0

+

∫ ∞

µ

]
N−λ(PA − V )dλ

}

= I1 + I2, (4.7.14)

say, where µ is a parameter which is to be optimised. For 0 < λ ≤ µ,

PA − V + λ ≥ (p + A)2 − |B| − V + λ

and, hence, by the CLR inequality (1.8.7)

N−λ(PA − V ) ≤ N0((p + A)2 − |B| − V + λ)

≤ L3

∫

R3

(|B(x)| + V (x) − λ)
3/2
+ dx. (4.7.15)

For λ ≥ µ, we take

PA ≥ µλ−1PA ≥ µλ−1[(p + A)2 − |B|]

to get

N−λ(PA − V ) ≤ N−λ(µλ
−1[(p + A)2 − |B|] − V )

= N0([(p + A)2 − |B|] − µ−1λV + µ−1λ2)

≤ L3

∫

R3

(
|B(x)| + µ−1λV (x) − µ−1λ2

)3/2
+

dx. (4.7.16)

We now claim that, for any 0 < γ < 1, the integrand in (4.7.15) is bounded

above by

√
2
(
[|B(x)| − γλ2/µ]

3/2
+ + [V (x) − (1 − γ)λ]

3/2
+

)
.

To verify this, we first write

|B| + V − λ = [|B| − γµ−1λ2]+ + [V − (1 − γ)λ] + γλ[(−1 + µ−1λ],

which gives, since λ < µ,

(|B| + V − λ)+ ≤ ([|B| − γµ−1λ2+])+ + ([V − (1 − γ)λ])+.

The assertion follows on observing that (1 + x)3/2 ≤
√

2(1 + x3/2). Similarly, on

writing

|B| + µ−1λV − µ−1λ2 =
(
|B| − γµ−1λ2

)
+
(
µ−1λV − (1 − γ)µ−1λ2

)
,

we see that the integrand in (4.7.16) is bounded above by

√
2
{(

|B| − γµ−1λ2
)3/2
+

+
(
µ−1λV − (1 − γ)µ−1λ2

)3/2
+

}
.
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On substituting these bounds in (4.7.15) and changing the order of integration, we

obtain
∑

|λj | ≤
√

2L3

∫

R3

{∫ ∞

0

[|B(x)| − γµ−1λ2]
3/2
+ dλ

+

∫ µ

0

[V (x) − (1 − γ)λ]
3/2
+ dλ+

∫ ∞

µ

[µ−1λV (x) − (1 − γ)µ−1λ2]
3/2
+ dλ

}
dx

≤
√

2L3

∫

R3

{∫ ∞

0

[|B(x)| − γµ−1λ2]
3/2
+ dλ

+

∫ ∞

0

[V (x) − (1 − γ)λ]
3/2
+ dλ+

∫ ∞

0

[µ−1λV (x) − (1 − γ)µ−1λ2]
3/2
+ dλ

}
dx

=
√

2L3

∫

R3

{J1 + J2 + J3},
say. The following are readily verified:

J1 =

(
γ

µ

)3/2 ∫ ∞

0

[µγ−1|B(x)| − λ2]
3/2
+ dλ

=
3πµ1/2

16γ1/2
|B(x)|2;

J2 = (1 − γ)3/2
∫ ∞

0

[(1 − γ)−1V (x) − λ]
3/2
+ dλ

=
2

5(1 − γ)
V (x)5/2;

J3 =
(1 − γ)3/2

µ3/2

∫ ∞

0

[(1 − γ)−1V (x) − λ]
3/2
+ λ3/2dλ

=
3π

128(1− γ)5/2µ3/2
V (x)4.

We therefore have
∑

|λj | ≤
√

2L3

∫

R3

{
2

5(1 − γ)
V (x)5/2 +

3πµ1/2

16γ1/2
|B(x)|2

+
3π

128µ3/2(1 − γ)5/2
V (x)4

}
dx.

The theorem follows on optimising this with respect to µ. �

The paper [Lieb et al. (1995)] should be consulted for further details of the methods

and results in this section and for important background information.

4.7.2 Relativistic matter

The Hamiltonian considered in this case is that studied in [Lieb et al. (1997)],

namely

BN,K(A) = Λ+




N∑

j=1

D
(j)
0 (A) + αVC +HF


Λ+, (4.7.17)
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where

D
(j)
0 (A) = α · (−i∇ + A(xj)) + β

and HF = (8πα)−1
∫

R3 |B(x)|2dx, the field energy.

It is proved in [Lieb et al. (1997)], Theorem 2, that if Λ+ is the projection Λ+,N

onto

HN =

N∧

j=1

H
(j)
+ ,

where H
(j)
+ is the positive spectral subspace of the free Dirac operator D

(j)
0 acting

in the space of the jth electron, the Hamiltonian in (4.7.17) is unstable for any

fixed α, if the particle numbers N,K are arbitrarily large. However, it is shown

that there is stability for a suitable range of values of α and Z if Λ+ = Λ+,N(A),

the projection onto

HN (A) =
N∧

j=1

H
(j)
+ (A)

where H
(j)
+ (A) is the positive spectral subspace of D

(j)
0 (A). We shall sketch a proof

of this last result from [Lieb et al. (1997)], but see the original paper for a fuller

treatment and discussion.

The proof uses the following special case of an inequality due to Birman, Ko-

plienko and Solomyak in [Birman et al. (1975)]; a proof of this special case is given

in [Lieb et al. (1997)], Appendix A.

Lemma 4.7.2. Let C,D be self-adjoint operators which are such that (C2 −D2)
1/2
−

is trace class. Then

trace (C − D)− ≤ trace (C2 − D2)
1/2
− . (4.7.18)

Recall that the negative part A− of a self-adjoint operator A is defined to be A− :=

(1/2)(|A| − A). It is in trace class if its eigenvalues λn, n ∈ N, lie in the sequence

space `1. The following application of (4.7.18) is noted in [Lieb et al. (1997)]. A

special case of the Lieb–Thirring inequality (1.9.3) is

∑
|λn((p+A)2−V )|1/2 = trace[(p+A)2−V]

1/2
− ≤ L1/2,3

∫

R3

V+(x)2dx, (4.7.19)

where L1/2,3 ≤ 0.06003 and the λn((p+A)2−V ) are the negative eigenvalues of the

exhibited operator. On applying Lemma 4.7.2, we obtain the relativistic inequality

proved by Daubechies in [Daubechies (1983)], namely,

∑
|λn(|p + A| − V )| = trace[|p + A| − V]− ≤ L1/2,3

∫

R3

V+(x)4dx. (4.7.20)

The main theorem proved in [Lieb et al. (1997)] is
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Theorem 4.7.3. Let Z < 2/(πα) and α ≤ αc, where αc is the unique solution of

the equation

(8πL1/2,3αc)
2/3 = 1 − α2

c/α̃c
2,

with α̃c := [(π/2)Z + 2.2159.21/3Z2/3 + 1.0307 · 21/3]−1. Then

BN,K(A) = Λ+,N(A)




N∑

j=1

D
(j)
0 (A) + αVC +HF


Λ+,N(A) ≥ 0.

When α = 1/137, this requires Z ≤ 56.

Proof. As in Section 4.6.1, the first step is to replace the Coulomb potential VC by

N copies of a one-body operator. On the fermionic Hilbert space
∧N
j=1 H

1/2(R3,C2),

N∑

j=1

|pj + Aj | + α̃VC ≥ 0

is proved in [Lieb et al. (1997)] to hold if α̃ ≤ α̃c. This yields

BN,K(A) ≥
N∑

j=1

Bj +HF ,

where the Bj are copies of

B := Λ+(A)DAΛ+(A) − Λ+(A)κ|p + A|Λ+(A), (4.7.21)

with κ = α/α̃c, and Λ+(A) the projection onto the positive spectral subspace of

the operator DA = D + α · A. A lower bound for BN,K(A) − HF is therefore

given by the sum of the negative eigenvalues of B, i.e., −trace (B−). We substitute

C = Λ+(A)DAΛ+(A), D = κΛ+(A)|p + A|Λ+(A) in (4.7.18). Since Λ+(A) com-

mutes with DA, and Λ+(A)2 is the identity, we have that C2 = Λ+(A)D2
AΛ+(A).

Furthermore, setting X := κ|p + A| it follows that

D2 = Λ+(A)XΛ+(A)XΛ+(A) ≤ Λ+(A)X2Λ+(A),

since XΛ+(A)X ≤ X2 on account of 0 ≤ Λ+(A) ≤ 1 and X being self-adjoint.

Thus,

C2 −D2 ≥ Λ+(A)[D2
A −X2]Λ+(A).

In view of the final paragraph of Section 1.4, this implies

trace (B−) ≤ trace (Λ+(A)SΛ+(A))
1/2
− , S := D2

A − κ2|p + A|2. (4.7.22)

Next observe from (2.1.4) that

DA =

(
1 σ · (p + A)

σ · (p + A) −1

)
,

and this gives

D2
A =

(
PA + 1 0

0 PA + 1

)
,
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where the Pauli operator satisfies

PA ≥ (p + A)2 − |B|.
It follows that

trace (B−) ≤ trace
[
(1 − κ2)(p + A)2 − |B|

]1/2
− . (4.7.23)

The Lieb–Thirring inequality (4.7.19) therefore gives

trace (B−) ≤ 4(1 − κ2)−3/2L1/2,3

∫

R3

|B(x)|2dx. (4.7.24)

The 4 appears because the trace is over 4-dimensional spinors. In fact, it is shown

in [Lieb et al. (1997)] that the factor 4 can be replaced by 2. With this modification,

we have that

B ≥
{

1

8πα
− 2(1 − α2

α̃2
c

)−3/2L1/2,3

}∫

R3

|B(x)|2dx

≥ 0

if

(16παL1/2,3)
2/3 ≤ 1 − α2/α̃2

c . (4.7.25)

The left-hand side of (4.7.25) is increasing in α and the right-hand side is decreasing.

The unique value of α which gives equality is αc. The proof is therefore complete.

�
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Wüst, R. (1971). Generalisations of Rellich’s theorem on perturbations of (essentially)
self-adjoint operators, Math. Z. 119, pp. 276–280.
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