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Preface

The symbiotic relationship between mathematics and physics has seldom been more
apparent than in the development of quantum mechanics and the spectral theory
of self-adjoint operators in Hilbert spaces since the early years of the last century.
The lofty position that quantum mechanics has attained in science has corresponded
with the creation of powerful and elegant theories in functional analysis and operator
theory, each feeding voraciously on the problems and discoveries of the other. At
the core of this activity, the spectral analysis of the Schrodinger operator has been
intensively studied by many and the achievements have been impressive. These
range from the detailed description of the spectral properties of atoms subject to
electrostatic and magnetic forces, to the study initiated by Dyson and Lenard, and
then by Lieb and Thirring, concerning the stability of matter governed by systems
of particles under the influence of internal Coulomb forces and external fields.
Attempts to incorporate relativistic effects when appropriate in the theory have
encountered many difficulties. Dirac’s equation describes the electron and positron
as a pair and this yields an operator which is unbounded above and below. Such
operators are harder to deal with than those which are semi-bounded, as is typically
the case with the Schrodinger operator. Also it results in the Dirac operator not
being a suitable model to describe relativistic systems of many particles because
their spectrum occupies the whole of the real line and bound states are not defined.
In an effort to bypass these problems with the Dirac operator, various alternatives
and approximations have been suggested and studied for the kinetic energy term
in the total energy Hamiltonian, which preserve some essential features. The so-
called quasi-relativistic operator v/—A + 1 (in appropriate units) shares with the
free Dirac operator Dy the property that its square is the Schrédinger operator,
and has the advantage that v/ —A + 1 — v/|x|, where ~/|x| represents the Coulomb
potential due to the electron-nuclear interaction, is bounded below for a range of
constants . This operator was studied by Herbst in [Herbst (1977)] and Weder in
[Weder (1974, 1975)], and their work is included within the discussion in this book.
The other main operator studied in depth in this book is that introduced by Brown
and Ravenhall in [Brown and Ravenhall (1951)], studied by Hardekopf and Sucher
in [Hardekopf and Sucher (1985)], which attempts to split the Dirac operator into

vii



viii Spectral Analysis of Relativistic Operators

positive and negative spectral parts. The basic Brown-Ravenhall operator is of
the form Ay (Dg — v/|x|) Ay, where Ay is the projection onto the positive spectral
subspace of the free Dirac operator, and sensationally, it is bounded below, and
indeed positive, for all known elements. It is the restriction of the quasi-relativistic
operator to a subspace of the underlying L? space and there is justification in
regarding it as a better physical model than the quasi-relativistic operator.

The book is primarily designed for the mathematician with an interest in the
spectral analysis of the operators of mathematical physics, but we hope that other
scientists will find topics of interest here, and we have written the book with that
in mind. The topics covered naturally reflect our own interests and areas of exper-
tise, and are mainly those with which we have been closely associated during the
last fifteen years. A knowledge of basic functional analysis and operator theory is
assumed, but the first chapter gives a brief survey of the necessary background ma-
terial to help the reader who is not familiar with, or needs reminding of, the material
and techniques in the following chapters. Much of Chapter 2 is taken up by precise
descriptions and the establishment of basic properties of the Dirac, quasi-relativistic
and Brown—Ravenhall operators with Coulomb potentials. This involves the defini-
tion of self-adjoint realisations in an appropriate Hilbert space, these being either
defined uniquely in the case of essential self-adjointness, or otherwise as a Friedrichs
extension, or some other physically relevant self-adjoint operator, associated with a
lower semi-bounded quadratic form. Of particular concern is the determination of
optimal conditions on the Coulomb potential for which the different types of self-
adjoint realisations are valid. The nature of the spectrum of these operators in turn
is addressed in Chapter 3, in particular the location of the essential spectrum, and
the existence of eigenvalues, which are either isolated from the essential spectrum or
embedded in it. The analysis of embedded eigenvalues is based on a simple abstract
virial theorem, modelled on a celebrated result of J. Weidmann for Schrodinger op-
erators, and this is then applied to each of the three types of operator in turn. The
stability of matter is a problem that has attracted a great deal of attention, and in
this context the Pauli operator in particular presents some interesting challenges.
Chapter 4 deals with some of these. There is a brief outline of some of the highlights
of what has been achieved over the last three decades, but the focus is mainly on
important auxiliary issues and techniques, which are of intrinsic interest. In par-
ticular the existence or otherwise of magnetic fields that give rise to zero modes of
the Pauli operator is examined in detail. Zero modes have some profound physical
and mathematical consequences, and because of their importance they merit sub-
stantial coverage. Topics covered include the following: a discussion of some known
examples with a description of techniques developed for their construction based
on quaternions; a detailed analysis of a class of magnetic potentials that give rise
to zero modes; growth rates and asymptotic limits of the magnetic potentials; and
the relevance of zero modes to some spectral, Dirac—Sobolev and Dirac-Hardy in-
equalities. Also techniques that have proved to be effective in establishing stability
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of matter results, including Lieb—Thirring inequalities, are discussed.

Chapters are divided into sections and most sections into subsections. Theorems,
corollaries, lemmas, remarks and equations are numbered consecutively within a
section. Thus equation (3.2.15) is the fifteenth equation in Section 3.2, which is the
second section in Chapter 3. Section 3.2.4 refers to the fourth subsection within
Section 3.2.

We are grateful to Tomio Umeda for his valuable comments on an earlier draft.

A. A. Balinsky and W. D. Evans
Cardiff University
May 2010
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Basic Notation

C complex plane; C™ : n-dimensional complex space;
Ci={2€C:Imz>0}; C_={z€C:Imz<0};
R real line; R™ : n-dimensional Euclidean space;

Ry = (0,00), R_ = (—00,0);

S™ : n-dimensional sphere;

Wp, = F(%/;n), the volume of the unit ball in R";

N : positive integers; Ng = NU{0}; Z : all integers;

f(x) =< g(x):ec1 < f(x)/g(x) < co for some positive constants c1, 3.
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Chapter 1

Preliminaries

In this chapter we collect concepts and results, which will be essential tools for
describing and proving what follows in subsequent chapters. The discussion is brief
and few proofs are given; rather we give references to appropriate sources in the
literature. Unless mentioned otherwise, our Hilbert spaces are infinite dimensional
and over the complex field C.

1.1 Linear operators

We shall assume familiarity with the notions of bounded, closable, closed, symmetric
and self-adjoint operators: for a comprehensive treatment of what is needed, see
[Edmunds and Evans (1987)]. The following topics and facts are included in any
basic coverage, we collect them here for ease of reference as they will be important
later.

The first topic concerns von Neumann’s theory of extensions of a symmetric
operator and the supporting background material. The numerical range of a linear
operator T' with domain D(T') and range R(T) in a Hilbert space H is the set

O(T) := {(Tu,w) : w € D(T), Jul = 1},

where (-,-), || - || are, respectively, the inner product and norm of H. It is a convex
subset of C and, hence, so is its closure O(T). The complement A(T) := C\ ©(T),
has either one or two connected components. If T' is bounded, ©(T") is a bounded set
and, hence, A(T) is connected; if O(T) is an infinite strip, A(T) has two connected
components, A1 (T) and Ay (T'), say, both being half-planes. Let T' be closed, denote
by I the identity on H and let A € A(T). Then T — AI has closed range R(T — \I)
with trivial null space (or kernel) N(T'— AI) and its range has constant co-dimension
in each connected component of A(T): in the standard terminology, T — A is
therefore a semi-Fredholm operator with zero nullity, nul(T'— AI) := dim N(T'— AI),
and constant deficiency, def(T — M) := codim R(T — M), in each of A;(T) and
Ay(T). If T is a closed symmetric operator, ©(T) is a closed subinterval of the
real line and so A(T') includes the upper and lower half-planes C. In this case the
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constant values of def(T'—AI) for A € Cy are called the deficiency indices (my,m_)
of T:

me(T) = def(T — AI), A€ Cy
and also
def(T — A1) = dim[R(T — A\I)*] = nul(T* — XI),
where 1 denotes the orthogonal complement, and T* the adjoint of T. The closed
subspaces Ny := N(T*Fil) are called the deficiency subspaces of T, their dimension
being the deficiency indices m4 (7). An important result of von Neumann is that if

T is a closed symmetric operator, the domain D(T*) of its adjoint T has the direct
sum decomposition
D(T*)=D(T) + Ny +N_.
This gives
dim {D(T*)/D(T)} = m(T) + m_(T), (1.1.1)
where D(T*)/D(T) denotes the quotient space.

A closed symmetric operator T is self-adjoint if and only if R(T' — A\I) = R(T —
M) = H for some, and consequently all, A ¢ R. Therefore T is self-adjoint if and
only if my(T) = m_(T) = 0. Another consequence of von Neumann’s theory of
extensions of symmetric operators is that T has a self-adjoint extension if and only
it my(T) = m_(T). If T is not closed, but only assumed to be closable, it is said
to be essentially self-adjoint if its closure T is self-adjoint. Equivalently, T = T* is
the unique self-adjoint extension of 7T

The following Kato—Rellich theorem, concerning the stability of self-adjointness
or essential self-adjointness under perturbations will have an important role to play.
Recall that a linear operator P in H is said to be relatively bounded with respect to
T, or T-bounded, if D(T") C D(P) and there exist non-negative constants a, b, such
that

| Pul| < allul| +b||Tul|, forall e D(T). (1.1.2)
The infimum of the constants b satisfying (1.1.2) for some a > 0 is called the T-
bound of P. If P is T-bounded, satisfies (1.1.2) and is closable, then P is T-bounded
and

|Pu|| < allull + b]|Tu, forall ue D(T).
P is said to be T-compact if D(T') C D(P) and for any sequence {u,} in D(T") which
is such that | Tuy| 4 ||un|| is bounded, {Pu,} contains a convergent subsequence.
If we endow D(T') with its graph norm, namely,

lullz = (ITull® + [[ul?)"/2,

then P is T-compact if its restriction to D(T") is a compact map from D(T') into H.
If T is self-adjoint, this is equivalent to saying that P(T +i)~! is compact on H.

Theorem 1.1.1. Let T be a symmetric operator in H and P a symmetric operator,
which is T-bounded with T-bound < 1. Then
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(1) if T is self-adjoint, so is T + P;
(2) if T is essentially self-adjoint, so is T+ P and T + P =T + P;
(3) if P is T-compact and T is self-adjoint, then T + P is self-adjoint.

The theorem does not hold in general if P is assumed to have T-bound 1.
However, the following is proved by Wiist in [Wiist (1971)]; see also [Kato (1976)],
Theorem V.4.6.

Theorem 1.1.2. Let T be essentially self-adjoint and P a symmetric operator with
D(T) C D(P) and ||Pu|| < allu|| + ||Tu|| for some a > 0 and all uw € D(T). Then
T + P is essentially self-adjoint.

1.2 Quadratic forms

In quantum mechanics, the differential operators encountered, like the Schrédinger
and Dirac operators, are required by the theory to be self-adjoint in the underlying
Hilbert space H. This is often not an easy property to establish, and it is custom-
ary to start by first restricting the operator on C§°(R?), for instance, so defining a
symmetric operator. If this operator is essentially self-adjoint, then there is no am-
biguity about the self-adjoint operator to be taken, since the closure is the unique
self-adjoint extension. However, it is often the case that there are many self-adjoint
extensions and then physical considerations come into play in selecting the appro-
priate self-adjoint extension. The physically relevant extension is the Friedrichs
extension. This is defined in terms of a symmetric quadratic (or sesquilinear) form
associated with the initial symmetric operator; see [Edmunds and Evans (1987)],
Chapter IV. More generally, one can start with a symmetric quadratic form ¢ (usu-
ally referred to merely as a form), which is densely defined, bounded below and
closed in H. Closed means that if t[u] := t[u,u] > d|jul|? for all u in the domain
D(t) of t, then D(t) endowed with the norm |lu||; := (t — & + 1)'/2[u] is complete:
the form is closable if the completion of D(¢) with respect to the aforementioned
norm can be identified with a subspace of H, i.e., this completion of D(t) is contin-
uously embedded in H. We set H; to be the normed space (D(t); || - [|+): it is in fact
an inner-product space as the norm is obviously generated by the inner product
t—356+1D[, ]

A form p is said to be relatively bounded with respect to a form ¢, or simply
t-bounded, if D(p) D D(t) and

[plull < allul® + blt[u]], ue D), (1.2.1)

where a,b are non-negative constants. The infimum of the constants b satisfying
(1.2.1) for some @ > 0 is called the t-bound of p. The analogue of Theorem 1.1.1 for
forms is

Theorem 1.2.1. Let t be a densely defined, symmetric quadratic form, which is
bounded below, and p a symmetric form, which is t-bounded with t-bound < 1. Then
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(1) t is closable;

(2) t+ p is bounded below;

(3) t+p is closable with the closures of t and t + p having the same domain;
(4) t+p is closed if and only if t is closed.

There is a physically distinguished self-adjoint operator associated with ¢, given
by Kato’s first representation theorem:

Theorem 1.2.2. Let t be a closed, densely defined quadratic form in H, which is
bounded below. Then there exists a self-adjoint operator T in H such that

(1) w e D(T) if and only if there exists f € H such that, for all v € D(t),

tlu, v] = (f,v)
in which case f = Tu;
(2) D(T) is dense in Hy;
(3) ifue D), fe€H and
t[u, ’U] = (f,v)

for all v in a dense subspace of Hy, then f = Tu.
The space H; is referred to as the form domain of T, and is usually denoted by

QD).
If Ty is a given symmetric operator in H which is bounded below, the form
tolu,v] = (Tou,v), wu,v € D(Ty),

is closable, densely defined and bounded below and its closure satisfies the first
representation theorem. In this case the operator T" in the theorem is the Friedrichs
extension of Ty. It is in fact the restriction of 75 to D(TF) ND(t) and has the same
lower bound as Tp.

Suppose now that ¢ = t; +t2, with domain D(t1)ND(t2), where t1, t2 are densely
defined, closed forms, which are bounded below, and that ¢ is also densely defined,
closed and bounded below. Then, self-adjoint operators 1, T7, T are associated
with the forms ¢, t1, to. In this case T is called the form sum of T} and T5, written
T =T +Ts. If D(T1) N D(T3) is dense in H, the Friedrichs extension of T + T
is also defined, but in general this differs from the form sum; see [Kato (1976)],
Example VI-2.19.

A non-negative self-adjoint operator 7' has a unique square root 7''/2 which is
also non-negative and self-adjoint. Furthermore, D(T) is a core of T/? i.e., D(T)
is dense in the Hilbert space H(T'/?) defined by D(T'/?) with the graph norm

1/2
el sy = (U2l + full?) = (T + 1))

These observations lead to the second representation theorem:
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Theorem 1.2.3. Let t be a closed, densely defined, non-negative symmetric form,
and let T be the associated self-adjoint operator. Then D(t) = D(T'/?) and

tu,v] = (TY?u, TY?v), u,v e D(TY?).
Thus Q(T) = H (T'/?).

The operator (T 4 1)'/2 is an isometric isomorphism of H, (T"/2?) onto H and
its adjoint is (T + 1)'/2, which is an isometry of H onto H_(T'/?), the completion
of H with respect to the norm

lull a2y = (T + 1)~ 2ul?.
We have the triplet of spaces
H (TY?) — H — H_(T"?), (1.2.2)

with embeddings defined by the identification maps, which are continuous and have
dense ranges.

Let P be a non-negative, self-adjoint operator, which is a form-bounded pertur-
bation of the non-negative self-adjoint operator 7" in the sense that Q(P) 2 Q(T") =
H(T'Y?), ie., D(P/?) D D(T*/?) and

1P2ull < Kllull g, (/2

for some non-negative constant K. Then P is said to be form compact, relative to T,
or form T-compact, if it is compact from Hy(T'/?) to H_(T'/?). Equivalently, this
means that (T'+ 1)~'/2P(T +1)~'/2 : H — H is compact. Note that, on setting
A= PY2(T 4 1)"2 we have (T +1)"Y2P(T 4+ 1)~'/? = A* A, which is compact
on H if and only if A is compact.

Theorem 1.2.3 yields the polar decomposition of a general densely defined, closed
operator S acting between two Hilbert spaces H; and H_. In this case

slu,v] := (Su, Sv)g_, wu,veD(S)C Hy
is densely defined, non-negative and closed, since
(s + D] = [Sullfi_ + lullF, = llulli, s
and H,(S) is complete. It follows that the non-negative, self-adjoint operator
associated with s in Theorem 1.2.3 is T'=5*S and
slu,v] = (TY?u, TV?0)g,,  u,v € D(TY?) = D(S).

The operator T'/2 = (5*S)/2 is called the absolute value of S and written |S|.
The form domain of a general self-adjoint operator S is defined to be Q(|S|). The
operators Sy := (1/2)(]S] £ S) are called the positive and negative parts of S. The
map

[S|u— Su: R(]S]) onto R(S)
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is an isometry, and extends by continuity to an isometry U from R(|S|) = N(|S|)*+

onto R(S) = N(S)*. On setting Uu = 0 for u € R(|S|)t = N(|S|), U is a partial

isometry with initial set R(|S|) and final set R(S). Its adjoint U* is a partial

isometry with initial set R(S) and final set R(|S|). The formula
§=Uls|, D(S) =D(S)), (1.2.3)

is called the polar decomposition of S. See [Edmunds and Evans (1987)], Section
IV.3 for further details.

An elegant way of establishing (1.2.3) and consequent properties, is based on the
notion of a supercharge in supersymmetric quantum mechanics; see [Thaller (1992)]
Chapter 5. Abstractly, a supercharge @) is a self-adjoint operator in a Hilbert space
H which anti-commutes with a unitary involution 7 defined on H, i.e., 7 is a bounded
self-adjoint operator on H which is such that 77* = 7*7 = 72 = [ and Q7+7Q = 0.
The operators Py = 1/2(1+7) are orthogonal projections onto subspaces Hy and H
has the orthogonal sum decomposition H = H @ H_. On expressing u = u4 + u_
as the column vector (u4,u_)!, where the superscript denotes the transpose, the
standard representation for 7 is

(10
()

with respect to which, a supercharge Q is an off-diagonal matrix operator. It is
readily shown that there is a 1-1 correspondence between densely defined closed
operators S acting between H, and H_, and supercharges of the form

°-(57)
on D(Q) =D(S) ® D(S*) in H = Hy & H_. The operator Q is self-adjoint and
D(Q*) ={f € D(Q) : Qf € D(Q)} = D(8*S) & D(55").
Since
N(Q) = N(S5) @ N(57),

and

it follows that

N(S) = N(§*S) = R(S*)* = R(S*S)* (1.2.4)
and

N(S*) = N(SS*) = R(S)" = R(SS*)*. (1.2.5)
Also, by (1.2.3) and S* = |S|U*, we have on N(Q)* that

§'6 0\ _pa_ (U'SSU 0
0 §s*) ~ ¢~ 0 USSU*)
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From this we can infer that S*S on (N(S))* is unitarily equivalent to SS* on
(N(S*))* and so

o(55%)\ {0} = a(557)\ {0}, (1.2.6)
where o denotes the spectrum. In particular, if A # 0, is an eigenvalue of S*S with
eigenvector f, then A is an eigenvalue of §S* with eigenvector S'f, since

SS*(Sf)=8(S*Sf)=\SYf.
Conversely, if SS*g = Ag, A # 0, then g € D(S*) and S*SS*g = AS*g. Hence,
f=5%g # 0 and satisfies S*Sf = Af. Thus g is of the form g = Sf, where f is an
eigenvector of S*S corresponding to A. See [Thaller (1992)], Section 5.2 for a more
comprehensive and detailed discussion.

1.3 Spectra of self-adjoint operators

To fix notation, we recall the basic definitions. The resolvent set p(T') of a closed
operator T in H is the open subset of C defined by

p(T):={\e& C: (T — )" is bounded on H};
(T — M)~ is called the resolvent of T. The spectrum o(T) is the complement
C\ p(T). If T is self-adjoint, the half-planes C4 lie in p(T') and

(T = AN~ < [ImA|7h, A ¢R.

Hence, the spectrum of a self-adjoint operator is a closed subset of the real line. Its
discrete spectrum op(T) consists of the isolated eigenvalues of finite multiplicity.
The complement o(T') \ op(T) is the essential spectrum o.(T') of T. The essential
spectrum is a closed subset of R and can contain eigenvalues, which are either
not isolated or are of infinite multiplicity. The set of all eigenvalues of T is called
the point spectrum o,(T). If {E(X)} is the (right continuous) spectral family of
projections associated with T, then P(X) := E(A) — E(A — 0) # 0 if and only if
A is an eigenvalue, in which case P(\) is the projection of H onto the eigenspace
corresponding to A. Let H, denote the closed subspace of H spanned by all the
P(M\)H and H. := H;-. It can be shown that u € H. if and only if (E(A)u,u) =
| E(A\)u||? is a continuous function of A. The spectrum of the restriction of T' to H,
is 0,(T") and the spectrum of the restriction of T' to H, is called the continuous
spectrum of T and written o.(T).

It is helpful to subdivide o.(T') into two parts, determined by the properties of
the Borel measure m,,(S) := (E(S)u,u) for v € H, where, for instance, E([a,b]) =
E(b) — E(b— 0). The absolutely continuous (singular) subspace Hg,.(H) of T is
the set of w € H for which the measure m,, is absolutely continuous (singular). The
absolutely continuous spectrum oq.(T) (singular continuous spectrum cs.(T)) of T
are the spectra of the restrictions of T to H,., H, respectively. It can be shown that
H has the orthogonal decomposition H = Hy. ®@ Hye ® Hp and H, = Hye © Hse.
See [Reed and Simon (1978)] for further details.
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1.4 Compact operators

A particularly important role for compact self-adjoint operators in spectral analysis
is as a tool for locating essential spectra. This is a consequence of a celebrated
result of H. Weyl, namely, that if a symmetric operator P is T-compact, where T’
is self-adjoint, then o¢(T'+ P) = 0(T"). From this it follows that if T',S are self-
adjoint operators and (T — A)~! — (S — M)~! is compact for some (and hence
all) A € p(T) N p(9), then o.(T) = 0¢(S). The following two improvements are
useful in applications. The first concerns an operator sum and the second a form
sum. In the first we use the notion of T"-compactness, with 7' > 0 assumed if
n ¢ N: an operator P is said to be T"-compact if D(P) D D(T) and for any
sequence {u,,} which is such that ||T™um||* + ||um||? is bounded, then {Pu,,}
contains a convergent subsequence. In other words, P is compact as a map from
D(T™) with the graph norm (||77ul|? 4 ||u||?)*/? into H or, equivalently, P(T™+4i)~"
is compact on H. In the second P is form T"™-compact, which means that 7" > 0
and (T + 1)~"/2|P|(T +1)~"/? is compact in H.

Theorem 1.4.1. Let T be a self-adjoint operator, P a symmetric operator defined
on D(T), which is T™-compact for some n € N, and suppose that T + P is self-
adjoint. Then

oo(T + P) = 0, (T).

Gustafson and Weidmann proved in [Gustafson and Weidmann (1969)] that
Theorem 1.4.1 for n € N is no more general than Schechter’s original result in
[Schechter (1966)] for the case n = 2.

Theorem 1.4.2. Let T be a positive self-adjoint operator and P a self-adjoint oper-
ator with Q(P) = Q(|P|) D Q(T'). Suppose the form associated with the sum T + P
is bounded below and closed on Q(T') and let S be the form sum T + P. Suppose that
at least one of the following is satisfied:

(1) P is T™-compact for some n € N;
(2) Q(|P|) > Q(T') and |P| is form T™-compact for some n € N.

Then c.(S) = o.(T).

See [Reed and Simon (1978)] p. 116, Corollary 4.

For semi-bounded, self-adjoint operators, the maz-min principle quoted in the
next theorem is an invaluable analytical and computational tool. In Chapter 4, we
shall give a result that establishes a modified version for operators with a spectral
gap, and thus, in particular, the Dirac operator. The eigenvalues of the self-adjoint
operator 1" below are counted according to their multiplicity and arranged in in-
creasing order.
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Theorem 1.4.3. Let T be a lower semi-bounded, self-adjoint operator in H and,
for each n € N, define

wn(T) := sup inf (T, ), (1.4.1)
Maov e D(T) N My,
o] =1
where the supremum is taken over all linear subspaces M,,_1 of H of dimension at
most n — 1. Then, for each n € N, the following hold.

(i) pn(T) < Ae(T) := inf{X € 0.(T)} if and only if T has at least n eigenvalues
less than A (T). In this case, un(T) is the nth eigenvalue of T and the infimum in
(1.4.1) is attained when M,_1 is the linear span of e1, ez, - , ey, where e; is the
eigenvector of T corresponding to the jth eigenvalue.

(i1) un(T) = Ae(T) if and only if T has at most n — 1 eigenvalues less than A(T),
and in this case pm (T) = pn(T') for all m > n.

In (1.4.1), (Tu,u) and D(T) may be replaced by the form and form domain of
T, respectively.

For non-negative, self-adjoint operators A, B on a Hilbert space H, we write
A< BifQ(B) CQ(A) and afu] < b[u] for all u € Q(B), where a, b are the forms of
A, B, respectively. It follows from the form version of the max-min principle that
the eigenvalues A, (A), A\, (B),n € N, satisfy \,(A4) < A, (B) for all n and hence
N(\, B) < N(\ A), where

NAT) =t{n: \(T) <A}
see [Edmunds and Evans (1987)], Lemma X1.2.3.

1.5 Fourier and Mellin transforms

The Fourier transform is given by
1

(Fu)(p) := W /Rn e~ P Xy (x)dx, (1.5.1)

where p-x = Z?:l pjz;. To analyse and describe some of its important properties

we shall use the following standard terminology throughout: for a multi-index a =
(Oél,ag, e 7an) S Nga

o TT(1 0N\"
D "jH(EaT) , (1.5.2)

x! = H a:?j, (1.5.3)
j=1
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and |a| = a1 + a2 + -+ + ay.

We shall denote by S(R™) the Schwartz space of rapidly decreasing functions,
ie,u e SR")ifue C°(R") and for every ¢ € Ny and o = (g, 2, -+ , ) € NJ,
there exists a positive constant K (a, ¢) such that

x| | D*u(x)| < K (e, £).

The Fourier transform has the following well-known properties (see [Weidmann
(1980)], Chapter 10):
(i) F is a linear bijection of S(R™) onto itself and its inverse is given by

(F'v) (x) = !

e XPy(p)dp. 1.5.4
el B (15.4)
Moreover, (F~1v)(x) = (Fv)(—x) and F* = I, the identity on S(R™).

(i) For v € S(R™) and o € N"
{FD*F~"}u(p) = p*v(p). (1.5.5)

(iii) F has a unique extension, which is a unitary operator on L?(R"). We shall
continue to call this unitary operator the Fourier transform and to write it as F.
We therefore have

F~! =F*. (1.5.6)
In particular, this gives the Parseval formula

(u,’U)Lz(Rn) = (Fva)Lz(Rn). (1.5.7)

(iv) F and F~! are continuous injections of L*(R™) into the space of bounded con-
tinuous functions on R™ with the supremum norm:

1 1
sup [(Ff)(p)| < WI\fIIL1<Rn), sup |(F~"f)(x)| < Wllme(Rn)-

pER™ xeR

(v) For f,g € S(R™), define the convolution f x g by

(f*9)(x) = o Wg F¥)gx —y)dy

275"/2/ fx=y)g(y)dy = (g * f)(x)- (1.5.8)

Then

F(f*g) =13, (1.5.9)
where f = Ff. If f,g € LYR™), f * g is well-defined and belongs to LY(R"),
and (1.5.9) continues to hold. Also, if f,g € L*(R"), fg € L?*(R") if and only if
f*g € L*R") and in this case

fxg=F"1(fg). (1.5.10)
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We also have

F(fg)=1+*g. (1.5.11)

The Fourier transform can also be defined on distributions; see [Stein and Weiss
(1971)]. It is sufficient for our needs to consider linear functionals on S(R™) of the
form

u(p) = /n u(x)p(x)dx, ¢ € S(R"),

where u(-)/(1 4 | - |?)¥ € L'(R") for some positive integer k. Such a u lies in the
space S'(R™) of tempered distribution. The Fourier transform 4 is an element of
S’(R™) defined by

i(¢) = u(¢), ¢ €SR").
The convolution u * ¢ for u € S'(R™), ¢ € S(R™) is defined by
(s @) =u(@*v), ¢ e€SR,
where ¢(x) = ¢(—x) and an analogue of (1.5.10) holds, namely,
F(u*¢) =ap, uecS(R"), ¢cS(R") (1.5.12)
in the sense that

[Fux )]t = (ad)y, ¥ € S(R™).

The following important examples will be needed later.
Example 1 Let f(x) = e~ 2% Then f=fandfora>0,
1
F —mal-|? - -
Fe ™ )(p) = Grarora
Proof. By Fubini’s Theorem, for all p € R",

¢~ Ipl*/4ma. (1.5.13)

f —71 Xp{—ip X — x| }dx
F0) = Gmiors [ expl=ip-x — (1/2)}xf)d
-1I Sy [ espl=inge — (123,
1:[ 27_5”/26 2”J/Rexp{——(:cj+zpj) bdx;.

It follows that f = f since, by Cauchy’s Theorem from complex analysis,
1 1
/exp{—g(xj +ip;)da; = / exp{—§x?}dxj =2T.
R R

The identity (1.5.13) follows by a change of variables. O
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Example 2 For 0 < a < n and ¢, = (2)°/?T'(a/2) where T is the Gamma function,
Ca

F(|-|*™™) = -~ |79, (1.5.14)
in the sense that for all ¢ € S(R™),
c - 1
FM| =— —y|* " ¢(y)dy. 1.5.1
SF 060 = gy [ YT o)y (1515)
In particular, with n = 3 and a = 2,
F(|-[7)(p) = v2/xlp| ™2, (1.5.16)
in the sense that, for all ¢ € S,
_ Y 1 _
2000 = 4 [ ix- vl oty (1.7
T JRrRn

Proof. Let ¢ € S(R™). We shall give the proof from [Lieb and Loss (1997)],
Theorem 5.9, based on the identity

/ €7ﬂ—ktta/271dt — (7‘(’]{})70‘/2/ eftta/2fldt
0 0

— (27T)—a/26ak—o¢/2
which follows by change of variable. Also, on using (1.5.10) and (1.5.13), we have

/ el p)dp = (2m)"*F e ] ()
_ (27_‘_)71/2 (Ffl[e*ﬂ'H%] * (;5) (X)
_ t—n/2 |:6—H2/47Tt * ¢:| (X)

From these last two identities and Fubini’s Theorem we derive

e O ( / h e”'Plztta/”dt) $(p)dp
0

1 o0
= 5 /. </ t(an)/2le|xy2/47rtdt> o(y)dy
» \Jo

1 & 2
-5 )n/z/ </ 4(n—a)/2-1 ~|x—y| t/47rdt> o(y)dy
T R™ 0

= () e [ x =y o)y,

Note that (1.5.15) is consistent with (1.5.12). For on setting wu(x) =
[x|*7™ 4(x) = (ca/Cn—a)|x| ™%, we have that u, & € S’(R™) and for all ¢,7 € S(R™),

[Fux §)Jp = u(é 1))
= /n v(x)1h(x)dx
o(¥)
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where
o) = o [ o=y = oo [ ke yle oy
BN REN S AN CO TN S
Hence (1.5.15) implies that ¢ = . O

The Mellin transform M is defined on L?(R, ) with Lebesgue measure dx by

M / tY2mp(tdt, s € R. 1.5.18
VH(s) = M) = = u(o) (15.18)
It is a unitary map from L?(R,) onto L?(R) and has inverse
1 o .
M 1pH(t) = — sTU/ATYE(s)ds, t € Ry. 1.5.19

Moreover, with respect to the convolution
(ro))i= = [ vats i
Nor
on L?*(R;), the Mellin transform satisfies

V(W % 9))(s) = 9*(5)F (5)- (1.5.20)

We shall need the Mellin transform of the function Q;(z) := Q; (3[z + 1]), I € Ny,
where Q; is the Legendre function of the second kind, namely

Q) =+ / A .

2/ ,2z—-1

and P, is the Legendre polynomial. The following formula is established in [Yaouanc
et al. (1997)], Section VI; see also [Magnus et al. (1966)], p. 72, 8.17.

M(Q0)](s) = \/sz(s +1i/2), (1.5.21)
where
T[4+ 1 —i2]/2)T([1 4 1 +i2]/2)
Vi(z) = 2T ([l +2 —iz]/2)T([l + 2 +i2]/2) (1522)
It has the expansion
Mn+1/2)I(n+1+1) 2n+1+1 (15.23)

“T(n+1)L(n+1+3/2) 2n+1+1)2+ 22

see [Oberhettinger (1974)], p. 5.
It is instructive to verify (1.5.21) and (1.5.22) by the method in [Yaouanc et al.
(1997)]. By the definition, (1.5.21) is satisfied with

Vi(z) = %/0 e 1= Qy(x)da
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From Rodrigues’ formula

1 ; db

Pilt) = 5 (~1)'

(1—2),
it follows by integration by parts that

= ! (1—12)!
Qi) = /,1 o) 2

The substitution y = [(z + 271) — 2t]/(1 — t?) yields

Q)= [ M-y - 1)y
max(z,1/z)
— [ v /ey, (1.5.24)
0
where F(t) = 0(t — 1)t="/2(t — 1)~'/2 and @ is the Heaviside function: 6(t) = 1 for
t > 0 and is otherwise 0. Thus, with G(z) := F'(1/z),

Vz(z)z% IR [/Omp‘lF(p)F(p/t)dp dt
~ DCF @) (- )2
= )) (12 — i1/2) G (2 — 1)/2)

S F(/2)F(—2/2),

where
)= [ e e
/ —1—iz —l/2( )_1/2d$

1
/ tl/2+zz 1/2 )71/2dt
0

([14+1+2iz2]/2)
([l +2+2iz]/2)

\/_

The formula (1.5.22) follows.
The following pairs of Mellin transforms will be needed in Chapter 2, Section
2.2.3, and are easily verified by simple integration:

e (p) = iV2mptp=*120(p — ) if Rela] >0
;v —i/2mptp®120(u — p) if Rela] <0

(1.5.25)
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1.6 Sobolev spaces

Let Q be a non-empty, open subset of R” with closure 2 and boundary 9. The
norm in the Lebesgue space LP(2), 1 < p < 0o, is written

ip .
lullpq = 4 U luGa)lPdx) ™, if 1<p<oo,
P ess supxers|u(x)|, if p=oo.

If there is no ambiguity we omit the subscript © and write |lu||,. In fact, in subse-
quent chapters, the underlying space is L?(R?) in which case we simply write ||ul|
for the norm. If the Lebesgue measure dx is replaced by a measure of the form
w(x)dx, we get the weighted space LP(£2; w(x)dx) with norm (when 1 < p < 00)

1/p
o vy = ( / |u<x>|pw<x>dx) .

We preserve this notation even for LP(2) if there is the risk of confusion with
different norms.

For points x = (z1,x2, - ,z,) € R™ and n-tuples o = (a1, 0, ,ap) € Njj,
we write

n n n
x| = Qa2 fal =) oy, D* =[] D",
j=1 j=1 j=1

where D; = (1/i)0/0x;. For k € N and p € [1,00], the Sobolev space WP (Q) is
defined as

WHhP(Q) := {u: Q — C,u, D% € LP(Q) for |a| < k},

where the derivatives D%u are taken to be in the weak or distributional sense. It is
endowed with the norm

1/p
@ p 3
(ZOSIaSk 1D “”p@) , i1 <p<oo, (1.6.1)

[ullk,p.0 = . .
ZO§|a\§k [ D%ul| o2, if p = oo,

where [|lu||,o denotes the standard LP(2) norm of u, namely ([, lu(x)[Pdx) /P,
WHP(Q) is a separable Banach space if p € [1,00) and is reflexive if p € (1,00).
When p = 2, W*2(Q) is a Hilbert space with inner product

(u,V)k,2,0 =/ Z Du(Dv)dx.
al<k

When Q = R", we shall omit Q in the notation and write || - ||5,, and (-, -)x,2.

Meyers and Serrin proved in [Meyers and Serrin (1964)] that for p €
[1,00), WkP(Q) coincides with the completion H*(£2) of the linear space C>(Q)N
WHP(Q) with respect to || - [|lkp.0, i.e., C(Q) N WEP(Q) is dense in W*P(Q). As
is now standard, we shall use the notation H*(Q) for H*2(Q) = W*2(Q).

S
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We shall occasionally need the Bessel potential spaces H*P(R™),s € Ry,p €
(1,00). These are defined in terms of the Bessel potential g5, whose Fourier transform
is given by

gs(p) = (1 +[p|*) /%
see [Stein (1970)] for the properties of gs. We have that
H*P(R") :={u:u=g,x* f for some f € LP(R")} (1.6.2)

with norm

[ells.p = [1f1lp- (1.6.3)

For all s > 0 and p € (1, 00), the Schwartz space S(R™) is dense in H*?(R™). When
s =k € N, H*P(R") coincides with the Sobolev space W*P?(R") = H*P(R"). Since
f(p) = (14|p|?)*/2a(p) if u = g f, by (1.5.9), it follows from the Parseval formula
(1.5.7) when p = 2 that

[ulls2 = </Rn(1 + |p|2)5|a(p)|2dp) 1/2. (1.6.4)

In particular, as F(Dju)(p) = p;a(p), by (1.5.5),
it = [ ()P + Va0 dx (165)
~ [ @+ pPlate)Ea. (166)

where V is the gradient and |Vu|? = > |Djul?.

Important properties of the Sobolev and Bessel potential spaces are now listed;
see [Edmunds and Evans (1987)], Chapter V, for proofs and further details. We
shall assume that p € [1,00) unless otherwise stated.

(i) For k € R, C§°(R"™) is dense in H*P(R™), and, for all s > 0, and p € (1,00), the
Schwartz space S(R™) is dense in H*P(R"™).

(ii) The closure of C§°(Q) in H®P(Q) is denoted by Hg’p(ﬂ). Thus, by (i),
H&P(R™) = HYP(R™). If € is bounded, HE?(Q) # H*P(Q). Also if Q is bounded,

QO 1/n
lullp.o < (L-') [Vulpa, forall ue HyP(Q), (1.6.7)

n

where
IVullp.o = [IVulllp.e,
and w,, = ©/2/T(1 4 n/2) is the volume of the unit ball in R™. Hence
1/p

lullipe S | D 1Dl q

|a]=1
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1Lp.o on HyP(Q) is equivalent to the norm

1/p

lull groy == | D ID%lho| - (1.6.8)

lee|=1

It follows that the norm || -

(iii) Let 1 < p < n and set p* = np/(n — p), the so-called Sobolev conjugate of p.
Then the identification map is a continuous injection of Hé P(Q) into LP"(Q): this
continuous embedding is indicated by Hy™*(Q) < LP"(Q). This constitutes the case
1 < p < n of the Sobolev embedding theorem for H}(Q).

(iv) For 1 < p < n/k, HY?(Q) is continuously embedded in L*(Q), where s =
np/(n — kp).

(v) If ¢ € [1,np/(n — kp)) and Q is bounded, Hg’p(Q) is compactly embedded in
L1(Q); this is the Rellich—Kondrachov property.

(vi) If Q is bounded, H,™ () is continuously embedded in the Orlicz space L?(2),
where ¢(t) = exp (t"/("~Y —1) ¢ > 0, and, in particular, Hy™M(Q) — L(Q) for all
q € [n,00). Note that L?(Q) is the linear span of the set of Lebesgue measurable
functions u on Q which are such that [, ¢(|u(x)|)dx < oo, endowed with the norm

fulleqay = int(rs [ o () ax <1y

It is a Banach space containing L°°(£2) which, in general, is neither reflexive nor
separable.

(vii) If Q is bounded and p > n, then HyP(2) is continuously embedded in the space
C%7(Q) of functions u which are Holder continuous on Q with exponent v = 1—n/p
and norm

|u(x) — u(y)

[ullcoay = llullLoe@) + sup % —y

x,y€Q,x£y

The embedding of Hy?(Q) into CO*(Q) is compact for any A € (0, 7).

(viii) If the boundary of € is sufficiently smooth (see [Edmunds and Evans (1987)],
Section V.4) the above results in (iii)—(vii) continue to hold for H* ().

1.7 Inequalities

Three inequalities make regular appearances throughout the book, namely, the well-
known inequalities of Sobolev, Hardy and Kato. We shall need only the L? versions
of these inequalities, but mention some LP versions for completeness.
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(Sobolev) For 1 < p < n, there exists a constant C, ,, depending only on n and
p, such that for all f € C§°(R"™),

1/p
n

v < Cogl VAl =Co | [ (S IDuPPRax) )

R™ 55

If

The best possible value of the constant Cy, , in (1.7.1) for 1 < p < n is

12U (g)“"“/” {r( I(1+n/2)0(n) }

n—p n/p)I'(1+n—n/p)

and equality is attained for functions f of the form
f(x)=la+ b|x‘p/(p*1)]1*n/p’

where a and b are positive constants: these functions are obviously not in
C§°(R™) but lie in LP(R™) and the completion of C§°(R™) with respect to the
norm ||V - |, When p = 1, Cp1 = 1/nw711/” is the optimal constant, and
equality is never attained unless f vanishes identically. However, in this case
the inequality has an extended version

1£]l+ < (neon™) =MD

on the set of functions f of bounded variation on R™, with D f the distributional
gradient (a vector-valued Radon measure) and ||Df|| the total variation of f
in R™. For this inequality, the characteristic functions of arbitrary balls are
extremals.

For 1 < p < n, (1.7.1) was established by Sobolev [Sobolev (1938)], the
case p = 1 being later proved by Gagliardo [Gagliardo (1958)] and Nirenberg
[Nirenberg (1959)]. The optimal constant for p = 1 was determined indepen-
dently by Federer and Fleming in [Federer and Fleming (1960)] and Maz’ya in
[Maz’ya (1960)], but for p > 1, the best constant was only found 10 years later,
independently by Aubin [Aubin (1976)] and Talenti [Talenti (1976)].

(Sobolev inequality for v/—A) For all f € S(R™), n > 2 and ¢ =2n/(n — 1),

113 < Cu | Ipllf(e) P, (172)

where the optimal value of the constant C), is

-1 1/n
{2 ()"

There is equality if and only if f is a constant multiple of a function of the form
(42 + (x — a)?]" (™ D/2 with x> 0 and a € R™ arbitrary. This is proved in
[Lieb and Loss (1997)], Theorem 8.4.
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e (Hardy) For all f € C§5°(R™),n > 3,

/n |f|(>zc|;|2dX = ((ni2)>2/n |V f(x)[Pdx. (1.7.3)

The constant is sharp and equality is only valid for f = 0. The inequality is
determined by the radial part of V and in fact

[ (V[ D ons

By completion, (1.7.3) and (1.7.4) hold for all functions f which are such that
Vf or (0/0r)f (in the weak, or distributional sense) lie in L?(R™). When
n = 2, (1.7.3) is of course trivial, while when n = 1, we have that, for all
f that are locally absolutely continuous on (0, 00), f’ € L%(0, 00) and such that

lim, o4 f(r) =0,

/ OE . <4/ () [2dr. (1.7.5)
0 0
The LP version of the Hardy inequality is, for 1 < p < n,
)P < p ),,/
dx < V f(x)|Pdx. 1.7.6
| e (=) [ 19l (176)

The constant is optimal and there are no non-trivial cases of equality.

o (Kato) For all f € S(R"),n > 2,
/ el XSCZ/ Ipllf (p[*dp. (1.7.7)
n RTL

I

The best possible constant ¢, for general values of n > 2 will be included in
Theorem 1.7.1 below. In particular

c3 =\/7)2, ¢y =T(1/4)/V20(3/4).

There are no non-trivial cases of equality.

The above Hardy and Kato inequalities are special cases of the following inequal-
ity obtained by Herbst in [Herbst (1977)], Theorem 2.5. With p = —iV denoting the
momentum operator, Herbst determines the norm of the operator C, := |x|~%|p|~*
as a map from LI(R™) into itself. The precise result is:

Theorem 1.7.1. Let o > 0 and no™' > q > 1. Then C, can be extended to a
bounded operator from L1(R™) into itself, with norm

L(zlng~" —a))l(5n(d) ")
20T (5[n(¢") ™" + a)T(5nq71)’

where ¢ = q/(q—1). If ¢ >na~t or ¢ =1, C, is unbounded.

[Ca : LYR"™) — LUR™)[| = 7(n, ) :=

(1.7.8)
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In the case ¢ = 2, p has adjoint (1/i)div and absolute value |p| = (p*p)'/? =

VvV—A. Also |p| is self-adjoint, injective and has dense range in L?(R™). Hence

ol = [Cadlla 1%~ l2
[Call = sup = sup i,
sex(lpl) 1l yen(pl) lIPI*Y]2

where R, D denote the range and domain respectively of the exhibited operator.
Since F(|p|*¢) (&) = [€]*1(€), it follows by Parseval’s formula that (1.7.8) becomes

1 1
| mleeolax < o2mna) [ lePtie) e

which is Hardy’s inequality in the case o = 1 and Kato’s inequality when av = 1/2.
In Section 2.2.1 we give an alternative proof to that of Herbst for the Kato inequality
when n = 2, 3, using spherical harmonics.

Another inequality which features prominently throughout the book is the fol-
lowing generalisation of Hilbert’s double series theorem due to Hardy, Littlewood
and Pélya, see [Hardy et al. (1959)], Chapter IX, Section 319.

Theorem 1.7.2. Let K(-,) be a non-negative function on Ry x Ry that is homo-
geneous of degree —1, i.e., for any X € Ry, K(Ax, \y) = ALK (x,5). Suppose also
that for p > 1, we have

/ K(z, 1)z~ YPdz = / K(1,y)y Y dy =k, (1.7.9)
0 0

where p' =p/(p—1). Then

[ [ wwls@aiasay <k ([ 1r@pa) v ([ ot ay) "

(1.7.10)
/OOO dy </OOO K(%y)lf(x)ldw)p < kP /OOO |f(z)|Pdz, (1.7.11)
/OOO dx </OOO K(z, y)Ig(y)Idy)p/ <k /OOO lg(y)|” dy. (1.7.12)

If K(-,-) is positive, then there is inequality in (1.7.11) unless f = 0, in (1.7.12)
unless g = 0, and in (1.7.10) unless either f =0 or g = 0.

1.8 CLR and related inequalities

The CLR refers to Cwikel-Lieb—Rosenbljum who proved the inequality indepen-
dently and by very different methods in [Cwikel (1977)], [Lieb (1976)] and [Rozen-
bljum (1972)]. The names are listed alphabetically, but in reverse chronological
order of discovery. In its original form, the inequality concerns the self-adjoint
operator —A — V defined as a form sum, whose spectrum is discrete below 0
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and with V' the operator of multiplication by a function V with a positive part
Vi = (1/2)(|V|4+V) € L™?(R™). It asserts that, for n > 3, the number N(—A V)
of negative eigenvalues of —A — V satisfies

n

N(-A—V) < c(n)/ V. (x)"/2dBa, (1.8.1)

for some constant ¢(n) depending only on n. Other proofs have also been given,
notably those of Li and Yau [Li and Yau (1983)] and Conlon [Conlon (1984)]. A
treatment, which is particularly suitable for our needs, is that given by Rozenbljum
and Solomyak in [Rozenbljum and Solomyak (1998)]. This is motivated by Lieb’s
proof and gives an abstract version of the inequality, which can be applied to other
operators that feature in the book.

In order to state the main results in [Rozenbljum and Solomyak (1998)] it is
necessary to recall some basic facts about the operator semigroup e~*7,0 < t < oo,
associated with a non-negative, self-adjoint operator T acting in a Hilbert space H.

(1) Q) :=e T 0 <t < o0, is strongly continuous, i.e.
lim |Q(t)f — Q(s)f|| =0, forall feH,
and contractive, i.e.

QI < IIfIl, forall feH.
(2) T is the infinitesimal generator of Q(t), i.e.

Tf= lim L{f—Q@)f}, forall feDT).

t—0+ t
(3) For f € D(T),Q(t)f € D(T) and
s =t {10 -+2) - Q7 | = ~TQWf = ~QUITS. (¢>0)

Q)f = lim Q()f = /.

The result in [Rozenbljum and Solomyak (1998)] deals with the set P of positive,
self-adjoint operators in a space L?(£2) say, which are positivity preserving and have
the (2, 00) mapping property. An operator B is positivity preserving (or its associ-
ated semi-group Qp(t) := e 8,0 < t < oo, is positivity preserving) if Qp(t)u > 0
for all non-negative functions u € L2(f). It has the (2,00) mapping property if
Qp(t) : L*(Q) — L*>(R) is bounded: for Markov semigroups, the (2,c0) property
is usually called ultracontractivity. Semigroups which are positivity preserving and
have the (2, 00) property are known to be integral operators. The kernel Q g (¢; x,y)
of Qp(t) satisfies the symmetry condition Qg(t;z,y) = Qp(t;y,x) and it follows
from the fact that Qp(t) is a semigroup that, for a.e. x € €,

QB(t,ﬂf,ﬂ:) = / QB(tlamay)QB(tQamay)dy’ tlth > 07 t=11 +t2
Q
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is well defined as an element of L>°(2), which does not depend on the particular
choice of t; and t5. Moreover,

My(t) = [l 5 L2 17| = esssup, [ Qule/2ix,) Py < o

— esssUDyc, / Qo (t/2:x,¥) Qo (t/2: . x)dy
= esssup,coQB(t; x,%).

For B € P, the kernel Qg(t; z,y) is non-negative, a.e. on Ry x Q x Q. If B € P, and
B > ¢ for some ¢ > 0, then, for any r > —c, B, := B+r € P,Qp (t) = e "' Qp(t)
and Mp, = e """ Mp(t).

The following is Theorem 2.1 in [Rozenbljum and Solomyak (1998)] and is given
in terms of a non-negative, convex function G on [0, 00) which grows polynomially
at infinity and is such that G(z) = 0 near z = 0. Let

g(r) = /000 27 G(2)e" /" dz.

In the theorem, multiplication by V is assumed to be such that self-adjoint operators
B —V and A —V can be defined as form sums; see Section 1.2.

Theorem 1.8.1. Let B € P be such that Mg € L'(a,00), a > 0 and Mp(t) =
O(t=®) at zero for some o > 0. Then, in the above notation,

1
g(1)

The inequality continues to hold for N(A — V) when A is a non-negative, self-

N(B-V)< /OOO % /Q Mp(t)G[tV, (2)]da. (1.8.2)

adjoint operator, which is such that e=*4 is dominated by a positivity preserving
semigroup e *B in the sense that
le=t 4y < e tBlyp| ae. on Q. (1.8.3)

We denote the class of such operators A by PD(B).

If A e PD(B) then A+ r € PD(B + r). Also, a particular result from [Bratelli
et al. (1980)] is that if e~*B is positivity preserving and A € PD(B), then for
0 <a<1,e B is positivity preserving and A% € PD(B®). Any A € PD(B) is an
integral operator and (1.8.3) is equivalent to

|Qa(t;z,y)| < Qp(t;z,y) ae. on Ry xQxQ. (1.8.4)

We refer to [Rozenbljum and Solomyak (1998)] for details and full references. Of
particular interest to us are the following examples discussed in [Rozenbljum and
Solomyak (1998)], which are special cases of Theorem 1.8.1. In all cases 2 = R".
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1.8.1 The Schrodinger operator

The semigroup associated with the Laplace operator B := —A is the heat operator,
which is an integral operator with kernel
1 —x-yP
tx,y) = —_ . 1.8.5
@oltix,y) = opars P { 4t (185)

Thus @Qp(t) is positivity preserving. Furthermore, an application of the Cauchy—
Schwarz inequality readily yields

QB () fllLemny < 27" fll2@m)
and so Qp(t) has the (2,00) property. Consequently B = —A € P and Mp(t) =
W, so that Mp € L'(a,00),a > 0, if and only if n > 3. Hence, to apply
Theorem 1.8.1 we need n > 3.
Following Lieb in [Lieb (1976)], the choice G(z) = (z—a)+ in (1.8.1), where ()4
denotes the positive part and a is a positive constant to be chosen, yields
N(-A-V)<C(@G) | VI"*(x)dx, (1.8.6)
Rn
where C(G) = (2m)""/2g(1)~! [t - a)t~™/2=1dt. The optimal value of C(G) as
a function of a is .1156, attained when a = 1/4. This coincides with Lieb’s constant
in [Lieb (1976)], which is the best value achieved to date.

1.8.2 The magnetic Schrédinger operator

This is of the form —Aa — V, where A, is the magnetic Laplacian

Ap = (V+iA)? = (9 +i4,)*,
j=1
and A = {A; :j =1,---,n} is the magnetic potential. A number of proofs exist
of the result that A € PD(—A); see the discussion and a list of references after
Theorem 2.3 in [Avron et al. (1978)]. It then follows from Theorem 1.8.1 that

N(=Aa - V) < C’(G)/ V2 (x)dx, (1.8.7)

with the same constant as in (1.8.6). It is not true in general that N(—Aax — V) <
N(—A —V); see [Avron et al. (1978)], Example 2 following Theorem 2.14.

1.8.3 The quasi-relativistic Schrodinger operator

The pseudo-differential operator B = v/—A is non-negative and self-adjoint, with
domain H'(R™). The kernel of the associated semigroup Q z(t) is the Poisson kernel
Qpt;x,y) = / exp[—2n|k|t + 27wik - (x — y)]dk

n

o n+1 —(n+1)/2 t .
_F( 2 )77 [t2+|x_y|2](n+1)/27
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see [Stein and Weiss (1971)], Theorem 1.14, and [Lieb and Loss (1997)], Section
7.11. Thus,

42 1/2
1QB(1)fll @) < cn fgﬂg (/]R" 2+ |x — y|2](n+1)dy) £l 22 (mn)

< en®Nfll2@m

for a positive constant ¢, (t) which is finite for all ¢ > 0. Thus B = v/—A has the
(2, 00) property and lies in P, with Mp(t) = ¢,t~". Theorem 1.8.1 therefore applies
for all n > 2 and leads to Daubechies’ inequality

N(W=A - V) < Co(G) / V, (x)"dx, (1.8.8)

n

where in the above notation and the same choice of G, C,(G) =
g7t [Tt TIG(t)dt.

The pseudo-differential operator Hy = +/—A + 1, is self-adjoint with domain
HY(R™) and Hy > 1. It will feature prominently throughout the book. From the
result in [Bratelli et al. (1980)] noted above, it follows that with B :=Hy — 1,e~ 8
is positivity preserving. It is an integral operator and on the diagonal, the kernel is
given by

Qultixx) = (22 [ om0 g, (1.8.9)

from which we can easily infer that e*Mo—1 has the (2, 00) property and
Mp(t) < C(t™™2 +t7™).
For n > 3, Theorem 1.8.1 yields Daubechies’ inequality

N(Hy—1-V) < Ca(@) [ Vi(x)"dx + Cpja(C) / V()" 2dx,  (1.8.10)
Rn

n

where, in the above notation and the same choice of G, C,(G) =
g()~t [0t G(t)dt.

1.8.4 The magnetic quasi-relativistic Schréodinger operator

The operator v/—Aa lies in PD(—A) by the result from [Bratelli et al. (1980)]
quoted above and also satisfies (1.8.8):

N(J/=Ba-V) < Cn(G)/ Vi, (x)"dx. (1.8.11)

n

Similarly,

N((=28a+1)"” =1 =V) S Cu(G) | Vi (x)"dx +Crya(C) /R Vi ()" 2dx.
(1.8.12)
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1.9 Lieb—Thirring inequalities

These inequalities have a pivotal role in problems such as the stability of many-
body systems composed of fermions. In many cases, the Hamiltonian describing
the system is bounded below in terms of the sum of the negative eigenvalues of
a one-body Hamiltonian. We shall see examples of this in Section 4.5 of Chapter
4. Since the seminal papers [Lieb and Thirring (1975)] and [Lieb and Thirring
(1976)], Lieb—Thirring inequalities have come to mean estimates for moments of the
negative eigenvalues of operators of Schrodinger type in terms of external electric
and magnetic fields. The original result proved by Lieb and Thirring in [Lieb and
Thirring (1975)], is that if v > max (0,1 — n/2), then there exists a universal
constant L. , such that

SN < Lo [ Vil R, (1.9.1)
neN R
where A1(S) < A2(S) < --- are the negative eigenvalues of the Schrodinger operator
S := —A —V counting multiplicities: the assumptions on V' imply that the negative
spectrum of S is discrete and its essential spectrum fills the positive half-line. Note
that the case n > 3,~v = 0 is the CLR inequality associated with —A — V.
If Ve L7t"/2(R™), one has the Weyl-type asymptotic formula
lim o~ (/2 370 (S = (2m) " lim o~ 04/ / / (1€ — aV)7 dxdé
n XRTL

a—00 a— 00

neN
=L, / Vi, (x)7T2dx, (1.9.2)
Rn

where S, : —A — oV and the so-called classical constant L,Cylm is given by

I(y+1)
2020 (y +n/2 4+ 1)

Therefore

)
L, < Ly

The precise value of L., ,, is unknown in general, but a great deal is known in special
cases. We refer to [Hundertmark et al. (2000)] for an up to date account.

The inequality (1.9.1) remains valid if a magnetic potential A =
(A1~ ,Ay),Aj € L3 (R") for j =1,--- ,n, is introduced. That is, with

S(A):=(iV+A? -V = zn:(iaj + A -V

=1
we have

ST (SAN] < Lo /R V(7 (19.3)

neN
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Chapter 2

Operators

2.1 The Dirac operator

We denote by C5°(R?,C*) the set of C*-valued functions whose components are
in C§°(R3). The free Dirac operator, describing the motion of a relativistic elec-
tron or positron without external forces, is the unique self-adjoint extension of the
symmetric operator defined on C§°(R3, C*) by
Dy(m,c) := —cac- (ihV) + mc*3
3
ch 0;
[ a 2 , a = —J7 21].
i ;05 +mcf3 J ox; ( )

j=1
where V = (91,04, 03) is the gradient, 27w is Planck’s constant, ¢ the velocity of
light, m the electron mass and the a1, as, as, 0 are Hermitian 4 x 4 matrices which,
on setting B = ay, and denoting by I, the 4 x 4 identity matrix, satisfy

ojar +aroy =201y, §,k=1,2,3,4, o4 =p0. (2.1.2)

The operator (2.1.1) acts on C*-valued functions, which are called spinors, the
derivatives 0; acting on each component of the spinor. We simplify notation by
replacing x by (h/mc)x and consider

D} = a- (—iV) + . (2.1.3)

The a;s and 3 are the Dirac matrices, which in the standard representation are

02 0j . -[2 02
a] <0_J 02)5 .] 9 a37 ﬂ (02 _1-2)7 ( )

where the o; are the Pauli matrices
01 0—1 10
0'1—<10>, 0'2—(7;0 ), 0'3—(0_1). (215)

DB = —i0181 - icrg@g + g3. (216)

given by

In R? we have

27
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To analyse the free Dirac operator we use the Fourier transform
1 —ip-X
(Fu)(p) == W /Rn e P xy(x)dx, (2.1.7)

on C*-valued functions u. It follows from property (ii) of the Fourier transform in
Section 1.5, that for v € C§°(R3,C*) and v := Fo,

{FDGF " }6(p) = (Mo?)(p) (2.1.8)
where M is the matrix multiplication operator
(Mov)(p) = {a.p + B}0(p). (2.1.9)

The matrix My(p) = a.p + 3 has two double eigenvalues +e(p), where e(p) =
p?+ 1, p=|p|, and is diagonalised by the unitary matrix

U®) = el +u () P,
where
uy(p) = %\/1 +1/e(p).
We have
U(p)Mo(p)U ' (p) = e(p)B,
with
U 0) = )i - () SR

We denote the standard inner product and norm on C* by (-, -) and |- | respectively,
namely, for a = (a1,--- ,a4),b = (b1, - ,by) € C4,

4
<av b> = Zajgja |a| = <a7 a>1/2'
j=1

Since My(p)? = (p? + 1)1y, it follows that
Mod(p)|* = (Mo (p)2(p), Mo (p)0(P))

= ((IpI* + Di(p), o(p))

= (Ipl* + Do(p)[*.
The space of C*-valued functions u whose components lie in L?(R3) is denoted by
L?(R3,C*) and

Hu||L2(R37(C4) = |||U|||L2(R3)-

Hence, the domain of the matrix multiplication operator My is given by

D(My) = {0 : 9, Mpd € L*(R?,C*)}
= {0+ [ 0P+ Dli(e)Pdp < o0},
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As M is unitarily equivalent to the operator of multiplication by e(p)s, it is self-
adjoint and its spectrum and essential spectrum coincide with the set of values
attained by +e(p) as p ranges over R, namely R\ (—1, 1). Furthermore its spectrum
is purely absolutely continuous. The free Dirac operator Dy is defined by
Dy = F'MF. (2.1.10)

Since F is a unitary operator, Dy is self-adjoint in L?(R?,C*) and its spectral prop-
erties are identical to those of M. Thus its spectrum is purely absolutely continuous
and coincides with R\ (=1, 1).

In view of (2.1.8), (1.5.5) and the Parseval formula (1.5.7), we have for ¢ €
D(Mp) and v = (vq,- - ,v4),

[Dovl* = [|Mod|*

[ (1) (o)

S [ (9m60f + picor)

=: |Jv]|3 5. (2.1.11)
The norm ||+||1 .2 in (2.1.11) is the norm of the Sobolev space H!(R?, C*) of 4-spinors
(i.e. C*-valued functions) v = (v1,---,v4) € L*(R3,C*) whose components have

weak derivatives in L?(R?) and ||v||3 ; < oc; in other words, each component lies in
the space H*(R™). Thus Dy has domain
D(Dy) = H'(R3,CY). (2.1.12)
Since C§°(R3,C*) is a dense subspace of H(R3, C*), it follows from (2.1.12) that
the operator D) in (2.1.3) on C§°(R3,C*) is essentially self-adjoint and Dy is its
closure.
For future reference, we also note that

D3ul* = [ nace)ap

=/ |[1+|p|2]ﬂ(p)|2dp:/ (1 — A)u(x)|?dx (2.1.13)
R3 R3

~ a5 s coy- (2.1.14)

2.1.1 Partial wave decomposition

We shall show in this section that, when expressed in spherical polar co-ordinates,
Dy is unitarily equivalent to the direct sum of first-order radial operators in R.
This representation will subsequently be used to analyse the operators Dy + V' with
a spherically symmetric scalar potential V.
In the spherical polar co-ordinates x = (x1,x2,x3) = (r,0, v), where
x1 =rsinfcosp, x9 =rsinfsing, x3=r1cosb,
r=|x| €(0,00), 6=-cos '(x3/|x])€[0,7), @€[-mn), (2.1.15)
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the following are orthonormal vectors in the directions of the polar co-ordinate lines:

e, = (sinf cos p,sin @ sin p, cos ) = x/r,

ep = (cosf cos p, cosfsinp, —sinf) = ET
e, = (—sinp,cosp,0) = ! ie (2.1.16)
L ¥, o8, L) = sinf dp o
Thus e, X eg = e,, €9 X e, = e,, e, X e, = g, and it can be easily shown that
0 10 1 0
=er— - —_— . 2.1.17
V=e 5r+eer89+e¢rsm95g0 ( )

The discussion that follows is brief, in that some details which require verification
are omitted. It is similar to the treatment in [Thaller (1992)], Section 4.6, except
that there are differences in the notation. We begin by introducing some of the
operators which play a leading role.

(i) =iV is the momentum operator and

L:=xx(—iV)
) 1 9 0
=1 (egm% — ew%)
=: (L1, Lo, L3) (2.1.18)

is the orbital angular momentum. Thus the expressions for L, L1, Lo, Lz and L? =
L3 + L3+ L% depend only on the angular variables § and ¢. It is readily shown that

1 0 0 1 92
= ——— (sinf= | - ———. 2.1.19
sin 00 (Sm ae) sin? § 02 (2.1.19)
(ii) The spin angular momentum S and total angular momentum J are respectively
S = —%a X (2.1.20)
. o1 02 09 02 g3 02
- (1/2){<02 Ul) i (02 U2> " <02 03)}
0

= (1/2) (gg 02) . o= (01,00,03), (2.1.21)
J=L+S=(J1,Js,J3). (2.1.22)

We may also consider J and its components .J1, Jo, Js, as acting on C2-valued func-
tions by setting

J=L+(1/2)0. (2.1.23)
On identifying L2(R3, C*) with the tensor product L2(Ry;r?dr) @ L2(S%,C*) we
may view the angular momentum operators L, J, and their components, as acting in
L?(S?,C*) with k = 2 or 4: L, L1, Ly, L3 apply to each component of a CF-valued
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spinor. They are essentially self-adjoint on C§°(S2?,CF), their unique self-adjoint
extensions being denoted by the same letter in each case. In L?(S?,C?), L?, J? and
J3 have a discrete spectrum with common eigenvectors Q.. = Qi m.s(6,0): we
have

nglﬂn,s = l(l + ]-)Qlﬂn,s

JQQl,m,s - (l + 5)(l + s+ 1)Ql,m,s

J3Ql,m,s = le,m,s; (2124)
where | € Ng,s = £1/2 and m € {—1 —1/2,--- 1+ 1/2}: [ is referred to as the

angular momentum channel, and s denotes the spin of the particle. The C2-valued
functions € ., s are called spherical spinors and are given by

l+s+m
2(l+s S/lm 1/2 790

if s=1/2 (2.1.25)
\/ Q(H_s) Ylm+1/2 7<P

+s—m+1 m+ Y,
s I,m—1 2 .
V 22 / if s=-1/2, (2.1.26)
—/ ”fii?le Yim1/2(0

where the Y} (6, ) are normalised spherical harmonics on S?, given in terms of the
associated Legendre polynomials

and

—1)k dkt
pr@) = Ol - arpre D o oy

by

(21 + 1) (I —k)!
I+ k)!

Vi —k(6,0) = (=1)*Y (6, ¢).

We adopt the convention that Y;, = 0 if |k| > [, and denote the set of admissible
indices in (2.1.25) and (2.1.26) by J:

J:={(l,m,s): 1 €Ng,s =+1/2,m=—1—1/2,-- 1 +1/2,Qm.#0}: (2.1.27)

Y 1:(0,0) = e PF(cosh), k>0,

note, in particular, that [ > 1 when s = —1/2 since Q;,, s = 0 otherwise. The
results in (2.1.24)—(2.1.26) can be verified by direct calculation from (2.1.18) and
(2.1.22) on using the known facts that the Y; ,, are eigenfunctions of L? and L3 in
L?(S?) corresponding to eigenvalues I(I 4 1) and m, respectively, and that

(L1 +iLo)Yim = /I +m+ 1)1 —m)Yimi
(L1 —iLa)Yim = V(I —m+ 1) +m)Yim_1.

The 2-spinors Q. s, (I, m,s) € J, constitute an orthonormal basis of L?(S?, C?),
as a consequence of the well-known fact that the Y;; form an orthonormal basis
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of L?(S?). Note that Qs and Q425 m —s are both eigenvectors of J2 and J3
corresponding to the eigenvalues (I + s)(I + s 4+ 1) and m respectively. On using
reduction formulae for the functions Y ,,, it can be shown that

(€ ) m.s = Qt2s,m,—s- (2.1.28)
Set
o (mléms) B T (Qz?n) . (2.1.29)
Then, from (2.1.4) and (2.1.28),
(o e)®f, = —Co
(€)oo =9, (2.1.30)
Also,
B = U Brizem,—s = ~Piasm,—s: (2.1.31)
Following [Thaller (1992)], Section 4.6.3, we now express D, as
D) = —i(-e) (% + % - %51{) + 3 (2.1.32)
where K is the spin—orbit operator
K= pB(2S-L+1), (2.1.33)
which, by (2.1.22), satisfies
K= B2 I+ i). (2.1.34)
To obtain (2.1.32), the first step is to verify the identity
(c-a)(c-b)=a-b+io-(axb) (2.1.35)
for all vectors a,b € C3, and that this yields
(a-a)(2S-b) =iys(a-b) —ia- (a x b), (2.1.36)

where 5 = —ioyagas. From (2.1.17) and (2.1.18),

0 1
—. :—. /r,___ r L
A% iers r(e x L)

and so, from (2.1.36),

—ia-V = —i(a - e) [a- (e, x L))

+

S s 3=

SIS

= —i(a-e,) (-€.)(2S - L),

since e, - L = 0, and (2.1.32) follows.
The operators J2, L? and K are essentially self-adjoint in L?(R3 \ {0}, C%). It
follows from (2.1.24) that

1 1
(J? - L* + Z)Ql,m,s = (28] + s+ 5)Ql,m,s (2.1.37)
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and
(J? —L? + i)ﬂmm,,s =—(2sl+s+ 1)Ql+23 s (2.1.38)
whence, with x; s = 2sl + s+ 1/2,
BED o = Fs® s
ﬁK@H_QS m, —Hl7s¢l_+25,m7_s. (2.1.39)

There is a natural unitary 1somorphlsm U between the Hilbert spaces L?(R3, C*)
and L2(Ry,r%dr) @ L%(S? C*), and L2(S2 C*) is the orthogonal sum of the 2-
dimensional spaces H; ,, s spanned by o and o F2sm,—s- Thus

ULPR,CH = P P LRy, r?dr) Q) Him.s (2.1.40)
leNo m=%£(I+1/2) s=%1/2
and any f € L?(R?,C*) has the representation

(Uf 7 0 QO Z Z Z { _1flms )(I)Z_m,s(ev(p)

leNo m==%(l141/2) s==%1/2

+7fwg%mr4)¢;%m_go¢ﬁ, (2.1.41)

where flfmﬁ,fljr%)mﬁs € L*Ry). If ¢ € L?(R3,C*) is similarly represented
with coefficients g, . 91596 m then, in view of the orthonormality of the
{0} }, we have

Z / flmsg lms+fl+2sm,7sg l+25m—s) dr.

(I,m,s)€d

Also, f € C§°(R?,C*) if and only if the coefficients flf'm’s, firos.m,—s are in CG°(R4).
From (2.1.30), (2.1.31), (2.1.32) and (2.1.39), it follows that for f € C§°(R3,C*),

(
1d Kl.s 1
DéUf = Z { Z(a 67’) ( ; ) fljrm,sq)lJ,rmJ + ;fljrm,sﬁ(b;tm,s

rdr 72
(I,m,s)€d

l,m,s

)75,

l,m,s’ q>l+23 m,—s

Rl,s

. , _ _ 1, _
- Z(a ’ 67«) ( 7) fl+2s,m7fsq>l+2s,m7fs + _fl+2s7m,sﬁq>l+2s,m7s}
1d &
— ot
- Z <’f’d'f’ T,Q)-flms l+2sm775+ flms l,m,s
(I,m,s)€d

1d Rl,s + 1 _ _
- < -+ ) fl+2s m775q>l m,s ;fl+2s7m,sq)l+287m,s}

1al+
rdr

rdr 12
and so
_ d Rl s
(U 1D6Uf7 Z / {gl m, 5 <[_ dr - r ]fl+25 m, —s( ) + flJ,rm,s(T)>

(I,m,s)€d
J— d Rils —

+ gl+2s7m,7s( ) [d'f’ ]fl m, s( ) - fl+2s,m7fs(r)

= Z (DB;LSF‘Z,WLSa Gl,m7s)L2(R+,(CQ)7 (2142)

(I,m,s)ed
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where D, _ is defined on C§°(R4,C?) by

1 _i _ ks
/ — dr T
0;l,s *— d _ Kis -1
dr T

’,: o1+ o3 (2143)

+ gt
E,7n,s = — Lm,s y Gl,m,s = _ bm,s . (2144)
fl+25,m,—s gl+25,m,—s

We therefore have
b= & Do

€Ny m==%(I+1/2) s=£1/2

and

Also
U D = AJUFIP = D (1(Dhys = M2) Frmosllizge, c2)-
(I,m,s)€d
It will follow from Theorem 2.1.1 below that each ID)fJ; s is essentially self-adjoint
in L?(R4, C?). Its self-adjoint extension Dg, s, has domain

D(Do.s) = {u € ACjpe(Ry,C?) : u, <—ZO’2 d K;’Sal) u € L*(Ry,C?)},

dr
(2.1.45)
where AC),.(R;,C?) denotes the set of 2-spinors whose components are absolutely
continuous functions on R . Moreover

U'nU = P P Do (2.1.46)

leNo m=%£(I+1/2) s=%1/2

2.1.2 Spherically symmetric electric potentials

Let V € L? (R?) be such that V(x) = V(r),r = |x|. Then we have

Dy+v=P B P .+

I€EZ m==%(1+1/2) s=£1/2

~

where 2 indicates the unitary equivalence U of the last section. The operators

]D)g 1.« TV are called the Dirac partial wave operators.

Theorem 2.1.1. The operator D) + V is essentially self-adjoint in L*(R3, C*) if
and only if Dy, ,+V,1 € No, s = £1/2, are essentially self-adjoint in L3R, C?). If
D, Dy s denote the unique self-adjoint extensions of D+ V, IDO 1,s TV, respectively,
then for A € C\ R,

O-A"=PH P P .- (2.1.47)

1€Ng m==%(1+1/2) s=£1/2
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and
o= |J oD (2.1.48)
1€Ng,s=%+1/2
Also
UMD =AUSIP = > (s = A2) P, sl 2w, 2 (2.1.49)
(1,m,s)ed

in the notation of (2.1.41) and (2.1.44).

Proof. We shall use the criterion that a symmetric operator 7" in a Hilbert space
H is essentially self-adjoint if and only if the range R(T — AI) of T'— AI is dense in
H for some, and hence all, A € C\ R, see [Edmunds and Evans (1987)], Theorem

/

I11.4.2. Suppose that Dfy,  + V' is not essentially self-adjoint for some [, s, say ', s'.
Then, there exists a non-trivial v € L2(R, C?), such that

(D o + VIu,v)2r, 02y =0, for all ue C5°(Ry,C?). (2.1.50)
With Ug = 0T ®f |, 40" ®pyg mr, —sr, where v=(r) i= 7 [ v(r, w)@im,,s, (w)dw,
it follows from (2.1.42) that
(Do +V = MU f,Ug) 2@s cay = 0 for all f € C°(R?, C*). (2.1.51)
Also,

1072 coy = 10117 200.00) + 107 [172(0,00) 7 O-

Hence U~1(Dj, + V)U is not essentially self-adjoint and, so, neither is D} + V.

Conversely, suppose there exists a non-trivial g € L?(R3,C*) such that (2.1.51)
holds. Then, for some I’,m/,s",v = g*@?,"m,’s, + 9 Prioy m,—s # 0 and, by
(2.1.44), it follows that (2.1.50) holds. Hence Dy, ., + V is not essentially self-
adjoint. It follows that D is unitarily equivalent to the orthogonal sum of the
partial wave operators and this yields (2.1.47) and (2.1.49). Thus a number X lies
in the resolvent set of D if and only if it lies in the intersection of the resolvent sets

of the operators D; s and this is equivalent to (2.1.48).
O

The operators D6;l',s/ +V are typified by an operator T}, defined on C§°(R, C?)
by T4 f = 7f, where

d
T 1= —io'z——E0'1+O'3+V, K/ER (2'152)
dr r

It is densely defined and symmetric in L?(R,, C?) and its adjoint is defined by 7 in
the weak (or distributional) sense on the domain

D* = {f: f,7f € L*(R,,C?}, (2.1.53)
that is, for all ¢ € C§°(R4, C?)
(To)" fr ) = ([ 7).
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Since C§° (R, C?) C D*, it follows that (T})* is densely defined, has an adjoint and
T} has a closure Ty = ((7)*)*; see [Edmunds and Evans (1987)], Theorem III.1.5.
Thus (T4)* = 1§ and Ty = (1¢)* =: T§*. In common with all symmetric operators,
To satisfies

1(To = AD I = VI £l

for all f in its domain and all A := pu + iv € C. It follows that the range R(Ty — \)
is closed in L?(R,,C?) for A € C \ R and this implies that for A € C\ R

R(Ty — M) = N(Tg — NI); (2.1.54)

here L stands for the orthogonal complement and N the null space (or kernel).
Recall the following terminology and facts from Section 1.1 in Chapter 1: the di-
mension of the space in (2.1.54) is called the deficiency of Ty — AI; it is constant
for A in each of the open half-planes Cy; the numbers m(Tp), m—(Tp), where
m4 (Tp) := nul(Th £iI), are the deficiency indices of Tp.

Let a > 0, |V (z)] < ¢1]z| "t +ca, for constants c¢1, co, and consider the symmetric
operator T defined in H := L?*((a,o0),C?) by T, f := 7 f on C5°((a, 00), C?). The
adjoint of T, has domain

Dy ={f:firfeXH,}
= {f : f € Hlloc((aﬂ OO)’C2)7 fﬂ Tf € j—er}
= {f:f€ ACc((a,00),C?), f,df /dr € H, }; (2.1.55)
see [Edmunds and Evans (1987)], Corollary V.3.12. The closure of T is Ty =
(Tt)* and thus, since T4 C T}, we have that T} C T'f. The graph norm of T"| is
equivalent to the Hg((a,o0),C?) norm and hence the domain Dy of T, coincides
with H} ((a, o), C?). Moreover, for f € C§°((a,o0), C?),

£2(w)] = 2Re | (8. £ (1))t

< 2/FILF < I + 171173,

from which it follows that H}((a,00),C?) is continuously embedded in
C([a,00),C?). This implies that

D, C{f:feD:, fa) =0} (2.1.56)

We shall need Green’s identity for f,g € D7, namely,

X
/ {(7f,9)(t) = (firg)(®)}dt = [f,9)(X) = [, gl(a),  frgeD,  (2.1.57)

where, with f = (fl) , g = <g1) ,
f2 g2

[ gl(x) := —(ioaf(2), g())
= fi(@)g2(z) = f2(2)7: (2). (2.1.58)
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Since grf — f7g € L'(a,00), by the Cauchy—Schwarz inequality, (2.1.57) implies,
in particular, that

[f5 91(00) :=

Analogous to a celebrated result of H. Weyl in [Weyl (1909)] for singular Sturm-—
Liouville equations, the equation

(r—A)f=0, AeC\R (2.1.59)

Xlim [f,g](X) exists.

has at least one solution f € H,, i.e.,

[ (1800 + 10y ) ar < o

The equation (2.1.59) is said to be in the limit-point case at oo if there is pre-
cisely one solution in JH; and otherwise in the limit-circle case, when two linear
independent, and hence all, solutions are in H . This classification is indepen-
dent of A € C\ R. For the number of solutions of (2.1.59) in H, is equal to
nul(T% — AI) = def(T — AI), which, as we noted in Section 1.1, is constant in C
and C_. Furthermore, since f € N(T} —4I) implies that f € N(T7 4 iI), it follows
that the deficiency indices m4 (T4) of T4 are equal. Hence Weyl’s result can be ex-
pressed as m(T4) > 1, where m(T4) is the common value of the deficiency indices.
Note that m(T) = 0 would imply that T is self-adjoint, which is impossible from
(2.1.56).
From (1.1.1),

m(Ty) = %dim {D% /D }. (2.1.60)

Hence, m(T;) > 1 means that there exist functions ¢\, j = 1,2, in D%, which
are linearly independent modulo D, that is, c;o") + cop® € D implies that
¢1 = ¢g = 0. When m(T4) = 1, equality holds in (2.1.56) and for any ¢ € (a, ),
functions satisfying the following conditions can be defined (see [Edmunds and
Evans (1987)], Lemma II1.10.4) and form a basis of D* /D

09 e AC([a,c],C?) , o9 () =0 fort >c,(j=1,2),
M (a) = <(1)) L@ (a) = ((1)) . (2.1.61)

If all the solutions of (2.1.59) lie in H 4 for some A = g € C it can be shown that
this is true for all A € C, cf. [Edmunds and Evans (1987)], Theorem II11.10.10.

A similar analysis holds for the symmetric operator T” defined in H_ =
L2((0,a),C?) by T" f = 7f on C§°((0,a), C?). It has a closure T whose adjoint 7™
has domain

D ={f: firfeH_}
={f:fe€ Hlloc((ova)ﬂ(?)ﬂ firfeH}
={f:f€AC1c((0,a),C?, f,7f € H_}. (2.1.62)
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The graph norm of 7" is equivalent to the H((0,a),C?) norm on account of the
Hardy inequality (1.7.5), H}((0,a),C?) is continuously embedded in C((0,a], C?)
and T C T* has domain

D_C{f:feD, fla)=0} (2.1.63)

The limit [f, ¢](0) := limy_.o+[f, g](x) exists for all f,g € D*. The operator T_ has
deficiency indices 1 or 2 determined by the number of linearly independent solutions
of (2.1.59) in H_ for A € C\ R, the number being 2 for all A € C if it is so for one.
The limit-point/limit-circle classification now relates to the singular point 0.

Lemma 2.1.2. (i) m(Ty) =1 if and only if [f, g](cc) =0 for all f,g € DI and in
this case

Dy ={f:feDi, f(a)=0}. (2.1.64)
(i) m(T-) =1 if and only if [f, g](0) =0 for all f,g € D* and in this case
D_={f:feD*, fla) =0} (2.1.65)

Proof. Suppose that m(Ty) = 1. Then dim (D% /Dy ) = 2, by (2.1.60), and so
the functions ¢, () defined in (2.1.61) form a basis of D% /D . Consequently,
any f € D7 can be written as

f=To+ e +cp?

for some fo € Dy and constants cq, co. Hence

[f, 9](00) = [fo, g](o0).
But

[vag](Oo) = (T+f07g) - (vaT-T-g) =0

and so [f, g](o0) = 0.

Conversely, suppose [f, g](co) = 0 for all f, g € D% . Let T denote the restriction
of T’} to (2.1.64). Then, by Green’s identity,

(Tvp, ¥) = (¢, T{9), forall ¢ € D(T1), v € DI,
whence Ty C T7* = T, Since T C Ty by (2.1.56), (2.1.64) is proved. If ), (2
are the functions defined in (2.1.61), then f € D* if and only if
f = (@)™ = fo(a)p® € Dy

Consequently dim (D% /Dy ) =2 and m(T) = 1 by (2.1.60).

The proof is similar for (ii). O

Lemma 2.1.3. m(T¢) = 1.

Proof. Suppose that (2.1.59) is in the limit-circle case at oo, that is, m(Ty) =
2. Then there exist linearly independent solutions ¢, of (2.1.59) in H,, and so
[¢,%](+) is a non-zero constant. But this is not possible since [p,](-) € L*(a, )
by the Cauchy—Schwarz inequality. Hence we must have that m(T5) = 1. O
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Lemma 2.1.4. Ty is self-adjoint (and so T} is essentially self-adjoint) if and only
if m(T-) =1, or, equivalently, (2.1.59) is in the limit-point case at 0.

Proof. Let Tj be the orthogonal sum
L=T-PT:

in H=%H_ P H,. It is easily verified that T, is a closed symmetric operator with
equal deficiency indices m(Ty) = m4(Tp) and

m(To) = m(T-) +m(Ty);

see [Edmunds and Evans (1987)] (IX.5.1). Furthermore, Ty C Ty and by mimicking
the proof of Theorem I11.10.20 in [Edmunds and Evans (1987)] we have

D(To) = {f : f € D(Tv), f(a) = 0},
dirn( (To)/D( 0)) -
and
m(To) = m(T-) + m(Ty) — 2.
Thus from Lemma 2.1.3, m(7Tp) = m(T-) — 1, whence the lemma. O

Lemma 2.1.5. Let V be the Coulomb potential V(r) = ~/r. Then T} is essentially
self-adjoint in L*(R,,C?) if and only if v* < k? — 1/4.

Proof. We noted above that if for some A\ € C, all solutions of (2.1.59) are in
L?((0,a),C?), then, for all A € C, all solutions are in L2((0,a),C?). In view of
Lemma 2.1.4 it is therefore sufficient to prove that for some value of A\, A\ = 0 say,
(2.1.59) has a solution that does not lie in L2((0,a), C?). The term o3 represents a
bounded operator, and so we may consider

. d K ~
{—2025 — ;0'1 + ;} f(’l”) =0.
This has the solutions

f(r):(li:yFS)rs, where s = /K% —~2.

The solution with a negative s is not in L%((0,a),C?) if and only if

2 < k2 -1/4.
v < KT =1/ .

On applying Lemmas 2.1.2-2.1.5 to Theorem 2.1.1, and noting that fiis = (2sl+
s+1/2)% > 1 since [ > 1 when s = —1/2, we obtain

Theorem 2.1.6. Let V' be the Coulomb potential V(r) = ~v/r in Theorem 2.1.1.
Then D' := D) + V is essentially self-adjoint if and only if || < v/3/2.
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Remark 2.1.7. The essential self-adjointness of D’ := D}, + V for any electric
potential V satisfying |V (x)| < v/3/2 was established in [Schmincke (1972b)]. The
result for the spherically symmetric case of Theorem 2.1.6 was proved in [Evans
(1970)] and also follows from results in [Weidmann (1971)].

Remark 2.1.8. For |y| < v/3/2, it follows from Theorem 2.1.6 that D is the closure
of Dy + V on D(Dy). Let ¢ € D(Dy) and let {¢;}jen,d; € C(R3,CH), be such
that ¢; — ¢ and Dyp; — Do¢ as j — oo. Since V is Dy-bounded on account
of the Hardy inequality and (2.1.11), we have that V¢; — V¢ and hence that
D¢; = (Do + V)¢; — (Do + V)¢. Consequently, ¢ € D(D) and D¢ = (Dy + V)9,
ie.,, (Do + V) C D. This means, in particular, that D(Dy) C D(D). In fact, it is
proved in [Landgren and Reit6 (1979)] and [Landgren et al. (1980)] (see also [Arai
and Yamada (1982)], [Klaus (1980)] and [Vogelsang (1987)]) that for D = Do + V'
with |V (x)| < (vV/3/2)x|™!, D(Dy) = D(D). This has important applications for
us in Chapter 4, and we shall give a proof in the next section, based on that in
[Vogelsang (1987)] for the case of matrix-valued potentials.

Remark 2.1.9. If v3/2 < |y| < 1, D/ = D, +V, V(r) = v/r, is no longer essentially
self-adjoint, but a physically relevant self-adjoint extension has been shown to exist:
the literature on these distinguished self-adjoint extensions will be discussed in
Remark 2.1.14 below. The range |y| < 1 is significant, for it follows from Theorem
2 in [Schechter (1966)] that the spectrum of the distinguished self-adjoint extension

is contained in R\ (—v/1 —n%,y/1 —n?), for any n € (|v/,1).

Remark 2.1.10. The essence of Lemma 2.1.4 is that for spherically symmetric
scalar potentials V, the essential self-adjointness of D} + V' depends only on the
local behaviour of V. This property was proved by Jorgens in [Jorgens (1972)] and
Chernoff in [Chernoff (1973)], [Chernoff (1977)] to be satisfied by a wide class of
operators of the form Df + P, where P is a Hermitian 4 x 4-matrix-valued function,
a class which includes operators ac- (—iV + A) + V, where A is a vector (magnetic)
potential and V' a scalar potential. In [Thaller (1994)], Thaller gives an abstract
result for operators exhibiting this type of behaviour which includes the results
of Jorgens and Chernoff as special cases. In its application to the Dirac operator
Dy + P, the essential self-adjointness of a symmetric operator T is a consequence
of that of symmetric operators A, T A, for each n € N, where, for instance, the A,
are the operators of multiplication by real functions ¢,,, where ¢, (t) = ¢(t/n), o €
C§5°(0,00). The crucial property which distinguishes the case when T is the Dirac
operator from that of the Schrédinger operator is that the commutators [T, A,] =
—i¢) (o - x/r) are uniformly bounded operators in the Dirac case. If T is the
Schrodinger operator the commutators are first-order differential operators.
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2.1.3 Matriz-valued potentials

The main objective in this section is to establish a special case of the result in
[Vogelsang (1987)] concerning the essential self-adjointness of

Dp' =D + P, DDp)=CLR3\ {0},C), (2.1.66)
where, in our case, P is a Hermitian 4 x 4-matrix-valued function with a Coulomb
singularity at the origin. Our particular concern is to show that the domain of the
unique self-adjoint extension of Dp’ coincides with D(Dg) = H(R3, C*).

To prepare for the main theorem, we need some auxiliary results, based on ones
in [Vogelsang (1987)], which are of intrinsic interest. We noted in Section 2.1.1 that
the three components of the orbital angular momentum operator L = xxp and total
angular momentum operator J = L + S (where S is the spin angular momentum)
are self adjoint in L2(S%,C*),k = 2,4. Also, L? and J? have a discrete spectrum
with common eigenvectors €2 ,,, s in the case k = 2, specifically, by (2.1.24),

L2Ql7m,s = l(l + ]-)Qlﬂn,s

T Qs = (L4 8)(1+ 5+ 1D s, (2.1.67)
where ! € Ng when s =1/2, l e Nwhen s = —1/2and m € {-1—-1/2,---,1+1/2}.
It follows that the spectrum of J2 — L% 4+ 1/4 in L?(S?,CF),k = 2,4, consists of
eigenvalues at {£1,+2,---}.

From

J2P—L?+1/4=1+2S-L (2.1.68)
and
2S-L:—%(a><a)-(x><V)
= —Z()éi()éj(ﬂiiaj —a:j&v) (2169)
i<j
it follows that T':= 1 + 2S - L is a self-adjoint operator with domain H!(S?,C*) in
L%(S%,C*) and
HTU||L2(S2,(C4) > ||u||L2(S27C4) forall we Hl(S2, (C4) (2170)
Setting x = rw,r = |x|,w = (w1,w2,ws3) and & := Z?:l a;w;, we have by (2.1.69)
and the Chain Rule that

3 3
ra Yy a0 =Y aio(wi0; — 1;0) + Y 1,0
j=1 j=1

i<j
= -T)+r0,.
Since &2 = I, we have with v’ = ru,
3
&0y —r T = rZajaju. (2.1.71)
j=1

Lemma 2.1.11. For alluw € H} (R3,C%),
[r=Y2u < |rY?(a- D)ul|, D:=—iV, (2.1.72)
whenever both sides are finite. In (2.1.72), || - || is the L2(R3,C*) norm.
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Proof. Let oy € C§°(0,00) be such that 0 < pn(r) < 1, pn(r) =1 for 1/N <
r < N, and ¢y (r) = O(1/r). Suppose that (2.1.72) has been established for ¢ nu.
Then, with obvious notation,

Ir =2 ull o1 /v<reny < 77 2Nyl
< ||T1/2(»0N(a : D)U” + ||711/290§\7u||{x:r<1/N}U{x:r>N}

< ||T1/2(a ! D)U” + c”’ril/Qu”{x:r<1/N}U{x:7">N}'

On allowing N — oo, (2.1.72) follows for u in the prescribed sense. Hence, we may
assume that u vanishes in neighbourhoods of zero and infinity.
From (2.1.71),

7"1/2(1- u2: - rio - u2w rar
Ir/2a-Dyul* = [ [ {irta- Dyufdo}ra

= A r { ||64(8r - T_lT)u/||%2(SQ7C4)} dr (2173)
where

18(0y — r7 T2 sz )
= ||6TUI||%2(82’C4) + ||T‘71TUI||%2(S2’C4) - 27"71Re [(8ru/, TUI)L2(S2’C4):| .

Since, T' involves only the angular variables and therefore commutes with 0,, we
have on changing the order of integration,

/ / (O, T )drdw = —/ / (u', T )drdw
0o Js2 52 Jo
= —/ / (T, Opu’ydwdr
0o Js2

Re/ (/ GRS Tu')dw) dr = 0.
0 s2

Hence, from (2.1.73) and (2.1.70), we deduce that

and so

||7"1/2(0f : D)U||2 = / r (||3ru'||%2(s2,cc4) + ||r71Tul||2L2(S2,(C4)) dr > ||7“71/2u||2
0
and the proof is complete. O
Lemma 2.1.12. Let P be Hermitian-valued with P& = &P and
PO < p/Ixl, 0= < V3/2.
Then, for all u € H*(R?,C*),

[rtull < (1 —a) (D) + Plul, a®=p*+1/4. (2.1.74)
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Proof. First note that r—tu € L?(R3 C*) by Hardy’s inequality (1.7.3). On
substituting »—!/2u for u in Lemma 2.1.11, we have

[r~ ]| < [[[(e- D) + Pluf| + [|(ir~'a/2 — P)ul.
Furthermore, the assumptions on P imply that
1
G~ /2 = Pyull® = [|Pull* + 27~ ul® < a®[[r~ %,
whence the result. (]

The following theorem is a special case of Theorem 1 in [Vogelsang (1987)];
Vogelsang’s theorem allows the matrix potential P to have Coulomb singularities
at a sequence of distinct points without a finite limit point.

Theorem 2.1.13. Let P € L{° (R3\ {0}, C* x C*) be Hermitian-valued with P& =
aP and

|IP(x)| < p/lx], 0<p<+V3/2. (2.1.75)

Then D is essentially self-adjoint and its unique self-adjoint extension has domain
D(Dy) = H'(R3,CH4).

Proof. We first prove that R := (a - D) + P is symmetric on
Dy :={u:uec L*R3C"nH. (R CY, Ruc L*(R3,C*)}.
Let f,g € Dy and ¢i(r) = ¢(r/k), where ¢ € C5°[0,00), 0 < ¢ <1, ¢(r) =11in
[0,1), O for r > 2 and ¢'(r) = O(1). Then
(PnRf, Org) — (rf, orRg)
= i(¢af, org) — i(onf, $r.a9)

1
~0 (z/ IfgldX> .
k<r<2k

That R is symmetric on D, follows on allowing k — oo.

The next step is to prove that R on D, is self-adjoint. This will follow if we
show that R(R +il) = L?(R3,C?), i.e., for any f € L?(R3,C*), there exists u € D;
such that

[(c D)+ P +ilu=f, (2.1.76)

and similarly for —i.
Define
r
r+A
Then (- D) + Py is self-adjoint on D(Dg) = H!(R3,C*) by Theorem 1.1.1, and so
there exists uy € H*(R3,C*) such that

[(a D)+ Py +ifux=f, |uall <[If]- (2.1.77)

Py (x) :=

Px), (0<Xx<1).



44 Spectral Analysis of Relativistic Operators

With the above ¢, € C§°[0, 00), we have

[(a - D) (¢rur)|| = [|¢x(a - D)ux — iy aun|]
< |l¢xl(e - D) + Py +iJux|| + |or(Px + d)ux|| + [ ¢ uxll
< CIfl, (2.1.78)

where the constant C' is independent of A\, on observing that the assumptions on P
in Lemma 2.1.12 are satisfied by P, and consequently,

[Pxual < pllr = usll < p(1—a) " |[(c: D)+ PaJunll < p(1—a) " | f—iual = O(I £1)

and

[@kurll = O(llull) = O(I£1).-

These imply that {¢rux} is bounded in H}(Bay), where Bay is the ball {x : |x| <
2k}, and hence, by the Rellich-Kondrachov theorem (see property (v) in Section
1.6), there exists a sequence {qbkuxnk : ni € N}, which, as A\,, — 0, converges in
L?(Bay, C*) and, hence, {ux,, } converges in L?(By, C*). On repeating the argument
with {@2uy,, }, we see that {uy, } contains a subsequence {uy,, } which converges
in L?(Bay, C*). Continuing in this way and selecting the diagonal of the constructed

subsequences, we obtain a sequence {uy, } which converges to a limit u, say, in
L? (R3 C*). Note also that, for all k € N,

loc

lull 5, = lim flux, [l5, < [ f]

and so u € L?(R3,C*).
We claim that v € Dy and satisfies (2.1.76). To see this, we first note that, for
all ¢ € C§°(R3?,C*),

/R3 (uy,, (a-D)Y)dx = / (- D)uy, , ¥)dx

R3

= /Rs (f = (Px, +1)un,,)dx
— [ = vpax [ fun, P v
R3

R3
As A, — 0,uy, — win L2 (R? C*), and Py v — Pt in L?(R? C*) by domi-

nated convergence, since Py, — P and |Py, ¢|> < |Py|? € LY(R3,C*) by Hardy’s
inequality. It follows that

/RS (v, (@~ D)y)dx = / (f = (P + i)u, )dx.

R3
Thus (a-D)u = f — (P +i)u in the distributional sense in R?. Since f — (P +i)u €
L2 (R3\ {0},C*), we also have that (a-D)u = f — (P +i)u in the sense of a weak
derivative in R?\ {0}. This implies that v € Dy and (2.1.76) is satisfied. The same
argument works when 7 is replaced by —i in (2.1.76). Hence R is self-adjoint on D;.
The operator R is the closure of D, (and hence D, is essentially self-adjoint)

if and only if any u € D; can be approximated in the graph norm || - ||z of R by
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functions in C§°(R3\ {0}, C*). From the identity R[(1—¢y)u] = (1— i) Ru+ig}au
we have that ||u — ¢rullr — 0 as k — oo. Moreover, ||¢rul| g is easily seen to be
equivalent to ||¢xu| 1 (r3,c4y on using Lemma 2.1.12 and Hardy’s inequality. Since
C5°(R3\ {0}, C*) is dense in H!(R3, C*) (see [Edmunds and Evans (1987)], Corollary

VIIL.6.4), it follows that R = D'p.
Finally, for u € Dy, ¢pu € H*(R?,C*) and by Lemma 2.1.12,
[ Pull eer<iy < o Pull < pllr™ ppul|
< p(1 = a)7|[(e@- D)+ Pl(¢u)]
< C{ll[(e- D) + Plu|l + k~Hulxrer<ar}-

It follows that Pu € L*(R* C*) and, hence, u € H'(R? C*). The proof of the
theorem is therefore complete. O

In [Arai (1975)] and [Arai (1983)], it is shown that there are matrix-valued
potentials P satisfying
1/2+4¢
x|

|P(x)| <

with e > 0 arbitrary, for which D/, is not essentially self-adjoint. Thus, the condition
P& = aP is necessary in Theorem 2.1.13. Hardy’s inequality ensures that if

[P(x)] <a/2x|+b

)

for some constants b > 0 and a < 1, then P has Dj-bound a < 1 and hence D,
is essentially self-adjoint with D(Dp) = D(Dy), by the Kato-Rellich theorem 1.1.1.
Therefore a < 1 is optimal for general matrix-valued potentials.

Remark 2.1.14. For
v =sup |x||V(x)| <1, (2.1.79)
x#0

where V' is now a scalar potential, Schmincke in [Schmincke (1972a)] and Wiist
in [Wiist (1973, 1975, 1977)] proved the existence of a distinguished self-adjoint
extension 7 of T := I/ := D) 4+ V | C°(R?\ {0},C*) as a certain limit of Dirac
operators with cut-off potentials: Schmincke removed Wiist’s assumption that T" be
semi-bounded. The extension is characterised by its domain D(T") being contained
in D(T*)ND(r~/2). This was shown by Klaus and Wiist in [Klaus and Wiist (1979)]
to coincide with the self-adjoint extension constructed by Nenciu in [Nenciu (1976,
1977)] as the unique self-adjoint extension of D) + V with domain in D(|Dg|*/?) =
H'Y?(R3,C*). In [Nenciu (1976)], T is defined as the self-adjoint operator satisfying
the following:

(T¢,9) = (IDo|*2¢,U[Do[/2%) + (Vo, ), V(x)=~/Ix], (2.1.80)

for ¢ € D(T), 1) € D(Dy), where U is the partial isometry in the polar decomposition
of Dg; see Section 1.2. We shall see in Section 2.2.3 below that U = Ay & A_,
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where A+ are the projections of L?(R?,C*) onto the positive and negative spectral
subspaces of Dy and |Dy| = v —A + 114.

The pivotal role played by Hardy-type inequalities in establishing the essential
self-adjointness of T is clear from the proof of Theorem 2.1.13, and their fundamental
importance in proving the existence of a distinguished self-adjoint extension of T’
is demonstrated in [Esteban and Loss (2007)] and [Esteban and Loss (2008)]. A
special case of the inequality in Theorem 1 of [Esteban and Loss (2007)], which is
adequate for dealing with Coulomb potentials, is the following inequality proved
originally in [Dolbeault et al. (2000a)]:

o - x) |2 x)|?
/RS (—K 1471)%;)' +|<p(x)|2> de/Rg %{@' dx, (2.1.81)

where o - V = Z?:l 0;0;, with 0,7 = 1,2,3 denoting the Pauli matrices (2.1.5).
The powers of |x| and the constants are optimal in (2.1.81). By scaling, replacing
©(-) by e 1p(e~!) and allowing € — 0, (2.1.81) yields

2
/ Ix[|(o - W)o(x)|2dx > / PG (2.1.82)
RS re x|
The analysis in [Esteban and Loss (2007)] applies to the critical case v = 1 in
(2.1.79). It is shown that when V(x) = —1/|x|, the domain of the distinguished
self-adjoint extension is not contained in H'/2(R3,C*).

2.2 The quasi-relativistic operator

In [Herbst (1977)] and [Weder (1974, 1975)], a comprehensive description is given
of the spectral properties of the operator

H:= (-A+m?)Y2 - Ze?/|x|, (2.2.1)

which serves as a model for the interaction of a relativistic spin-zero particle of
charge e and mass m in the Coulomb field of an infinitely heavy nucleus of charge
Z. Unlike the Dirac operator, this operator has the virtue of being non-negative for
a range of values of Ze?, and provides an interesting comparison with the Brown—
Ravenhall operator which will be investigated in the next section. To simplify
notation again, we consider the operator

H:=Hy+V, Hy:=v-A+1, V(x)=-—v/|x], v>0. (2.2.2)

The operator Hy has domain D(Hy) = H'(R?) and form domain H'/2(R3); see
Section 1.6. We first need some preliminary results, which will also be needed in
the next section.
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2.2.1 The Kato inequality

In this section we give a proof of Kato’s inequality (1.7.7) in the cases n = 2,3, as
a consequence of technical lemmas which will be needed elsewhere in this chapter.
In the first lemma, the normalised spherical harmonics Y}, feature and also the
Legendre functions of the second kind, namely,

Qi) = % /_ 1 Zplftidt, (2.2.3)

where P; are the Legendre polynomials.

Lemma 2.2.1. Let p=p wp,p’ = p'wp € R3. Then

1 2r p/2 +p2
73/[’7771’ Wp’ leﬂn wp)dwp dwp = _Ql (
/s2 s [p— P2 (o) Yim (wp)deprdp pp’ 2pp’

> 6ll’5mm’ .
(2.2.4)

Proof. On setting z = (p* +p'?)/2pp’ and p-p’ = pp’ cos~y, we have from [Whit-
taker and Watson (1940)], Chapter XV that
1 1

p—pP>  2pp'(z—cos7)

1 o0

= v Z (21// + 1)Ql”(z)B// (COS ’Y)
pp =0
47T l//

2pp/ Z Ql// (Z) Z 7[//7,",1// (wp)}/i”,’m.” (wp/). (225)
=0

The lemma now follows from (2.2.5) and the orthonormality of the spherical har-

m!=—1"

monics. |

The following analogue of Lemma 2.2.1 for the spherical spinors of (2.1.25) and
(2.1.26) will be used in the partial wave decomposition of the Brown-Ravenhall
operator in the next section.

Lemma 2.2.2. Let p=p wp,p’ = p'wp € R3. Then
Jo Js2 m“zlﬁm/,y (wp'), Qs (wp))dwp dwp

= 22.Qu (252 ) Ot GO (2.2.6)

pp 2pp’

Proof. For s =5 =1/2, we derive from (2.1.25) and (2.2.4)

1
I ;:/ _ Ql/.m/,s’ Wy 7Ql,m,s w dw o dw
[ o Ol B (o)) s

1 U+m' +1/2 [I+m+1/2
Y/ ’_ ! Ym—
L1 |p—p’|2{\/ 2+ 172) \/2<l+1/2> o =1/2(p Yom-/2(0p)

UV'—m'+1/2 [l—m+1/2
\/ 20 +1/2) \/ 21+ 1/2) Yl/’m/ﬂ/?(wp’)yhmﬂ/z(wp)}dwp’dwp

2_7T <p/2 +p2

+

Py’ 2pp' ) O O
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Similarly for s = s’ = —1/2 on using (2.1.26).
When s = 1/2, s’ = —1/2, (2.1.25), (2.1.26) and (2.2.4) yield

I l+m+1/2 [l—-m+1/2
N 2(0+1/2) \| 2(1+1/2)

l—m+1/2 [l+m+1/2]| 2« p’? +p?
- _,Ql n 5ll’5mm’
2(1+1/2) 20+1/2) [ pp 2pp

=0.

The next lemma is a consequence of Hilbert’s inequality in Theorem 1.7.2 and
will be used repeatedly later.

Lemma 2.2.3. For u,v € L?(Ry;xdx) and | € Ny,

I = /0 h /0 o) (% [g + %D dady
<o [ au@pa) ([T wra). (2.2.7)

CIZAWQI (% [x—!—é])a:_ldx

[ w?)2,4f 1=0
C, = {27 i =1 (2.2.8)

where

s sharp. In particular,

and Cy <2 forl > 2.

Proof. The functions z~/2y~1/2Q, (% {% + %D are homogeneous of degree —1.
Hence (2.2.7) follows by Hilbert’s inequality.

Next we note that it is shown in [Whittaker and Watson (1940)], Chapter XV,
Section 32, that for ¢ > 1, the Legendre functions Q;(t) have the integral represen-
tation

—l-1

> z
t) = - d 2.2.9
Q) /H e (2.2.9)

and so, for ¢t > 1,

Qolt) > Qut) > -+ > Qu(t) > -+ > 0. (2.2.10)
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Thus C; < Cy if Il € Ng and C; < ( if [ € N. Furthermore,

e 1 1 o 1| d
CO:/ Qo(—[x+—]>x1dx:/ In rtliar
0 2 x 0 r—1|
1
:2/ In vl d_;v
0 r—1|
1 e 2k
T
:4/( )dx
0 k:02k+1
= 1
:42 2
k:0(2k+1)
2
T
= 2.2.11
- (22.11)
and
° 1 1
01:/ Q1 (— {x—k—})x_ldaj
0 2 T
! 1 1
:2/ Q1<— {m—i——})x_ldaj
0 2 T
1
:2/ {l<x+l)1n x—!—l}_l}d_x
o L2 T z—1 T
5
=2 lim l a:—l In z+1
e—0+,0—1— | 2 xT r—1 6
=2 (2.2.12)
as asserted. O

Kato’s inequality in R™ is now shown (in the cases n = 2, 3) to be a consequence
of Lemmas 2.2.1 and 2.2.3. We use the notation

DY2(R") := {u: ()4 e L*(R™)}. (2.2.13)

Equivalently, in configuration space, D'/?(R™) is the completion of S(R™) with
respect to the norm

Jull prrzny = I{—=A}*ull L2@n) = I{] - [}'/%ll L2(zn).- (2.2.14)

Note that D'/2(R™) is not a subspace of L?(R™). Its intersection with L?(R")
is the Bessel potential space

HY2R™) := {u: (|- + )Y € L2(R™)}; (2.2.15)

see (1.6.4). Equivalently, in configuration space, H'/?(R") is the completion of
S(R™) with respect to the norm

[ull g2y = (=2 + DYl L2@ny = (|- [P+ DY L2y (2.2.16)
see Section 1.6 in Chapter 1.
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Theorem 2.2.4. For all f € DY/?(R?),

[ ireopac< s [ iplliw)Pdp. 2.17)
R3 R3

The constant 7/2 is sharp.

Proof. 1t is sufficient to prove the theorem for f € S(R3).
By Parseval’s formula (1.5.7), and (1.5.9), we have

[ seoRax = [ B @ER R
R3 R3
= [ (B« ) @) F oo
- 3/2\/7/ p- v %f(p ) f(p)dpdp’ =

p) = \/%|P|1

by (1.5.14). Since the spherical harmonics {Y;,,} form an orthonormal basis of
L2(S?), we can write, with p = pwy, in polar co-ordinates,

Z i, m Y—l m wp) Clﬂn(p) = é2 f(pwp)}/hm(wp)dwpa

(2.2.18)

since

where the summation is over m = —I, -l +1,--- ;I — 1,1, [ € Np. On substituting
in the integral I of (2.2.18) and using Lemma 2.2.1, we get

27T2 Z Z/ / P20 e () ctm (D)

Lm l’,m’

/S ., WYW (o Mmooy iy

—Z/ / wa®
?;;/0 /0 @ (5 [17 + gD (Pm) (P etm(®)) dpdp’. (2.2.19)

It now follows from Lemma 2.2.3 and (2.2.10) that

Z/ p |clom |2dp

l,m

_ - £ 2
=5 [ i®)Flpido

with sharp constant /2, and so the proof is complete. O

X

)Cl m (p/)cl’m (p) dpdp’
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The following proof of Kato’s inequality in R? is taken from [Bouzouina (2002)]
where a method that is analogous to that above is used.

Theorem 2.2.5. For all f € D'/?(R?)

/Rz |f|(>>:|)|2d"§( 154) / Ipll/(p)dp, (2.2.20)

where the constant is sharp.

Proof. As in the proof of Theorem 2.2.4, but noting that in R%,F(1/| - |)(p) =
Ip|~1, by (1.5.14), it follows that

[ o - / {F(%)*f}@)?(p)dp
~/]R?~/]R? PR (v')f(p)p'dp

=1 (2.2.21)

say. Since {e*? /\/27 : k € Z} is an orthonormal basis in L?(0,27), we can set, in
polar co-ordinates,

flp) =

= prl/QUk 11@9’

kEZ
where

2/ ploo)Pdp = [ IpllF ) .

kEZ
On substituting in (2.2.21), we derive

~ (2n)2 Z/ / v (p)or (p) Jr e (. ") (pp )2 dpdp, (2.2.22)

k,k'€Z

where
2m 2m L )
Jk,k' (p/p/) — / / [pQ _|_p/2 _ 2pp/ COS(@ _ 0/)]—1/2€zk 0 e_lkedadel.
o Jo
Let a := 2pp’/(p* + p?) and suppose that k # k’. Then, on setting §' = ¢' + o, =
¢ + a, we obtain

Tew (p:0)) = ¥ P L (p,1)
and hence Jy i (p,p’) = 0. When k = ¥/,

, 2w p2m eik(&’fe) ,
J ) = 7/ dg'de.
bk (Prp) Vp+p2Jo Jo y/1—acos(6 —0)
The change of variables 6/ — 6 = u, 0 = v yields

1 27 2 —v eiku

Ji ) = ——— / d —d

b)) = e ML, VT a
2
=—" _Ii(a), (2.2.23)
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where
27 iku

Ix(a) == eidu
F T o V1—acosu

\/7/“ 1 z—: 1/2_Z+)d2 (2.2.24)

on setting z = ™ and with z1+ = (1/a){1 £ V1 — a2}: note that I_(a) = Iy(a) =
I (a). The function

Sh—1/2

NCETRICEEN

is analytic in C\ [0, 00) and it follows by Cauchy’s theorem that I, = I} +I?, where

ok—1/2 zk—1/2
\/7/ Vi —z2)( x—z+ \/7/ Vi — 22 z+—x)dm

2k—1/2 rk—1/2
\/7/ Vi —z2)(x—24) $+\/7/ —i/(z —2_) z+—a:)d$.

Hence, on setting ¢t = 1/a, we have

t—Vt?—1 Zlkl=1/2
I (a) = 2\/2—t/ — >z
vVt —2tr +1
—|k|-1/2
=2V2t x
t+vEE—1 V1 —2tac+ac2
= 2V26Qk)-1/2(t)

by (2.2.9). Note that this remains true with the non-integer index |k| — 1/2. For
the substitution ¢t = (1/2)(z + 1/2) gives

t+ V2 —1=max(z,1/2), 2?—-2tx+1=(z—2)(z—1/2),

and so
o 1kl=1/2

W r
I‘k‘(l/t) 2V max(z,1/z) (33 - Z)(.f - 1/2)

= 2v21Q 1 -1/2((1/2) (2 + 1/2)) = 2V2tQ)x 12 (8),
by (1.5.24) With I = |k| — 1/2. We therefore have in (2.2.22)

//Uk ) (D) Qx| 1/2(— [—, Idedp
T ke

The function Qj—1/2 (% {5 + %D (p'p)~1/? is homogeneous of degree —1, and
thus, on using Hilbert’s inequality (1.7.10) and the fact that Qz—;/2 decreases
with |k[, it follows that

R ey

kEZ

V2 (e (5[ +1)) i [ wiiwias
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where M denotes the Mellin transform. Hence by (1.5.21)and (1.5.22),

<(ﬁ,1/34/4) [ wliw) e

The lemma follows from (2.2.21). O

2.2.2 The self-adjoint realisation

In view of Kato’s inequality (2.2.17), a natural self-adjoint realisation of the operator
(2.2.2) in L*(R3) is that given by the first representation theorem associated with
the form

Blf] = / N(IEHEP + VeI ) dx, Vi) = —y/ixl, (22:25)

on HY 2(R3), for v not exceeding the critical value 2/7. The complete picture is
provided by the following result from [Herbst (1977)].

Theorem 2.2.6.

(1) If y < 2/7, the form (2.2.25) is non-negative on H'/?(R?). The operator H in
(2.2.2) is defined to be the associated self-adjoint operator, having form domain
H'/2(R3); it is the Friedrichs extension of the restriction of Ho+V to D(Hy) =
HY(R3). If v < 2/m,H coincides with the form sum Hgy + V.

(2) If v > 2/m, the form (2.2.25) is unbounded below.

(3) If v < 1/2,H is self-adjoint on D(Hy), being the operator sum of Hy and V'; it
is essentially self-adjoint if v = 1/2. For all v and f € D(Hy), V f € L*(R3).

Proof.

(1) This is an immediate consequence of Kato’s inequality (2.2.17) and the stability
theorem for forms, Theorem 1.2.1.
(2) Suppose that Hy + V' is bounded below, Hy + V > —E, say, that is,

/R3 {TEIV=A+T7() + V(x) + Ellf )} dx > 0, (2.2.26)

for all f in the form domain of Hy + V, and, in particular, for all f € S(R3).
Let A denote the dilation (Af)(x) = f(Ax), A > 0. Then

/ (VP T 1FAD)()dp + / [V(x) + E]|Af(x)*}dx
= [ VPRl + [ V0 + B G0

On allowing A — oo, we obtain

2 e,
/Rgpm )2d m/ﬂ@—w ix,

which, from Theorem 2.2.4, can only hold for v < 2/7.



54 Spectral Analysis of Relativistic Operators

(3) By Hardy’s inequality (1.7.3), we have
IVl < @YIHEfIl,  feH'(R®).

Hence by Theorem 1.1.1, Hy + V is self-adjoint with domain D(H) if v < 1/2
and is the operator sum of Hy and V. If v = 1/2, the essential self-adjointness

of Hg + V follows from Wiist’s Theorem 1.1.2. -

The following lower bound for the operator H = Hy + V in the first part of
Theorem 2.2.6 is obtained by Herbst in [Herbst (1977)], Theorem 2.2.

Theorem 2.2.7. If v < 2/7, then
H> /1 (n7/2)%
Proof. Let k:=mvy/2 < 1 and suppose that 0 < A < 1, so that A € p(Hy). Define
B := (Ho — A\) " Y2V (Hy — \)~Y/2
= —A*A,
where
A= (|V|1/2(—A)’1/4) ((—A)1/4(H0 _ )\)71/2) .
From Kato’s inequality (2.2.17) we have
IVIY2(=2)"4)% < &.

Also, on using the Spectral Theorem for (—A)Y/?2, we have

)@~ N2 < [ o (VEFT-3) T B
<supfa (Ve H1-2) " e

&>0
= (1= X)) 7).
Hence
1B < (1- 2272 < 1
if A < v/1— r2. For u € D(Hy) and v € Q(Hy) = Q(H),
hlu,v] — A(u,v) = ([Ho + V — Au, v)
= ([Ho — NY/?[1 + B)[Hy — NY?u,v),
while if v € D(H), the left-hand side is equal to (u, [H — AJv). It follows that
H— \ = [Hy — NJV2[1 + B][Hp — \]*/2
and so
[H— A" = [Ho — \7?[1+ B]'[Ho — A] 7'/

for A < /1 — k2. Thus the resolvent set of H contains (—oo,+/1 — k2) and this
implies the theorem. ([
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In order to investigate further the range 1/2 < v < 2/, we decompose H in
terms of the spherical harmonics Y] ,, and mimic some of the analysis of Section
2.2.1. We have

F(Hof)(p) = v/p* + 1f(p

and from (1.5.11) and (1.5.16)
1 1 -
R ) = (Fr f) )
1

" o2 /Rz Ip—p’ |2f( p')dp

Since | - |71 f € L%(R3) for all f € H*(R®), by Hardy’s inequality, H is defined on
H'(R3) and

=Vp2+1f(p 27TQ/ #f( "dp'.

rs [P —P'?
Let
F(P) = > p ctom(p)Yim (wp),
Im
where
Plam®) = [ f (pwp) Vi m(wp)dwp,
and

S [ e @l = [ pP)F)PdD = 1 o

l,m

Then, on using the identity (2.2.5) and the orthonormality of the spherical harmon-
ics, we obtain

FEH)P) = Y { VP + 10 cm(p)

l,m

_ %/0 p_lcl,m(p/)Ql <% L% + %:|> dp/}n,m(wp)
) = S [V T

% [ [ <[ %Dcl,m<p/>c7;(p>dpdp'}

Z(sz,hzczm)L2(R+)7 (2.2.27)

l,m

and so

say. Formally, the operator h; is given by
h=E—-K, (2.2.28)
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where E is the operator of multiplication by /p? + 1 and

oo 1 /
(Kzu)(p)zl/ Q= |2+2])u@)dp. (2.2.29)
™ Jo 20 p
Lemma 2.2.8. For u € L*(Ry;p2dp),
[ Kiullpery) < %1171/2||U||L2(R+,p2dp), (2.2.30)
where
T [t Pt)

I =—= dt.
PV VT

In particular
[ Koull 2,y < 2vllull L2, p2dp)
|Krullzae,) < 22llullzace, s,
and for 1 > 1,
[ Kullz2®,) < [Kiullp2e,)-

Proof. We may clearly assume that u is real. We have

’7 2 oo oo
||Kl“||%2<ua+>:(;)/o /0 ka(p', p") (0P Yu(p Yu(p”)dp' dp’,

k)= [ (3 5+ ]) @ (5 [+ 5 ])

Note that k;(p’,p”) is homogeneous of degree —1. Hence, by Hilbert’s inequality
(1.7.10),

where

¥ 2
1K, < (2) Cilula, o

where
Cr = / Fa(p', 1)p' =% 2dp!
0
> © 1 / 1 1
- [ als B p]) el eg]) @) o
0 0 2|p p 2 D
> 1 1 ° 1 1
= [Talsfoes])rew [Ca(g e g]) e
0 p 0 z
Let

Ilﬂ :Z/O Ql (% |:$+ é:|> m_ﬂdx
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with 3 = 1/2 or 3/2. It follows that I; ;5 = I} 3/2, and from (2.2.3)
/1t Pyt
I 1/2 Z/ (-/ %dt) a1V 2dx
’ 0 2/ §[$+l/x]—t

:/i{Améffgéﬂﬁm}Hmﬁ’ (2.2.31)

The inequality (2.2.30) follows since

/WLC&:L
o (2241 2tx) 21— 1)

On substituting Py(t) = 1, P(t) = t, it is readily shown that Iy /o = 27,1112 =
27/3 and from these, and the fact that the Q; decrease with [, we deduce the rest
of the lemma. [l

The following theorem is now an immediate consequence of Lemma 2.2.8, The-
orem 1.1.1 and Theorem 1.1.2.

Theorem 2.2.9.

(1) For v < 1/2,b is self-adjoint with domain L*(Ry; (p* + 1)dp).

(2) Fory=1/2,ho on L*(Ry; (p? + 1)dp) is essentially self-adjoint.

(3) Forl > 1,b; with domain L*(R; (p? + 1)dp) is self-adjoint for all v < 3/2 and
in particular throughout the critical range v < 2/.

This provides additional information to that in the third part of Theorem 2.2.6
since the operator H in (2.2.2) is self-adjoint or essentially-self-adjoint if and only
if the same is true for all the operators b;; c¢f. Theorem 2.1.1. Thus it is hy which
determines the range of self-adjointness and essential-self-adjointness. We examine
the behaviour outside the range v < 1/2 next.

2.2.3 The range 1/2 < v < 2/m for ho

To analyse fo in this range, we follow the development in [Yaouanc et al. (1997)]
using Mellin transforms. Recall from Section 1.5 that the Mellin transform M is a
unitary map from L?(R;) onto L?(R) defined by

W) = M0le) = = [l
with inverse
ﬁ —3 st (s)ds
ML) = / isgd(s)d

Also, with the convolution defined by

(¥ % 9)(s 'r/¢ ()—%zp
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we have

(M9 %)) (s) = ¥¥(s)F (s).

Since the multiplication operator \/p? + 1 — p has a bounded self-adjoint exten-
sion on L?(R, ), the properties of ho we seek will follow from those of the operator

b=p— Ko, D(h)=L>Rs;(p*+1)dp). (2.2.32)
Set Qo(z) == Qo(4[z + L]). Then, by (2.2.29),

~(Kob) () = /0 T (% {3, + %D b(p')dp

and hence
= M) (5) = V2RM(@o) ) (ML) (5)
Moreover,
PO () = (s + i)
and
V27 [M(Qo)] (5) = 7V (s +i/2),
where

V(z) = / 71T Qo () da.
0
This is the case | = 0 of the function evaluated in (1.5.22), thus
_ 1D (5E) 0 ()

e

On using the identities
D(w)I'(1 — w) = «/ sin(rw)
Nw—-1) =wl(w),

we obtain

Viz) = M (2.2.33)

The operator h* := MhM ! therefore satisfies
bhiepF(s) = [1 — AV (s +14/2)] ¥ (s + ). (2.2.34)

The domain of h consists of functions 1) € L?(R.) which are such that pyp € L*(R..);
hence %, 9#(- +1i) € L?(R). Since V(- +1/2) is bounded on R we have that h#¥ is
defined for all ¢ € D(h) and

D(h') = D(p¥) = {v* : ¢F, () € L*(R)}
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where
(PFyF)(s) = V¥ (s +1).
The following theorem from [Titchmarsh (1986)] gives an important equivalent
characterisation of functions in D(p*).

Theorem 2.2.10. A function ! € D(p?) if and only if there exists a unique func-
tion W¥ that is holomorphic in the strip S(1) := {z € C: 0 < Im(z] < 1} and is such
that:
lim / (s + iy) — 0 (s)[*ds = 0,

R

y—0

lim [ |W¥(s +iy) — ¥¥(s 4 i)|?ds = 0,
y—1 R

sup /|\I/ﬁ(s+iy)|2ds < 00.
y€(0,1) JR

We shall identify the function ¥ with ¢! in what follows.

Lemma 2.2.11. The operator b* is closed in L*(R) if and only if v ¢ Ag =
{V(s+i/2)7t:s € R}

Proof. 1f v ¢ Ao, [1 —~V(s+i/2)]7! is bounded on R, since V(s +1i/2) — 0 as
s — +o0. Let ¥f € D(h*),n € N, be such that ¢} — ¢f and {h*yf} is convergent
in L2(R). Then {p*y#%} = {44 (- + i)} is convergent in L?(R) by (2.2.34). Since M
is unitary and p is closed in L%(R,), it follows that pt is closed, and consequently,
pipf — pfep® in L2(R). In view of the boundedness of V(- +14/2) on R, we therefore
have that h*yf — hfy# in L2(R) and, hence, h* is closed. This implies that b is
closed and hence that by is closed since ho — b is bounded on L?*(R.).
To prove the converse, suppose 7 = V (so +i/2) ! for some so € R, and set
Y =(s—so—i—i/n)"Y @(s)=(s—s0—1)"L.

Then, it is easy to see that ¥} — ¢ in L2(R) and h#of (s) = {[1—V (s+i/2)]k (s+4)
converges in L2(R™). If h* is closed, the previous sentence would imply that ¢ €
D(*) and M~'p € D(h). But, by (1.5.25), [M~'¢](p) = iv2rf(p — 1)/p*/> ",
which does not lie in D(p) and, hence, ¢ ¢ D(h*). Therefore h* is not closed. This
in turn implies that h and by are not closed if v € Ag. O

Corollary 2.2.12. The operator h* (and consequently b and bo) is closed if and
only if v #1/2.

Proof. From the expansion (1.5.23) with [ = 0,
4 1
Viz)= = —_— 2.2.35
@=22 GrrEe (2235)
it follows that V(s +14/2) is real if and only if s = 0. Since
. tan(7/4)
2)=—7—==2
Vi) = 5 =2
the corollary follows. |
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The set Ag is a curve, which separates the complex plane into connected com-
ponents A; and Ay, where A; = {V(2)7! : |Im[z]| < 1/2} and Ap = C\ (AgUA,).
For o € Ay, 1—aV/(z) has precisely two zeros in the strip [Im[z]| < 1/2. To see this,
consider the image of the closed path C : i/2— X — /24X — —i/24X — —i/2—X
under the map z — V(z). This is a closed curve V(C), which is covered twice in
view of (2.2.35), and the image of the interior of C'is the interior of V' (C'). Therefore
the values of V(z) for [Im[z]| < 1/2 are attained twice. Moreover, if zy # 0 is one
zero of 1 —aV(z), the other one must be —z¢ since V(z) is quadratic in z. If 29 =0
it is a double zero. The interval (1/2,00) clearly lies in Aj.

Theorem 2.2.13. For 1/2 < v < 2/, the adjoint of b* is an extension of h* and
given by
[(9)70F] (5) = [1 = AV (s +i/2)] (s + i) (2.2.36)
with domain
D((h)") = {¢*F € L*R) : [1 =V (- —i/2)]v* € D(pF)}. (2.2.37)
The solutions £z of 1 — vV (z) = 0 in |Im[z]| < 1/2 are such that zg # 0

corresponds to y < 2/m and zg = 0 to v = 2/w. The domain of the adjoint (h%)* is
the set of functions ©* of the form

F(s) = ¥f(s “ ©2
A A P e L PO R

if 20#£0 (v <2/7) (2.2.38)

and

PH(s) = Ph(s) + — 2 i 29 =0 (y=2/n), (2.2.39)
(s — 5) (s — 5)

where * € D(h*) and ¢y, ¢z € C.

Proof. The multiplication operator A := 1 — V(- +i/2) is bounded on L?(R)
and has adjoint A* = 1 — vV (- —i/2). Since h* = Apf, we have that ¢ € D((h?)*)
if and only if A*¢ € D(p#), and then, (h*)*p = plA*p = Apfy, as asserted in
(2.2.36) and (2.2.37). The function V(z —i/2) is analytic and bounded in the strip
—1/2+¢e <Imf[z] <3/2+¢, >0, and from this we can infer that A*¢ € D(p#)
if o € D(p*). Hence (h?)* is an extension of h¥, i.e., b is a symmetric operator.

Consider the case zg # 0; the case zp = 0 can be treated similarly. It is easily
verified that the functions [1 — vV (s —i/2)](s — /2 & z0) ™" belong to D(p*) and,
hence, any * given by (2.2.38) belongs to D((h*)*).

Conversely, suppose that o € D((h%)*), so that [1 —V((-) —i/2)]p* € D(p#)
and ¢* € L?(R). We are required to show that for some constants c1, cs,

Bro) — ol(a) A _ 2
#) = S0~ s T

belongs to D(p#). Since 1 — vV (2) has simple zeros at +zg, then, on using the
characterisation of D(pf) in Theorem 2.2.10, f may have simple poles in the strip
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0 <Imfz] <1atz=14/2+ 2z and z = i/2 — 29, which would mean that ¢* ¢ D(p¥).
We can choose constants ¢y, co such that

VH(2) = ¢ (2) —
is holomorphic in 0 < Im[z] < 1 and it remains to prove that

sup /|¢ﬁ(s+iy)|2ds < 0.
O0<y<lJR

C1 Co
z2—1i/2—20 s—1i/2+ 20

For suitable ¢, X,i/2 & 2 are interior points of the rectangle R := {z € C : ¢ <

Im[z] < 1—¢,|Re[z]| < X}. Let Cy be an upper bound for [¢*(2)| in R and Cy > 0 a

lower bound of |1 =~V (z—i/2)|in {z € C: 0 < Im[z] <1}\R. Then, for 0 <y <1,
SUPg<y<1 fR [# (s + dy)[?ds < SUP.<y<1—¢ f\s|<X [W?(s + iy)|*ds

. 2
[1—V (s—i/2+4iy)]
+ (Supye[&a)u(lfal] f|5\<X + SUPyeo,1] f|s\>X) Wd]ﬁ ds

< CEX + Oy supgey<y Jp l[1 — YV (s — /2 + iy)]ek (s + iy)|*ds.

Since [1 — V(- — i/2)]¢? is assumed to belong to D(p*), the boundedness of the
second term follows from Theorem 2.2.10. The theorem is therefore proved. (]

Corollary 2.2.14. If 1/2 < v < 2/m,b* is a closed symmetric operator in L*(R)
with deficiency indices (1,1).

Proof. 1t follows from Theorem 2.2.13 that dim (D([h*]*)/D(h¥)) = 2. Hence by
(1.1.1), the deficiency indices (ny,n_) of h* satisfy n, +n_ = 2. The operator b is
real, that is hi) = he), and hence
() (s) = M(H)](s)
= MED(-s) = PEET) ()
= [0¥¢F)(s).

Thus h? is real and has equal deficiency indices, whence n, =n_ = 1. O

Corollary 2.2.15. If 1/2 < v < 2/m,b is a closed symmetric operator in L*(R;)
with deficiency indices (1,1).

Proof. The result follows immediately from Corollary 2.2.14 since M is unitary.
O

Remark 2.2.16. In [Yaouanc et al. (1997)] it is shown that for 1/2 < v < 2/7, the
Friedrichs extension of h* is the restriction of its adjoint to the set of functions of

the form
c

N
sy s

where ¢! € D(p*),c € C, and f3 satisfies
V(iB)™' = B/tan(rB/2) =, —1/2<B<0.
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Thus the domain of the Friedrichs extension consists of functions that are mero-
morphic in 0 < Im[z] < 1 with, possibly, a pole at z = i/2 — if3. As  increases
to 2/, B increases to 0 and the pole approaches i/2. On increasing 8 further, the
corresponding values of v = V(i3)~! decrease from 2/7 and the pole reaches the
real axis only when § = 1/2, and hence v = 1/2.

For any complex 3 # 2n,n € Z \ {0}, a family h(5)* of operators in L?(R) is
defined by

(B(8) ) (s) := [1 _V(s+i/2)

V(ip)
on the set of functions ¢! which are such that
s—1i/2+1ip

s—1iA
where A > 1is a fixed constant. For —1/2 < 3 < 1/2,h(5)* is a proper extension of
bf, being the Friedrichs extension for —1/2 < 3 < 0, the closure of h* when 8 = —1/2
and another self-adjoint extension for 0 < 3 < 1/2. When |3| > 1/2, (3)* coincides
with b

In [Yaouanc et al. (1997)], Theorem 3, it is shown in particular that, for 3 in
{z€C:—-1/2 <Re 2z < 1/2}, the h(8)* form a self-adjoint holomorphic family in
the sense of Kato. Also, in [Yaouanc et al. (1997)], Theorem 4, for —1/2 < g < 1/2,
it is proved that the operator

0(3)* = (VP 1) + h(3)

is positive, has essential spectrum [1, c0) and with only isolated eigenvalues of finite
multiplicity in (0,1). The smallest eigenvalue tends to 0 as 8 — 1/2.

On reverting to the original representations in L?(R.), and using (1.5.25), it
follows that for 1/2 < v < 2/7 and v = 3/tan(n3/2),0 < B < 1/2, self-adjoint
extensions of hy are given by ho(5) defined on the set of functions of the form

o(p) = ¥(p) + cb(p — 1)p~ =~

where ¢ € D(p) = L?(Ry; (1 +p?)dp) and ¢ € C, the negative sign in p~'*8 giving
the Friedrichs extension.
We refer to [Yaouanc et al. (1997)] for a detailed analysis.

|5+

vH(s) = 7 € Do),

2.3 The Brown—Ravenhall operator

The Brown—-Ravenhall operator describes an electron under a Coulomb force and
subject to relativity. It was initially proposed as an alternative to the Dirac oper-
ator for analysing multi-particle relativistic systems: even in the case of two non-
interacting electrons in the electric field of the nucleus the spectrum of the Dirac
operator coincides with the whole real line, and this situation is not improved when
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the interaction between electrons is taken into account. The Brown—Ravenhall op-
erator is defined in terms of the associated Dirac operator D and the projection
A onto the positive spectral subspace of the free Dirac operator Dy. Specifically,
Ay = X(0,00) (Do), where X (0,00) denotes the characteristic function of (0, 00). From
the definition of the free Dirac operator Dy in (2.1.10), we have

FDoF~t = My, (2.3.1)
where M is the operator of multiplication by \/pQ——f—lA(p) and
a-p+p
NZESE
The 4 x 4 matrix A(p) is a unitary involution, i.e., A(p)? = I, and, hence, has

double eigenvalues at 1. The projections AL (p) onto the eigenspaces at +1 are
given by

A(p) = (2.3.2)

As(p) = % {14 + %\/_i?} . (2.3.3)

The operator A = X(0,00)(IDo), which is known as the Casimir projection, is then
given by
A, =F A, (p)F. (2.3.4)
Note that, with E(p) := v/p?>+ 1,p = |p|,
DoA+ = F'E(p)A(p)A+(p)F
=F 'E(p)A+(p)F
=F 'E(p)FF A4 (p)F
=V-ATIA,, (2.3.5)
since vV—A +1=F~1,/p2 +1F.
The absolute value |Dy|, i.e., the positive square root of ]D)%, is vV—A+114.

Also, if A_ denotes the projection onto the negative spectral subspace of Dy and
U:=A;PA_, then

Do=V-A+1U=UvV—A+1

is the polar decomposition of Dy.
In terms of the Pauli matrices, A4 (p) has the form

1 E(p)+1 o-p )
Ay(p) = ( . 2.3.6
+(P) 2E(p) \ o-p E(p)-1 (239)

Corresponding to its eigenvalue 1, AL (p) has the two orthonormal eigenvectors
1 ([E(P) + Hu,

N(p) \ (o -p)u;

),jzm, Np) = VEEPED 1. (237)
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where u1,uz are orthonormal vectors in C2, say u; = (1,0)%, uz = (0,1)!, where t
denotes the transpose of the vector. Thus any eigenvector of A4 (p) has the form

_ 1 ([E(p) + tulp)
“p)‘N(m( (o p)u(p) ) (2.38)

where u(p) € C%: u is called a 2-spinor or Pauli spinor. Furthermore,

@k = [ juie)Pip.

A Dirac spinor in the positive spectral subspace of Dy is, therefore, of the form
Y = F~14 for u € L?(R3,C?). Conversely, any such spinor must lie in the positive
spectral subspace of Dy since

[FALF0] (b) = A+ (P)0(p) = ©(P)

and so A+IF’11Z = IE"HZ. Consequently, there is a one-one correspondence between
Dirac spinors ¢ in the positive spectral subspace of Dy and F~14, where v (p) is of
the form (2.3.8), with u a Pauli spinor in L?(R?, C?). Note that if 1)) (p) is of the
form (2.3.8) for u = ), j = 1,2, then

< 9D (p), 4 (p) > = < u®(p),ul? (p) > (2:3.9)

so that zz(l)(p), ne (p) are orthogonal in C* if and only if v (p),u? (p) are or-
thogonal in C2. In (2.3.9), as is clear from the context, the inner products (-,-) on
the left- and right-hand sides are those of C* and C? respectively.

2.3.1 Coulomb potentials
We saw in Theorem 2.1.6 that with Dj the restriction of Dy to C§°(R3, C*),
D' :=Dy+V, V(x)=—y/x

is essentially self-adjoint if and only if |y| < v/3/2. Also, by Hardy’s inequality (1.7.3)
its unique self-adjoint extension (and closure) D is the operator sum D = Dy + V' if
|v] < 1/2 since then the multiplication operator V' is bounded relative to Df with
relative bound < 1. The Brown—Ravenhall operator is given formally as

acting in L?(R3,C*), or, equivalently,
B=A, (Dy+V) (2.3.11)

acting in H = A, L?(R3 C*). The self-adjoint operator it generates in H will be
defined by the quadratic form (1, Bt)) on the Schwartz space S* := A S(R3, C*) of
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Dirac spinors ¢ € H with rapidly decreasing components. By the Parseval identity,
for ¢ € H,

(0.B0) = [ (0. F(B0)(p)dp
= [ GBI @o+ VI )
= | @ FVEATIA ) p)dp

+ [ iVl p)dp
R.
Lt D (2.3.12)
since Ay commutes with Dy and on using (2 3.5). In Iy, since A1 = 1), we have

[\/ —A+ A+’l/) \/p + ¢
Hence, from (2.3.9), it follows that

b= [ E@E)Pde = [ el

/<1/3,F[A+V1/)]>(p)dp=/ (¥(p), A+ (P)[F(V4)](p))dp
R3 R3
= /}R (@), F(VY)](p))dp

In IQ,

and by (1.5.9) and (1.5.16),
[F(V)](p) = (V*¢

— |p p'|~2¢(p')dp
27r

On substituting in (2.3.12), we get

(4, Bep) = / E(p)d(p)2dp — / (6 (). F(V¥)(p))dp

/ E@up)Pdp— 35 [ [ ul) K pu(p)dpdp

—: (u, bu) (2.3.13)
where * denotes the Hermitian conjugate, and
y oy EE)+DEP)+ D)L+ (P -o)(p-o)
K(p',p) = Y 2
N(p)[p' — pI*N(p)
Note that (2.3.13) defines the quadratic form (u,bu) on the space S(R3,C2?) of
rapidly decreasing Pauli spinors u: we shall in fact prove in the next subsection

that it is defined on H'/2(R3,C?). It is bounded below in L?(R?,C?) if and only
if (¢,By) is bounded below in H, and in this case both associated self-adjoint

(2.3.14)
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operators will be called a Brown-Ravenhall operator. The map 1& — u defined by
(2.3.8) determines a unitary equivalence between the two operators, and, hence,
they have the same spectral properties.

To establish the aforementioned facts about (u, bu) we use the spherical spinors
Q; m,s of (2.1.25) and (2.1.26) to decompose the form. Since the Q; s, (I,m,s) €7
form an orthonormal basis of L%(S?,C?), any u € L?(R?,C?) can be written as

> p1aim s (0)ms (W), (2.3.15)

(I,m,s)€d

where p = |p|,w = wp = p~'p and

> / |at.m,s(p)|*dp = /Iu )Pdp. (2.3.16)

(I,m,s)€d

From (2.1.28) and (2.2.6)

(0 P) s (@p) = Pz, s (wp) (2.3.17)

and

1
7Qlam>5(w )Ql’,m’.s/ (w /)dw dw,, =
/S2 Az |p — p'|2 p ) p pYHp

’
Ql ( |:£ + ]i:|) 5ll’5mm’5ss"
Ipllp | Y

On using these identities after substituting (2.3.15) in (2.3.13) we obtain

(U’a bu) = Z (al,7n,57 bl,sal,rn,s)

(I,m,s)€d

=), (/OOO e(p)latm,s(p)|*dp— (2.3.18)

(1,m,s)ed
- 1/ / alnn,s(p/)kl,s(plap)al,rms(p)dp/dp)7
™Jo Jo
with e(p) = E(p) = v/p*> + 1, n(p) = N(p) = \/2e(p)[e(p) + 1], and

)+ 1 (3 [+ 2]) o)+ 1+ Qe (35 + 2])
n(p)n(p') '

kl,s(p/ap) =

(2.3.19)

The forms (ai,m,s, b1,5a41,m.s), (I, m,s) € J, in (2.3.18) will next be shown to be

defined on L2(Ry;e(p)dp) := {u : elu|?> € L}(R4)}, to be bounded below and to
define self-adjoint operators b; s in L2(R.).
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2.3.2 Lower semi-boundedness

It follows from Lemma 2.2.3 that the forms (-, b; s-) have domain L*(R4;e(p)dp).
The next lemma shows that the angular momentum channel defined by [ = 0,s =
1/2 yields the lowest energy.

Lemma 2.3.1. For alll,s €7,

inf{(u, by,su) : u € L*(Ry;e(p)dp), [|ull = 1}
= inf{(u, bo,12u) : u € L*(Ry;e(p)dp), ||lul| = 1}, (2.3.20)

where (+,+) and || - || are the L?(Ry.) inner product and norm respectively.

Proof. Tt follows from (2.2.10) that

(. by 1) = / e(p)|u(p) 2dp — 1 / / P Voto (7' p)u(p)dpdp!

2/0 e(p)|ulp)?dp — + / / P)lkws (0, p)u(p)|dpdp’

= ([ul, by,s|ul).

Hence, when minimising (u, b; su), we need only consider non-negative functions,
and in view of (2.2.10) and the definition of the index set J, take (I, s) to be either
(0,1/2) or (1,—1/2) since I = 0,1 are, respectively, the least values of [ when s =
1/2,—1/2. The lemma will be proved if we show that ki _1/2(p',p) < ko 1/2(2", D).

But, with Q; = @, ( [ D to simplify notation,
n(p)n(p) [k, —1/2(0'sp) = ko,1/2(0",p)] = [(e(@’) + 1)(e(p) +1) —p'P] (@1 — Qo)
<0
by (2.2.10), whence the lemma. O

The main result in this section is Theorem 2.3.2 below, which establishes that
the forms (-, b;s-) are all positive and, hence, define in the form sense, positive
self-adjoint operators formally given by

by su(p) = e(p)u(p) — %/OOO ks (0, p)u(p’)dp’ (2.3.21)

with form domain L?(Ry;e(p)dp). A corollary is Theorem 2.3.7, which gives the
optimal value 7. for the Brown-Ravenhall operator b to be bounded below, and
indeed positive, for v < «.. The proof we give is from [Burenkov and Evans (1998)].
This proves that the forms are positive, but, in fact, they are strictly positive (i.e.,
b; s > ¢ for some positive §) as was proved by Tix in [Tix (1998)]. Tix’s result and
approach will be discussed in Remark 2.3.8 below. In Section 2.3.3 we analyse the
self-adjoint operators generated by (2.3.21) with domain L2(R;e?(p)dp).
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In view of Lemma 2.3.1, to prove that b; > 0 for all [,s € J, it is sufficient to
prove that

/ / o0 o 20 PO dp < / ()& (p)dp (2.3.22)
0 O 0

for all positive, non-trivial ¢ € L?((0,00); e(p)dp). It is convenient to make some
notational changes, which set the problem in an equivalent form. Let

p==z p =y, ¥(z) = Ve(x)o(z),
and for [ = 0,1,

) Q<1{ 1}) In |2t if =0,
qgr) =i\ s|r+=| )=
2| v L(r+1) :—ﬂ‘—l, it =1

Then (2.3.22) becomes

oo

t(z, y)(@)b(y)dedy < — [ 2 (2)dz (2.3.23)
[ [rosominiay < 2 |

t(a:y)—l{ \/x2+1+1g(m/y) Vyz+1+1
9T g 2+1 V" 21
N Va2 +1-1 (/1) Vy2+1-1 (2.3.24)
21 I 2+l e

The integral operator T' defined by

where

@) = [ty (23.25)
0
is bounded and symmetric on L?(0, 00) and so
(T, )

el

Therefore (2.3.23) holds with an optimal value of ~. if and only if the following
theorem is valid.

sup{ ¢ € L?(0,00),¢ # 0} = ||T : L*(0,00) — L?(0,00)| =: ||T||-

Theorem 2.3.2. Let T be the bounded symmetric operator defined by (2.3.25).
Then

s 47
”TH = — e

__ar 2.3.26
Ve w2 +4 ( )

and T has no extremal function, i.e., a non-trivial function ¢ € L?(Ry) such that

1Tl = 1(T¢, )I/ll¢lI>-
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The theorem will follow from a series of lemmas which break up the proof into
digestible pieces.

Lemma 2.3.3.
TN > 7/7e. (2.3.27)

Proof. Let fs(z) =1/\/x for x € (1,§),1 < § < oo, and 0 otherwise. Then, by
I’Hopital’s rule
T
7)) > Jim L0210
s—oo | sl
s

= hm{ (In 6) 1/5(/15(3;,;;)\%)%}

1

:hm{ 5/6t6y—+\/_/ z,0)— }

du
—2hm 0 t(d, 5u)\/a
1/5
/ d / d
/m&téau]jg O/[go< )+ ()] 2

[\D|F—‘

70 du ™
)+ g1(u = —
U e
0
by (2.2.11) and (2.2.12). In deriving this lower bound, we have used that
8§ (6, 6u) < go(u) + g1(u)
Vu - u

to justify the use of the Dominated Convergence Theorem for taking the limits

~—

€ LY0,1)

under the integral sign, and
I dt(0,6u)  go(u)+ g1(u)
im = .
§—00 \/ﬂ 2u U

Lemma 2.3.4. For all functions hg, hy that are positive and measurable on (0, 00),

1
||T||§A(h0,h1):— sup F(ﬁ;ho,hl), (2328)
20<ac<oo
where
x ho(zz)
F(x;hg,hy) = 241+1 d
(@sho.tn) = (Vo + 1+ 1) 5 [ gy
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The operator T has an extremal function ¢ if and only if

241 241
and
F(x;ho, h1) = As, (2.3.30)

for some non-zero constants Ag, A1 and As.

Proof. A key step in determining the upper bound of || T’|| is the following simple
consequence of the Cauchy—Schwarz inequality: for a positive measurable function
h and real positive measurable functions f, g with g(1/u) = g(u

//f g(z/y) f dxdy—/ / x)y/9g x/y ()4 /9(y/x) gycdxd
([ [ rostetnigan)' (] | s Ei? o)
7@ ( [ otw/e) Dy )
/ (/ h(z)

Equahty holds if and only if, for some constants A and g,

A

a.e. on Ry x Ry, which is equivalent to f(x ) a.e. on Ry for some constant
A. Tt follows that for all positive measurable functlonb ho, h1 on (0, 00)

/ / Ha, y)o(x)0(y)dady
0
Va2 +1+ 1 y —|—
o1 @(=/y) 7 +1 y)dzdy
Vaz+1-— 1 Vy +1-1 +1-—
— (@)1 (z/y) v dzdy
e +1 y2+1

go (y/x)dy

N =
\8
0\8 0\8

0\8 -

7 N\
ﬂ
—_
+

8

glE
@

+
—N
\80

IN
N | =

332—|—1 hoa:

)g1<y/x>dy) ¢ (z)dn

< A(ho, h1)||¢l*. (2.3.31)
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The first inequality in the derivation of (2.3.31) becomes an equality if and only if

72 2 _

Y 0) = Aoho(w), (| TS0l = Aue), (23.32)
a.e. on Ry, for some constants Ag, A;. The second inequality in (2.3.31) becomes an
equality if and only if ¢(z) = 0 a.e. on the set of all z € Ry for which F(z; ho, h1) <
A(hg, h1). Hence if ¢ is an extremal function we must have that F(z; hg, h1) = As
a.e. on R, for some constant As. This completes the proof. O

Lemma 2.3.5. For all ¢ € L?(0,00), ¢(z) #0 a.e., we have

A / (@ )o@)o)dady < C [ )i, (23.39)
0
where C' = SUPg .z <00 F(2) and
L _
= §<m+ 1)arCt§:rl 74 xx;t : Lz (2.3.34)

Proof. We first claim that, for all positive measurable functions hg, h; on Ry,
2
liminf - F(x ho,hy) > 7 - % +1. (2.3.35)

Tr—00 c

To see this, let ﬁj(f) = liminf, hh((z)), 0< &< o0, j=0,1, where the liminf

hy(/€)
hj(z)

= lim1 h(y) = 1
W) T e

can be infinite. Then

hj(1/€) = liminf

xr—00

By Fatou’s theorem,

_hmmfF( ) > % </OOO lim inf {hO(W)] go(u)du+/ooo lim inf [hhl(”x)] gl(u)du)

xr— 00 Tr— 00 ho ({,C) Tr— 00

_ % < /O ™ o ()go(w)du + /0 h ﬁo(u)go(u)du> .

Furthermore, on substituting u = v—+vv2 — 1 when0 <u < land u = v++Vv? — 1
when u > 1, we have

/000 ho(u)g; (u)du = /100 {ﬁj(v V2= 1) - V2 -1)

+ hi(w+ Vo2 + D+ v2+1)}gj(v)

dv
02

—_

e 1
_/1 {ﬁj(wx/u?—l)(w\/u?—l)

+ by VI D0+ VI D)}y (0)

Y

2 [ 00—
| s,
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whence (2.3.35) by (2.2.11) and (2.2.12). We also note that equality holds if and
only if hj(u) = 1/u a.e. on Ry. Thus to prove that A(hg,h1) < (72/4) + 1, and
thus complete the proof of the first part of Theorem 2.3.2, we must choose hy and
hy in such a way that ho(u) = hy(u) = 1/u a.e. on Ry.

Guided by the last comment, we now choose

T 1
ho(x) = x2+1, hl(ﬁ) = ; (2336)
so that
z
/ho(xz)go(z)dz = /x222+1g0(2)d2
0 0
and
hi(z2)g1(2)dz = = 91(2)?:25&
0 0

by (2.2.12). On using Cauchy’s Residue Theorem, we obtain

o0 o0 1
/%(Z)dZZ/  m|El g
0 T222+1 0 x2224+1 |z-1
1 [ z z+1
= - 1 d
Z/OOxQzQ—i—lnz—l‘ :

1 & Z z+1

= — 1
2Re[/oox2z2+1n<z—l>dz]
™ i X+ 1

— T Re |11
e {2 n(x—i)]

™
=— arctan .
T

This completes the proof of (2.3.33). The inequality is strict in view of Lemma
2.3.4, since the equality (2.3.29) with the current choice of hg, hq, is not satisfied by
a non-trivial ¢ € L?(0, 00). O

The final link in the chain of results to establish Theorem 2.3.2 is

Lemma 2.3.6. The constant C in (2.3.33) is given by

™ 7'('2

Proof. 1t is significant to note that
1
lim —F(z) =

r—o0 2

dz 7 dz
go(2)— + [ 91(2)—
2 0/

z

2"~y
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by (2.2.11) and (2.2.12). It therefore suffices to prove that F attains its supremum
at infinity. On substituting x = tan 2v we obtain

v + 4sint v

1
§F(tan2v) = , 0<v<m/4.

tanv
The final step is to prove that

2
f) = v+ 4sint v — (% + 1) tanv <0, 0<wv<mw/4

This is more difficult than it seems!
We start with the following identities which are easily verified:

2
f'(v) =7+ 16sin® v cosv — <% + 1) sec’ v

f"(v) = 2sinvsec® v g(v)

where

2
g(v) = 3sin2v + 3sin4v + sin 6v — <% + 1) .

Since ¢(0) < 0,g9(n/8) > 0,9(n/4) < 0,¢’(v) > 0 on [0,7/8) and ¢'(v) < 0 on
(m/8,m/4], there exist v, vy such that 0 < v; < vy < w/4,g(v1) = g(v2) =0, g(v) <
0 on [0,v1) and (ve, w/4], and g(v) > 0 on (v1, v2). Thus f(0) =0, f/(0) <0, f(0) =
0, f(r/4) =0, f'(x/4) > 0 and f"(7/4) < 0. Moreover, f” vanishes at v; and vg, is
negative on (0,v1) and (ve, 7), and positive on (v1, v2). In particular, it follows that
f’ is negative on [0, v1] and positive on (ve,7/4].

Suppose that f(§) = 0 for some & € (0,7/4). Then we have f(0) = f(§) =
f(7/4) = 0, and from the last sentence of the last paragraph it follows that there
exist 11, n2 such that f/(m) = f'(n2) = 0 and v; < 71 < 2 < v2. But this implies
that there exists vs € (v1,v2) such that f”(vs) = 0, contrary to what was established
in the last paragraph. Thus f(v) # 0 on (0,7/4). Since f(0) = f(x/4) = 0 and
f(0) < 0, f'(w/4) > 0, we conclude that f(v) < 0 on [0,7/4]. This proves the
lemma and completes the proof of Theorem 2.3.2. O

Theorem 2.3.7. Let b be the Brown—Ravenhall operator defined by the form in
(2.8.21). Then, with vy, = 2(7/2 +2/7)71,

(i) v < Ve b2 (1—7/7%);

(ii) if v = e, b has no eigenvalue at 0;

(iii) if v > 7y, b is unbounded below.
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Proof. (i) From (2.3.16), (2.3.25) and Lemma 2.3.1

wonz ¥ [ colan b

(I,m,s)€d

7 o0 o0
S A T T
0 0

> ¥ [ (1-2) e P

(I,m,s)€d

N
>Q——)ww

Ye

(ii) Suppose that 0 is an eigenvalue of b with corresponding eigenfunction . Since all
the summands on the right-hand side of (2.3.21) with u = ¢ are non-negative, they
must be zero. Also (2.3.16) implies that at least one of the functions a; m,s, @1g.mo,s0s
say, must be non-trivial. But this would imply that there is equality in (2.3.22) with
@ = Qiy,me,s0, contrary to Theorem 2.3.2.

(iii) Choose

_ J1/p, pe(ed)
wo= " e

where ¢, d are positive numbers to be selected later. For p,p’ € (c, J),

iz (2 2]) ron3[22])-ono

and
/ / u(p')ky,—1/2(p', p)ulp)dpdp” >
0 0
/

L L0 Gl ]) o I g])e-amala

Next we estimate the integrals

(N, (L] BD} .
1w _/ / p'p (p’> {Q0(2[p+p’ dpdp’, v =0,£1

by considering the regions where p > p’ and p’ > p in turn. As &, d and d/¢ tend to
infinity, it is readily shown that

1(0) = %2111 <‘Z> +0(1),

¢

o

ol
[STIRS

I(%1) :1n2< >+0(1)
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and these yield

2 b ey dp
T™Jo Jo
> {21(0) + <1(_1) +I(1) — 21n? <@>> (1 + 0(1/J))}
4 c
d
> L (—) (1+0(1/8)).
Ve c
Moreover,
o d
| ewonwra =1 (2) +ow
O c
and, hence,
N d
(’LL, bl)_l/gu) S |:1 - ’Y— (1 - (1/0)):| ln (E) + O(].)
— —00
if 4 > 7., on choosing &, d/é — co. Also
1 1
Juf?= < - =<1
c d
if ¢ > 1. The proof of (iii), and, hence, of the theorem, is concluded. O

Remark 2.3.8. (i) If Z denotes the nuclear charge, v = aZ, where « is Sommer-
feld’s fine-structure constant. On taking o = 1/137, its physical value, we have that
the largest value Z, of Z for which b is bounded below is Z. = v./a &~ 124, a value
larger than the 111 for the heaviest known element. This is to be compared with
Z. ~ 87 given by the critical value v, = 2/m for the quasi-relativistic operator of
Section 2.2.

(ii) In [Tix (1998)], Tix proves that for v < ~.,b > (1 —7.) > 0.09, and in fact
derives a larger lower bound numerically in [Tix (1997a)].

(iii) It follows from Theorem 2.3.2 that for all values of [, s, the form

(u, ki s) / / p)kis(p',p)u(p’)dp'dp, u e L*(Ry;e(p)dp),

is such that ~/7(-, ki s-) is bounded relative to (-,e-), with relative bound ~y/~..
Hence, if v < 7, b5 is a closed positive form with domain L2(R4;e(p)dp),
which is the form domain of the associated self-adjoint operator given by the
first representation theorem. If v = ~,., the self-adjoint operator associated
with b; s is the Friedrichs extension of the symmetric operator (2.3.21) on
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L?(R;e%(p)dp), its form domain being the completion of L?(R,;e?(p)dp) with
respect to { (-, by,s") + | - ||2}1/2 , and hence, equivalently, with respect to (-, by 4-)'/?

in view of Tix’s result in [Tix (1998)].

(iv) The critical value =, is relevant because of Lemma 2.3.1, which shows that the
angular momentum channel (I, s) = (0,1/2) yields the lowest energy. In [Balin-
sky and Evans (2002a)], the critical value of «y for the lower semi-boundedness of
(2.3.21) was determined for all channels. Subject to numerical estimates to assist
the complicated analysis, it was shown that b; s is positive for v < (I, s), where

C(PAR+1]) TG+ 25+ 1))
Yells )_4{F2é[1+2]) r?é[z+2s+2})}

For v > 7.(l, s), b; s is unbounded below.

-1

(2.3.38)

(v) We have already seen that the map 1) — u defined by (2.3.8) determines a
unitary equivalence between the Brown-Ravenhall operator B in (2.3.10) and b.
Hence, if v < 7., B is the form sum of A;DyA; and ALV A, with form domain
Q(AyDoAy) = Ay HY?(R?,C*), and is the Friedrichs extension of A ;DA when
¥ = .. Moreover, if 7 < 7., b is the form sum of £ and —K where E is the operator
of multiplication by e(p) = v/p? + 1 and

(Ku)(p) = 2—12 /Rg K(p',p)u(p’)dp’

with kernel (2.3.14). The form domain of b is L2(R3;/p? + 1dp) @ C2, the space
of 2-spinors u with |u| € L%(R3; y/p? + 1dp).

(vi) From (2.3.13), for ¢ € S* = A S(R3,C%),

0.80) = [ el — [ () FVi) )

= [ ewliwrap -~ | WP 4
R3 R3

x|

This yields the Kato-type inequality

[ < 1 (5+2) [ conimra

_1 <E n 3) /R3<\/T+1¢7¢>(x)dx, (2.3.39)

2\2 w

for ¢ € AL H'/?(R?,C*). The constant is sharp and equality is only attained if
Y = 0. The inequality also holds for 1 € A_H'/?(R* C*), and has an important
application in [Dolbeault et al. (2000b)].
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2.3.3 The Brown—Ravenhall operators b; s

From Theorem 2.3.2 for v < . and the first representation theorem for semi-
bounded quadratic forms, it follows that non-negative self-adjoint operators b; ; are
associated with the forms (-, b s-) having form domain L?(R; e(p)dp). Formally we
have that

b su(p) = e(p)u(p) — %/000 ks (p', p)u(p’)dp’

=: (E — K s)u(p), (2.3.40)

where E is the operator of multiplication by e(p) = +/p?+ 1, with domain
L?*(Ry;€*(p)dp) and

K su(p) := %/ ks (', p)u(p’)dp'. (2.3.41)
0

Also, we have shown in Theorem 2.3.2, that for u € L2(R; e(p)dp),

(i) < / " e(p) up)Pdp.

(&
Hence P, := E~'/2K; (E~'/? is a bounded symmetric operator on L?(Ry) with
norm satisfying
1Prsll < /e

We shall prove in this section that the operators K; s with domain L?(R.;e?(p)dp)
are bounded relative to E' and also determine the F-bound. This then yields im-
portant information about the self-adjoint extensions of b; ;. We first consider the
operators

(KD u) (p) == %/O k(0 p)u(p)dp’,  u e L*(Ry;p*dp), (2.3.42)

k(' p) = % {Qz (% {%’ + 5]) + Quias <% {% + 5])} : (2.3.43)

Note that kﬁs is the kernel corresponding to the case of zero mass m and ¢ =1 in
the original notation of (2.1.1).

where

Lemma 2.3.9. For u € L?(R,;p?dp),
Y
||Kl0,s : L*(Ry; pPdp) — L*(Ry )| = Gy {Il,1/2 =+ Il+2s,1/2} ) (2.3.44)

where
1
™ Pi(t)
T = — dt.
1,1/2 \/5‘/_1 /—1 — ¢

In particular,

=4 1=0,
1KD o - L2(RyspPdp) — L2R)[ § = 2, 1=1,
< i>1
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and
=3, =1,
||K10,—1/2 : L2(R+;p2dp) - L2(R+)H = %a =2,
< l>2

Proof. The proof is similar to that of Lemma 2.2.8. We may, and shall, assume,
without loss of generality, that u is real. Let v(p) = pu(p). Then v € L?(R,) and

(/2K sul 2w ) :/ / ki (0, 0" )u(p’Yu(p”)dp' dp”
o Jo

_ / / (p/p//)—lkis(p/’p//)v(p/)v(p//)dp/dp//7
0 0
where
B ") = [ DR D),
0
101

The kernel (p'p") ="k} (', p") is homogeneous of degree —1 and hence by Hilbert’s
inequality (1.7.10), we have

(/121K ull 2 s, < Chs / o (p)dp,

where the optimal value of the constant is

Cl,s - / p/_3/2kl1,s(p/a l)dp/
0

= /OO p_l/ngs(l,p)dp /OO x_B/ngs(x, 1)dx.
Let i i
L= /000 Qu (% [z + 1/x]> x Pdx, 8=1/2,3/2.
Then I; 1/ = I; 3/ and

1 2
Cis = {5[11,1/2 + Il+2s,1/2]} . (2.3.47)
Furthermore
[e’e) 1
Ii1)2 :/ (1/ T Pli(t) dt) 22 dx
o \2J3[x+1/x] -t
1 o)
VT
= T e — P, . 2.34

/1{/0 e PO (2.3.48)

The equality (2.3.44) follows since

/WLC&:L
o (2241 2tx) 21— 1)

On substituting Py(t) = 1, Pi(t) = t, P2(t) = t2 — 1/3, it is readily shown that
Io1j2 =2m, 11172 = 210/3, 15,1 /2 = 47/15 and from these we deduce the rest of the
lemma. U
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Lemma 2.3.10. Let bo = E0 — Klos, where (E°u)(p) = pu(p). The operator by

in (2.3.40) is defined on L2(}RJr7 2(p)dp) and by s —b?s can be extended to a bounded
operator on L?(Ry).

Proof. 1t is easily seen that 0 < k; s(p',p) < 2k?73(p’ ,p). Therefore by Lemma
2.3.9, K ; is defined on L?*(R4,e%(p)dp). To complete the proof, it is sufficient to
prove that

sup{|(u, [b1,s — bas]u)| cu€ LA(Ry)} < oo

Since 0 < e(p) —p < 1, it follows that we need only consider the potential energy
terms, namely

/'/ D) ke (0 p) — K. () Yulp)dpdy

V d%V“G%‘4Q43%+§D
[ )

For positive constants a,b, 2¢/1+av1+b <2+ a+ b and so, in view of (2.2.10),
it is enough to show that

! _/ / P)la(p’, p)u(p)ldpdp’ < oo,

o= (2] (o)

By the Cauchy—Schwarz inequality, on using the symmetry of ¢(p’, p), we have for
an arbitrary positive measurable function h on (0, c0),

I= /OOO /OOO Ju(p)] (q(p’,p) I;L(g))>l/2 <Q(p,p’)f]:((pp,))>l/2 |u(p)|dpdp’
< [Tl [ awtp Koy

Now we choose h(p) = p~%,0 < a < 1. We are then left with showing that for
b=a, 1+a,

/0OO Qo (% [%I * ]%D f;l((pl:)) :é’;:) < /Qo(%[x +1/al)a"dz < 0.

These are satisfied since

@ (glo+1/21) = {

This concludes the proof. O

We have

kl,s(plap) - klo,s(p/ﬂp) =

1
2

+

1
2

where

(x), asz —0,
(1/z), as ¢ — oo.

S O
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On applying Lemmas 2.3.9, 2.3.10 and (2.2.10) to Theorems 1.1.1 and 1.1.2 we
derive

Theorem 2.3.11. There ezists a positive constant C such that for all v €
L*(Ry;€*(p)dp),

1K sull < (4v/3) | Bull + Cllul| (2.3.49)
for (1,8) =(0,1/2) or (1,-1/2), and
1K sull < (79/15) | Bull + Cllul| (2.3.50)

for other values of |, s. Hence,

o for (I,8) =(0,1/2) or (1,—1/2), b, ¢ is self-adjoint if v < 3/4, and essentially
self-adjoint if v = 3/4;
o for other values of l,s, by s is self-adjoint if v < 15/7 and hence for v < ..

Remark 2.3.12. In [Tix (1997b)], Tix proves results for the Brown-Ravenhall
operator which are analogous to those of [Yaouanc et al. (1997)] for the quasi-
relativistic operator described in Section 2.2.3. He proves that for 3/4 < v <
Yes 00,172 and by /o are closed symmetric operators with deficiency indices (1,1)
and have a one-parameter family of self-adjoint extensions indexed by a parameter
B € [—1/2,1/2) determined by the equation

2 tan(m(3/2) n I3

Y B (1—p?)tan(rf3/2)
These are the Friedrichs extensions for —1/2 < 3 < 0, and other self-adjoint exten-
sions for 0 < 3 < 1/2. Note that 8 = 1/2 corresponds to v = 3/4 when by ;2 and

by,—1/2 are essentially self-adjoint, but not closed, by Theorem 2.3.11
The domain of the Friedrich extension bf s of by s is proved to be

D(b],) = {¢ =¥ +&: ¢ € L*(Rys *(p)dp). & € span[f(p — 1)p~ ']},

where 6 is the Heaviside function. The Friedrichs extension of the Brown—Ravenhall
operator b is the direct sum b¥" = @(l’s) bf:s with domain

(2.3.51)

D(bF) = {’LL U= Z pilahm)s(p)ﬂl’mﬁ(w)’ Alm,s € 'D(bllj‘s)a
(I,m,s)€d

Z ”al,m,SH%?(]RJr < oo}
(l,m,s)€d
For fin {z € C: —1/2 < 3 < 1/2}, Tix proves that the family of operators is a
self-adjoint holomorphic family in the sense of Kato, in analogy with the result of
[Yaouanc et al. (1997)] described in Remark 2.2.16. We refer to [Tix (1997b)] for a
full treatment of these and other related results.
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2.4 A unique continuation property

For solutions of Dirac-type equations D = 0, there exist a number of methods
to prove the weak continuation property for solutions, i.e., that if ) vanishes on a
non-empty open set, then it vanishes everywhere ([BooB-Bavnbeck (2000)]). One
way of proving it is to apply the classical Aronszajn theorem in [Aronszajn (1957)]
for second-order elliptic operators to the square of the operator D.

In [Bér and Strohmaier (2001)] a generalisation of the weak continuation prop-
erty for semi-bounded restrictions of Dirac-type operators has been established,
which is particularly relevant to our needs. The general result is as follows: let
M be a connected Riemannian manifold and let D be a Dirac-type operator act-
ing on smooth compactly supported sections of a Hermitian vector bundle over M.
Suppose D has a self-adjoint extension A in the Hilbert space of square-integrable
sections. Suppose that an L2-section ¢ is contained in a closed A-invariant subspace
on which the restriction of A is semi-bounded. Then if 1 vanishes on a non-empty
open subset of M, it vanishes on all M.

In the context of this book, we are concerned with the following special cases,
avoiding the complicated topological structures, which are not necessary for our
purpose.

Example 1 Let M = R? and in the terminology of Section 2.1.3, D = Df + P,
the Dirac operator with a Hermitian matrix-valued function P. Electromagnetic
potentials and electric and magnetic anomalous moments are therefore included.
Example 2 Since the underlying manifold M need not be complete, it is possible to
deal with singular potentials. For example, we can choose M = R3\{0}, D = D{+ P
with domain C§°(R?\ {0}, C*) and P having a Coulomb singularity, subject to the
assumptions of Theorem 2.1.13 to make D essentially self-adjoint.

More examples can be generated from Examples 1 and 2 by the procedure in
the next example.

Example 3 If D is a Dirac-type operator on M acting on sections of a Hermitian
vector bundle F (spinor fields in Examples 1 and 2), then a Dirac-type operator on

M x R is defined by
D 9
'D = < o at )
-2 -D

Theorem 2.4.1. Let P satisfy the conditions of Theorem 2.1.13 and let ¢ belong
to an invariant subspace of the self-adjoint extension A =Dp of Dp, on which A is
bounded below, i.c., for some Xo, ¥ € X[xng,00)(A), the projection onto the subspace
of A corresponding to the spectral subset [Ag,0). Then if » = 0 on a non-empty
open subset O of R3 it vanishes identically on R3.

acting on a section of E & E.

Note that Corollary 1.7 in [Thaller (1992)] gives the case P = 0 of this theorem.
Physically this means that one cannot localise a single electron in a bounded region.
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The same applies for an electron described by a Brown—Ravenhall operator with
magnetic field; see Section 4.7.2.

Proof. We give a sketch only, and refer to [Bar and Strohmaier (2001)] and [Roe
(1988)] for details and precise statements. The proof requires what is known as the
“finite propagation speed” for a Dirac-type operator D: for compactly supported
¥ the support of exp(itD)y grows at most with speed one. We wish to show that
Y =0.

Without loss of generality we may assume that v belongs to an A-invariant
subspace where A is strictly bounded below by 1, i.e., X(—o0,1](A4)% = 0. In other
words, ¢ lies in the image of the projection X(1,,)(A4). The family of functions f,

Afleiz)\’ A>1

fzmz{o A< 1

is uniformly bounded by 1 for all z € C_ and for each fixed A it is continuous in
z. Therefore the family of bounded operators f.(A) is continuous in z € C_ in the
strong operator topology, and the map z — f,(A)v is continuous from C_ into the
set of L2(R3,C*)-valued functions.

We now fix zyp € C; and consider the family of functions g, defined by

izX_izoA

—le
gz(A)={A SR

jet#o, z = 2o,

for A > 1 and g,(A\) = 0 for A < 1. The family g, is also uniformly bounded and
continuous in z. This shows that

lim fz (AW - fzo (AW
Z—20 zZ— 20
exists and hence z — f,(A)%y is holomorphic on Cy.

Fix a non-empty relatively compact open subset O of O. If u is a smooth function
with support inside O, then by the finiteness of propagation speed, there exists € > 0
such that the support of e®4u is contained in O for |t| < e. Hence for all ¢ with
[t| < e we have

0 (¢’ efitAu) — (eitAdJ, u)
= (Afe(A)Y,u
= (fi(A)Y, Au).
The identity e**4¢ = Af.(A) follows from the assumption that v lies in the
image of the projection x(1,5)(A4). The function z — (f.(A), Au) is continuous
on C_ and holomorphic on C,. Moreover, it vanishes on [—¢, €]. From the Schwarz
reflection principle we therefore have that

(f=(A)¢, Au) = 0

for all z € C_. In particular for z = it, ¢ > 0 we obtain

(e_tA¢v u) = (flt(A)wvAu) =0
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for all 4 with support contained in O. Hence et vanishes on O for all t > 0.
The last step of the proof involves the Dirac-type operators D defined on the
half cylinder X = R?\ {0} x R, and acting on C* @ C*-valued functions:

D 9
'D::( 9 6t>.
-2 -D

We define a distribution ¥; in C* over X by
()= [ (0 oo
0

for all v € C§°(X,C*). The differential equation

d _ta —tA
ol — A
¢ v e

shows that the distribution

in C* @ C* satisfies DV = 0 in the distributional sense. Then W is regular by elliptic
regularity theory. Since ¥ vanishes on the open subset O x (0, 00) of X, the standard
unique continuation property of D implies ¥ = 0. Hence ¥; = 0 and e~ 41 = 0
for all £ > 0. On taking the limit as t — 40, we obtain ¢ = 0. O
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Chapter 3

Spectra

3.1 The Dirac operator

3.1.1 Preliminary lemmas

The first lemma will be needed to determine the essential spectra of the Dirac,
quasi-relativistic and Brown—Ravenhall operators. In it Hg = v—A 4+ 1 and Dy is
the free Dirac operator.

Lemma 3.1.1. Let V(x) = v/|x|. Then the maps
VIV B LR, V] HAR) - L(E)

are compact. Equivalently |V|*/?Hy' and |V|Hy? are compact on L*(R?), or, in
the terminology of Section 1.4, |V|*/? is Ho-compact and |V| is H3-compact.

In view of (2.1.11) and (2.1.13), it follows that |V|'/?>Dy* and |V|Dy? are com-
pact on L?(R3,C*).

Proof. Let 6 € C§°(R™) be such that 0 < 6 < 1,

1, 0<t<1,
H(t)_{ 0, t>2

and, for € > 0,0.(t) = 0(et). Then, for all u € H*(R?),

0 2
vz <o d [ 9=l e 4 efuf? b
x|<1/e  |X]

Also, by the Cauchy—Schwarz and Hardy inequalities,

1/2 1/2
O.ul? ul?
Lo e (e ) ([, )
Ix|<1/e X |x|<1/e R3 X

1/2
<2 (/ |u|2dx)> [Vl (3.1.1)
|x|<1/e

It follows from this that [V|/2 : H'(R3) — L?(R®) is compact. For, if u,, tends
weakly to zero in H'(R3), it is bounded in H'(R3), and tends strongly to zero in

85
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L2(Bl/s)7 where By /. is the ball with centre the origin and radius 1/e. Hence, from
(3.1.1), for a positive constant K such that ||u.,| < K,
limsup || [V 2upm||? < 7K,

whence |V|'/?u,, — 0 in L?(R?), since ¢ is arbitrary. Our assertion about |V|'/2

follows.
Suppose next that {u,,} is a sequence in H?(R?) that converges weakly to zero.
Then, with 6. as before,

1V w2 g/ |V9€um|2dx+/ V0.1 2
[x|<2/e [x[>1/e

<1y / IV Bt Pl + 726t
|x|<2/e

< 4 a3 3, .y + 7 N2,

on using Hardy’s inequality. Since the embedding H?(R3) — H(B, /) is compact,
it follows that
limsup [|[Vun|* < (vKe)?,
which implies the compactness of V : H2(R?) — L?*(R3).
The remaining statements in the lemma merely reflect the facts that Hg L and
Dy ' are homeomorphisms of L2(R?) onto H'(R?) and L?(R3; C*) onto H'(R3; C%),
respectively. O

The second lemma is an abstract virial theorem proved in [Balinsky and Evans
(1998)]; it is the basis of the proof of Weidmann’s virial theorem for Schrédinger
operators in [Weidmann (1967)], and is modelled on Weidmann’s proof.

Lemma 3.1.2. Let U(a),a € R, be a one-parameter family of unitary operators
on a Hilbert space H, which converges strongly to the identity as a — 1. Let T be a
self-adjoint operator in H and T, = f(a)U(a)TU (a)~t, where f(1) = 1 and f'(1)
exists. If ¢ € D(T)ND(T,) is an eigenvector of T corresponding to an eigenvalue
A, then

. T, —T
iny (60| %= | 0) = APl (31.2)
a— a—1
where ¢, = U(a)p and (-),|| - || are, respectively, the inner product and norm of H.

Proof. From T¢ = \p we have Tyd, = \f(a)d,. Hence, (¢a, Td) = A(¢a, d) and
(Tata, #) = Af(a)(¢a, ¢). Consequently,

(0 =t ] o) =2 [ 22 o)

and the result follows on allowing a — 1. O



Spectra 87

3.1.2 The essential spectrum of D

We recall from Theorem 2.1.6 that for |y| < v/3/2, Dy + /| - | on Cg°(R3) is
essentially self-adjoint, and so the associated Dirac operator D is its closure. Also,
by Theorem 2.1.13, if || < v/3/2, D(D) = D(Dy).

Theorem 3.1.3. Suppose V(x) = v/|x|, where |y| < v/3/2. Then D has essential
spectrum R\ (—=1,1).

Proof. We infer from D(D) = D(Dy) that
(Do +4) "+ (D+4) " (Do + 1) — (D+i) Do +i) " =D+i)*

and hence

D+i)—Do+3)" = D+i) V(D +i) L. (3.1.3)
We showed in Lemma 3.1.1 that A := |[V|'/2(Dy +i)~! is compact on L?(R?;C*)
and hence, so is

(Do — i) HV V2|V M2 (D +4) "t C A*A.
This implies the compactness of
(Do + )" V[V2V]V2 (Do +4)

since (Dg + i) ~}(Dg — i) is bounded on D(Dg) = H(R3;C*).

The fact that D(D) = D(Dy), and the Closed Graph Theorem, ensure that the
operator (D + i)~ 1(Dg + i) is bounded on D(Dy) furnished with the graph norm.
Hence, by (3.1.3) and Section 1.4, (D + i) and (D + 4) have the same essential
spectrum, namely R\ (—1,1).

U

In [Thaller (1992)], Theorem 4.7, it is shown that I = Dy + V has essential
spectrum R\ (—1,1) for any potential V' which is such that D is self-adjoint, V'
is Do-bounded and limp_, ||[V(Do — i)~ tx(|x| > R)|| = 0, where x denotes the
characteristic function. This covers the Coulomb potentials V(x) = ~/|x| for |y] <
V3/2.

In order to prove that the essential spectrum of D does not contain any embedded
eigenvalues, we apply Lemma 3.1.2 to establish a virial theorem for D. The same
method is used in [Thaller (1992)], Theorem 4.21, for more general potentials V.

Theorem 3.1.4. Suppose V(x) = v/|x|,|v| < v/3/2. Then D = Dy + V has no
eigenvalues in R3\ (—1,1). In fact the spectrum in R3 \ (—1,1) is absolutely con-
tinuous.

Proof. To prove that there are no eigenvalues in R? \ [—1,1], we apply Lemma
3.1.2 with f(x) = = and U (a) the dilation operator defined by U(a)¢(x) = a®/?¢(ax)
and T'=D = Dy + V. Then,

(1,000 = a{ 31(icx V)el(x) + B00) + V ax) |
— (T6)60) + (a — 1) 30(x).
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Hence, D(T,) = D(T) and from Lemma 3.1.2, if T = A, and ¢, := U(a)d,

A6 = lim (¢a. 56)
— (6.59).

From this we infer that —1 < A < 1 and, hence, there are no eigenvalues in R3 \
[-1,1].
Suppose T'¢ = ¢. Then, from above, ||¢||? = (¢, B¢) and this implies that

l¢s” + [lgall* = 0,

where ¢;,j = 1,2, 3,4 are the components of ¢, and thus ¢3 = ¢4 = 0. Let u be the

2-spinor
_ (N
u_<@).

Then, on substituting (2.1.4), it follows that —i(o - V)u = 0 which gives, on taking
Fourier transforms,

3
(p-o)i(p) = Y _pjosi(p) =0
j=1
and hence |p|?|@(p)|? = 0. This in turn implies that 4 = 0 and hence ¢; = ¢ = 0.
Therefore A = 1 is not an eigenvalue. A similar argument proves that there is no
eigenvalue at A = —1.

The absolute continuity of the spectrum is established in [Weidmann (1982)].
O

3.1.3 FEigenvalues in (—1,1)

Theorem 3.1.5. Suppose V(x) = —v/|x|,0 < v < \/3/2. Then the eigenvalues of
the Dirac partial wave operators Dy ¢ = Doy s + V in the gap (—1,1) are given by
—1/2

72

(n+ /6. —7*)°

where K;s = I+ s+ 1/2. Hence, from Theorem 2.1.1, the set of eigenvalues of
D=Dy+V is

An;l,s = 14

n € Ny, (314)

U )\n;l,sv

n€Ny,(l,s)€T

where J is the index set defined in (2.1.27). Thus, there is an infinity of positive
eigenvalues accumulating at 1.
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Proof. Set k = ks and consider the operator 7 in (2.1.52) which typifies the
partial wave operators, namely
T = —i03— — Eal +o3+ V.
dr r
Note that x; s > 1 since, in the notation (I,s) € J, [ € Ng for s =1/2 and [ € N for
s = —1/2. We follow the treatment in [Thaller (1992)], Section 7.4, but avoid the

explicit use of supersymmetry and the abstract Foldy—Wouthuysen transformation
made therein.

In
. d —k—7)\ 1 0 —A-—-1
ZUQ(T—A)_IQJ—F(V /i);+<)\—1 0 )

the second matrix on the right-hand side has eigenvalues +t, ¢t = \/k2 — 2, and is
diagonalised by
A= (“ —t ) .
-y K—t

It follows that

1 EA g
iog A" Yoy (T — \) f = ( io(/\)t 170_(2) u, u=A"1f, (3.1.5)
t
where
d t A
o) =gt

and 75 (A) is its Lagrangian adjoint dir -4 ”7’\ The operators 7, 79(A) and 75 (A)
have domains
D(1) = {u:u € AC1,e(Ry,C?),u, 7u € L*(Ry,C?)},
D(1o(N) = {v: v € AC1pe(Ry), v, To(N)v € L2 (R},
D(rg(N) = {v:v € AC1oc(Ry), v, 70(N)*v € L*(R4)}.
From (3.1.5) we infer that f is an eigenvector of 7 corresponding to the eigenvalue

Nifand only if u = A1 f = <Zl> satisfies
2

oW = (2 1)us
7O = (24 1y, (3.1.6)

Note, in particular, that u; € D(1p(A\)) and ue € D(75(A)), and, by (3.1.6),
To(Mur € D(rg(N)) and 75 (A)ug € D(19(A)). We therefore have

7o (M To(Nur = (Rt;\ —Duy (3.1.7)
N7 (Vuz = (2 — yus, (3.1.8)
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Since 75 (A)1o(A) > 0, we must have |A\| > ¢/k. The solutions of the equation
75 (A)v = 0 are constant multiples of

v(r) = rte” DT,
which lies in L?(R,) for A > 0, whereas the solutions of 79(A\)v = 0 are constant
multiples of

o(r) = rte0Mor
and, hence, only the trivial solution lies in L?(R ). Therefore 79(\) has trivial null

space, and so has 75 (A)7o(A) by (1.2.4). We conclude that the smallest eigenvalue
of 7 is

42 —1/2
)\Ozt/’i:{l‘f‘m} (3.1.9)
with corresponding eigenvector
fo=Au® «© = P (3.1.10)
0 ’ rt exp (—'YT)‘OT) ‘ e
Let
d t+1 YA
A) = —— — 1
(Y dr r t+1
Then
242 242
To O‘)TO(/\) - 2 = 7—1()\)7'1 (/\) — m (3.1.11)
and hence (3.1.7) is identical with
212
* :“&1)\
(A7 (Nur = <m - 1) uy (3.1.12)

where k1 = /(t + 1)2 + 72. As before, the smallest value of A for which this equa-
tion has an L?(R.) solution is

f1 .2 —1/2
A = =<1+
K1 (t + 1)2

corresponding to the solution

A
WD (r) = ' exp (— (t7+11)r> : (3.1.13)

which lies in the null space of 77 (A1). It follows from (3.1.11) that ugl) is an eigen-
vector of 79(A1)*7p(A\1) corresponding to the positive eigenvalue (k?A?/t?) — 1. Since
7o(A1) has trivial null space, 7o (Al)ugl) # 0 and, by the remark following (1.2.6),
To(/\l)ugl) is an eigenvector of 79(A1)7o(A1)* corresponding to the same eigenvalue
(k2X%/t?) — 1, and all the eigenvectors corresponding to this eigenvalue are constant

multiples of To(/\l)ugl). Also A1 > A¢ and since the eigenvalues A > Ay of T are
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in one-one correspondence with the values of A for which (3.1.12) has a non-trivial
solution, it follows that there are no eigenvalues of 7 between A\g and A;. Moreover,
the eigenvector of 7 corresponding to A; is
(1)
u
fO = Ay 4D = ! : (3.1.14)
7o(A)u
An iterative procedure determines the remaining eigenvalues and eigenvectors
of 7. For A > A\{ and n > 2, let
d t A
() =~ = o

dr r t+n
The smallest value of A for which the equation

. K2 \2
Tn(A)Tn(A) ¢ = (m - 1) ¢, kn=+(t+n)2+~2 (3.1.15)
has an L2(R ) solution is
t+n y? e
A = e — (3.1.16)
o (n+ /R )
with corresponding L?(R. ) solution
n An
(;571(7’) =it exp <_ (;:_ n) 7’) , (3117)
which lies in the null space of 7,5(\,,). A crucial property of the 7,,(\) is
72)\2 72)\2
n— )\*nf)\_izn/\ n/\*_ )
T 1()7— 1() (t+n—1)2 T()T() (t+n)2

which has the following consequences. Firstly, 7,,—1(A)*7,—1(A) > 0, so that 7,,_1(\)
has trivial null space, and secondly
K2_1\2
n— )\n ¥ n— )\n n — —r=r_ 1 Ny 3.1.18
et ) ) = (20— 1) 0 (31.18)
where \, > (t+n—1)/kp—1 = Ap—1. Furthermore 9 := 7,,_1(\,,)d,, is a non-trivial
L?(R,) solution of
K2 A2
n— An n— )\n = ——" — 1 . 3.1.19
et O 1O = (et —1) v (3.1.19)
It follows that
Y =T71(A2)T2(A3) - Tno1(An) Pn

satisfies

232
Bowmne = (S5t -1) v

and the non-trivial L?(R ) solutions of
. K2AR
o(A)75(M)d = =5~ —1)¢
are constant multiples of 79(A1)1. Consequently, eigenvectors of 7 corresponding
to the eigenvalue A, in (3.1.16) for n > 2 are constant multiples of
A2)72(A3) < Tn—1(An)dn
(n) _ Au(n) u(n) _ < 7—1( 2)72\N\3 1

I ’ 7oA (02)72(00) -+ Tt ()6 )

where ¢,, is given by (3.1.17). O

(3.1.20)
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Remark 3.1.6. If \/5/2 < v < 1, Theorem 3.1.5 continues to be true for the
distinguished self-adjoint extension of D — +/| - | mentioned in Remark 2.1.9. But
this requires the imposition of a boundary condition like

lli% u(r) = 0.

The proof above then remains valid since L?(R; ) solutions of 7o(\)v = 0 are still
excluded. This is tantamount to choosing a distinguished self-adjoint extension of
the operator Tj, generated by 7 on C§°(R4, C?) (see Section 2.1.2), for those values
of x for which 7 is not in the limit-point case at the origin.

3.1.4 Min-max characterisation

In [Dolbeault et al. (2000b)] and [Dolbeault et al. (2000a)], Dolbeault, Esteban and
Séré establish a min-max characterisation of the eigenvalues in a gap within the
essential spectrum of an unbounded self-adjoint operator, which is applicable to the
eigenvalues in (—1,1) of Dirac operators with Coulomb-type potentials. In their
result for D = Dy + V,V(x) = 7/|x|, quoted in the following theorem, A, and
A_ =1— A, are the projections onto the positive and negative spectral subspaces
respectively of Do, H = L?(R3,C*), Hy = ALH and Fy := ALC§°(R3,CY).

Theorem 3.1.7. Let

Ak = il&lf sup Dy, ), k>1, (3.1.21)
e M, Fo
] =1

where the infimum is over all k-dimensional subspaces My of Fy. Then, A\, = g,
the kth positive eigenvalue of D, counting multiplicity and limy_oo Ax = 1.

In [Dolbeault et al. (2000b)], it is assumed that v < v, = 47 /(7% +4) ~ 0.9, the
critical value for the positivity of the Brown—Ravenhall operator as established in
Theorem 2.3.7. The range of  is extended in [Dolbeault et al. (2000a)] to 0 < A < 1
and so the eigenvalues of the distinguished self-adjoint operator D referred to in
Remark 2.1.9 and Remark 2.1.14 are covered. Results on a min-max principle for
abstract self-adjoint operators with a spectral gap may also be found in [Dolbeault
et al. (2000a)], [Griesemer and Siedentop (1999)], [Griesemer et al. (1999)].

3.2 The quasi-relativistic operator

3.2.1 The essential spectrum

Theorem 3.2.1. Suppose 0 < v < 2/7. Then the essential spectrum of H = Hy +
V, V(x) = —v/|x|, coincides with that of Hy = v/—A + 1, namely, [1,00). In (0,1),
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the spectrum of H consists of an infinite number of isolated eigenvalues of finite
multiplicity, which accumulate only at 1. If v < 2/m, the smallest eigenvalue Ao
satisfies \o > (1 — [m7y/2]?)'/2.

Proof. From Lemma 3.1.1, A := |V|*/2(H+1) "' is compact on L?(R?) and hence
so is (Ho + 1)1 V|(Hy +1)~! = A*A. Therefore, in the terminology of Section 1.4,
V is form H2-compact. Also, by Theorem 2.2.6, Ho + V > 0 and this implies that
Q(IV]) D Q(Hp). The fact that H has essential spectrum [1,c0), then follows from
Theorem 1.4.2 in the case v < 2/m when H is the form sum of Hy and V. The
proof in the critical case v = 2/7, when H is the Friedrichs extension of Hy and V/,
is included in [Yaouanc et al. (1997)], Lemma 4.

Since Hp = v—-A+ 1 <1-A,and —A—~/|-| has an infinite number of negative
eigenvalues (see [Edmunds and Evans (1987)], Theorem XI.1.5), it follows that H
has infinitely many eigenvalues smaller than 1. The lower bound for the smallest
eigenvalue )¢ is established in Theorem 2.2.7 when v < 2/7. When v = 2/, A¢ is
still positive, as noted in the following Remark. g

Remark 3.2.2. When v = 2/7, the lower bound for A¢ in Theorem 3.2.1 vanishes.
However, even in this critical case, there are numerical indications of Hardekopf and
Sucher in [Hardekopf and Sucher (1985)] that the lower bound is positive. This was
confirmed by Martin, Raynal, Roy, Singh and Stubbe in [Raynal et al. (1994)] who

proved that, for 0 < v <2/,
p s o HOE)
peRs  ¢(p)

for any positive trial function ¢, and used this to yield
0.4825 < Ag < 0.4843
when v = 2/7.

We now use Lemma 3.1.2 to prove a virial theorem for H which is similar to
Herbst’s virial theorem in [Herbst (1977)], Theorem 2.4.

Theorem 3.2.3. Let v < 2/7 and H¢p = \p. Then
(6, Hg ' ¢) = Alo]? (3.2.1)
and
(Vo.9) = [Hy 6l1* ~ [Hy6]* (3.22)
It follows that H has no embedded eigenvalues in (1,00). The spectrum in [1,00) is

absolutely continuous.

Proof. Let Hy,, := (—A + m?)Y/2 where m > 0. Theorem 2.2.6 applies also to
the operator H,,, = Hy ,, + V: in particular, it is an operator sum for v < 1/2 and
a form sum for 1/2 < v < 2/7. Furthermore, if my, ms > 0, then

Hoaml - HO,m2 = (m% - m%)(HO,ml + Ho,m2)_1 = Bml,m2
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is a bounded operator on L?(R3). Thus, if v < 1/2, it follows that

Hyny = Hyny + By s (3.2.3)
and D(H,,,) = D(H,,,). The identity (3.1.3) is still true in the range 1/2 < vy < 2/,
but since H.,,,, and H,,, are form sums, the derivation is not as immediate. We first

assert that their domains coincide. For, on applying the Parseval formula, with
u,v € Q(Ho,ml) = Q(Ho,m2) = Hl/Q(RB)v we have

(H1/2 w. HY? v) = (H1/2 w. HY? v)

0,my1 7 770,my 0,ma 0, mo

+ /R3 {\/p2 +mi — \/p2 +m%}ﬁ(p)mdp

1/2 1/2
= (HO,/mgu” HO,/mgv) + (Bm1,m2ua U)
and so, for all u,v € Q(H,,,) = Q(H,,),
B, [u, ’U] = hum, [u, ’U] + (Bmhmzuﬂ v),
where hmj[-, :] is the quadratic form associated with H,,,, j = 1,2. Hence, if u €
D(H,y, ) and v € D(H,y,) it follows from the Second Representation Theorem that
(Hyp, uy v) = (1, Hipyv) + (Bimy mat, ).
Since By, m, is bounded and H,,, and H,,, are self-adjoint, it follows that
D(H,,,) = D(H,,,) and (3.1.3) holds.
We now apply Lemma 3.1.2 with 7' = H = H;, f(¢) =¢, and U(a) the unitary
operators defined by U(a)¢(x) = a*?¢(ax). Then it is readily verified that T, =
aU(a)H,1U(a)~! = H, and so

(m, [H“ - H] ¢) — (a+1) (g0, Ho.a + Hol19)

a—1
— (¢, Hy ')

as a — 1, whence (3.1.1).
Furthermore,

(¢, Hy'o) = Al¢||?
= (¢, Ho)
= |Hy*6|1% + (V, ) (3.2.4)

whence (3.2.2).
Suppose H¢ = A¢p. Then from (3.2.4),

Vo, ¢) = (Hy ' ¢, ¢) — (Hog, ¢)
and so
Mgl = (Hy ¢, ¢)
< l¢l>.

Hence, there are no eigenvalues in (1, 00).
The absence of singular continuous spectrum, and, hence, the absolute continuity
of the spectrum in [1, 00), is proved in [Herbst (1977)], Theorem 2.3. O
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3.3 The Brown—Ravenhall operator

3.3.1 The essential spectrum

The analogue of Theorem 3.2.1 is the following

Theorem 3.3.1. Let V(x) = —/|x[, 0 < v < 7. = 2(5 + %)_1 . Then the
Brown—Ravenhall operator B = Ay (Dg + V)A4 in (2.8.10) has the same essen-
tial spectrum as ALDoA 4, namely [1,00). In [0, 1), the spectrum of B consists of an
infinite number of isolated eigenvalues of finite multiplicity which accumulate at 1.
The smallest eigenvalue g satisfies Ag > 1 —~. > 0.09.

Proof. We shall prove the result only in the case v < ., when, in view of Remark
2.3.8(v), B is the form sum of A;DgA; = DyA; and AL VA, and the form domain
Q(B) coincides with that of AyDoA; = DyA,. Set By := A1 DoAy = DA and
C =A, WA, W = —V. Note that the operators in these forms act in L?(R3, C*);
see (2.3.10) and (2.3.11). We have

(B¢a d)) = (BO¢5 d)) - (Cwa ¢)a ¢a d) € @(B)a
in the form sense. On taking, for arbitrary f,g € L*(R3,C*),v» =B~'f,¢ = B;'g,
so that ¢ € D(B) and ¢ € D(By) C Q(By) = Q(B), it follows from the First
Representation Theorem that
(f,Bg'g)=(B""f.9)— (By'CB 'f,g)
and, hence, in view of the self-adjointness of B!,
B'-B,'=B,'CB!

= By ' AL WY [WY2A, BY); (3.3.1)
recall from Theorem 2.3.7(i) that B is strictly positive and is thus invertible. We
shall prove that B~ — Bgl is compact. By (2.3.5), By = HpA4, where Hy =
v—A+ 1, and so the first factor on the right-hand side of (3.3.1) can be written

By tA W2 = A HG W2,

We know from Lemma 3.1.1 that W'/2 : H'(R? C*) — L?*(R?,C*) is compact.
Consequently, Hy'W1/2 . HY(R3;C*) — H'(R3;C*) is compact and By A, W/?
is compact on H!(IR?; C*). To show that the second factor in (3.3.1) is bounded, we
write it as

W2A B~ = [WY/2A, B, /%] [BY B (3.3.2)

The range of B~!, namely D(B), lies in Q(B) = Q(By) = 'D(IB%(lJ/Q), and hence
IBS(IJ/ *B~! is defined on L%(R3,C%) and is a closed operator. Hence by the Closed
Graph Theorem, IB(l)/ *B~ is bounded on L? (R3,C*). Next, we write the first factor
on the right-hand side of (3.3.2) as

WA By = WHG AL
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By Kato’s inequality, we have

WA < () [l i) P

< (y/2) / VIPEH1If(p)Pdp = (y7/2)[Hy 1]
and, hence, for all g € L?(R3,C%),
IWY2H, 2 AL gl < (vr/2) 2] Ay g]l.

Therefore, W1/2H, "/?A is bounded on L2(R?, C4), which implies the boundedness
of WY/2A, B~ in (3.3.2) and completes the proof of the claim that B=! — B, ! is
compact on L?(R3,C*), thus establishing that B and By have the same essential
spectrum, namely [1,00).

The case v = 7, is proved by Tix in [Tix (1998)], Theorem 8, by subtly adapting
the above proof and using results from [Herbst (1977)] and [Yaouanc et al. (1997)].

By Theorem 3.1.7, the kth eigenvalues of D and B satisfy the inequality

M) >t sup (D) > M(B),
Mi e My, | ¢ll=1

where M, is a k-dimensional subspace of A Cg°(R3,C*). Since D has an infinity
of positive eigenvalues in (0,1), it follows that for all k¥ € N, there exists a k-
dimensional subspace M}, on which (B, 1) < 1. Consequently, B has an infinity of
isolated eigenvalues of finite multiplicity in [0, 1), which accumulate at 1. Note that
if ¥ < 2/m, since B is then the restriction of HIy to H = Ay L?(R3,C*), it follows
that A\ (H) < A\ (B) < Ax(D).

The final assertion in the theorem that A\g > 1 — 7. > 0.09 is due to Tix [Tix
(1998)]; see also [Tix (1997a)].

O

3.3.2 The virial theorem

Our main results are the following theorem and corollary, which result from the
application of Lemma 3.1.2 to the Brown—Ravenhall operator b of (2.3.18). In
Remark 2.3.8(iv) we noted that for v < 7., b is the form sum of E and —K with
form domain L?(R3; \/p? + 1dp) ® C2, where E is the operator of multiplication by

elp) =vpr*+1,
7 " Sl ’
(Kue) = 55 | K Dyl

with kernel

(e(@) + D(elp) + DIz + (p" - 0)(p - 0)
n(p')|p’ — p[*n(p)

)
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Theorem 3.3.2. Let v < .. If \ is an eigenvalue of b with eigenvector ¢, then

A6 = / %w(pnzdp

1 1 1 1 ,
47T2R3/£3¢ 'P)¢(p) [@ T e e(p’)Q]dp P
g * (N T2 (o) L 1 1 1 ,
+ mﬂ@/{gaﬁ (P")K=(p", p)o(P) [e(p) o Te e(p,)g]dp dp, (3.3.3)
where
10y Le@) +1][e(p) + 1]
KR P) = = o — o Py) (33.4)
2 _ _ (Po)(po)
KA®P) = S0 p Pl (3:3.5)
Corollary 3.3.3. Let v < 7. and bop = A¢p. Then
_ of 1 1
) 1/ owif1- b
~ g [ 0t it [+ v
R3 xR3
- [ o= IR = gy, (3.36)

Before proving Theorem 3.3.2 and Corollary 3.3.3, we need the following lemma,
which is similar to Lemma 2.3.10. In it b™ denotes the operator with e(p) re-
placed by e, (p) := 1/p? + m? in b and associated changes to make b the Brown—
Ravenhall operator when the mass m # 1. To be specific, b™ = E,, — K™, where
E,, is multiplication by e,,(p) and K™ is the integral operator with kernel

lem(p') +m]lem(p) + mlla + (' - o) (P 0)
N (P')|P — P> (p)

K™(p',p) =

)

where 1, (p) = /2em(p)[em (p) + m]. In particular b! = b and
(6°u)(p) = pu(p) — ﬁ(KO u)(p)
where K° has kernel

K°(p',p) =

1 {pp’lz +(p' - 0)(p-0)}
2 p'plp - p'?

Lemma 3.3.4. For any m € R, the operators b™ and b° have the same domain
and b™ — b9 can be extended to a bounded operator on L?(R3,C?).
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Proof. We have
0 S e’m(p) _pé m,

and, on using the inequality 2v/1 + av/1+b < 2+ |a| + |b| for a,b € (—1,1), we can
write

|K™(p',p) = K°(p, p)| = ﬁ { Wl + e:gp,) \/1 + eﬁp) - 1]
. Wl‘eﬁwl‘ ] 0o o)
1

em(p) 1] P'p
= 9p TP’IQ{em(p) ' emtp/) }

0

Hence, for ¢ in the form domain of 6™ — b

|(¢7 bm(b) - (¢7 b0)| <

< il + 53 // o o How et v,

By the Cauchnychwarz inequality, the last integral is no greater than

// e = p|2{em1<p>+emtpf>}7f<il>)dp’dp7

where we choose h(p) = |p|™, 1 < a < 2. Then (see [Lieb and Loss (1997)], (3)
in the proof of Corollary 5.10)
(p)

1 h Ip|® 1 1
dp’ = / dp’
/Rz Ip— P> h(p)em(p) em(p) Jrs [P —P'|? [P/
=O(lp[* !p['™*) = 0(1)

, we have

and

1 h(p’) / 1 1
dp’ < p“/ —————dp' = 0(1).
fo TR < P [, e e’ = O
Hence, for some positive constant C,
(6,67 ¢) — (¢,6°)] < Cm|¢|
and (-,b™-) — (-,b%) can be extended to a bounded quadratic form on
L2(R3,C?) b x ¢ L*(R3,C?) ;. It follows that b™ and b° have the same domain

and this in turn implies the rest of the lemma. O

Proof of Theorem 3.3.2. We apply Lemma 3.1.2 to T = b, f(a) = a and
U(a) defined by U(a)o(p) = a=*?6(p/a) =: ¢a(p). Then U(a) —
L?(R3,C?) and

I strongly in

T, := aU(a)bU(a)~" = b"
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By Lemma 3.3.4, an eigenvector ¢ of b, lies in D(b%) for any a. Thus, all that
remains is to evaluate the limit on the left-hand side of (3.1.2). We have

(6 |51 )0) - / {M]m )o(p)"dp

K*(p',p) — K(p',p) ,
oy / ba(p { ) ¢(p)dp’dp

R3 xR3

=5 L, (3.3.7)

and (3.3.3) will follow if we can justify taking the limit as @ — 1 under the integral
signs on the right-hand side of (3.3.7).
In I, 0 < {eq(p) —e(p)}/(a—1) <1 and, hence, as a — 1, since ||¢q — @] — 0,
we have
iy 1= tiny [ | jopap = [ L jotwlap.
R3 rs €(p)

a—1 a

on applying the Dominated Convergence Theorem. We write I as

/| fonto) = ot | F PR g )
R3 xRR3
+// ¢(p’)*{Ka(p/’r;)__f(p/’p)}¢(p)dp’dp = I3+ Iu,
R3 xR3

and make use of the readily verified estimate

K*(p',p) — K(p',p)
a—1

<kd/lIp—P',

where k, — 1 as a — 1. Thus I3 is bounded by

/ 16a(0') — $(0")]|6(p)|

R3 xR3

dp'dp
p—p'[?

and, on using the Parseval identity and IF ‘i \/> BER this is equal to

2
2 /11%3 u(x)v(x) |x|

where u(p) = |da(p) — ¢(p)| and ¥(p) = |¢(p)|. This in turn is bounded by a
constant multiple of

URZCE ||p|dp)1/2(/ ol ||p|dp) -

on using the Cauchy—Schwarz and Kato inequalities. We claim that the first of
these integrals tends to 0 as a — 1. This is obviously so if ¢ = 1) € Co(R3, C?). Also

/ 16a(p) — a(p)*Ipldp = a / 16(p) — () |pldp.
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Since Cp(R3, C?) is dense in L?(R3, C2), our claim is justified and we have that I3 —
0 as a — 1. In I, the integrand is majorised by the function |p — p’|~2|¢(p’)||o(P)|,
which is integrable by Kato’s inequality. Hence the Dominated Convergence Theo-
rem applies and it is easily verified that (3.3.3) follows. O

Proof of Corollary 3.3.3. From (3.3.3) we have
dp
Ao = [ lo)P

__Re[ / / 6 (p )¢(p){ (1p) e(;) }dp’dp]

R3 xR3

iy o

]R3 xR3

}dp'dp (3.3.8)

Also, for all ¢ € Q(b),

[ e @omidn = 5% [[ @) K@ ploiap

R3 xR3
=A [, v P)o(p)dp. (3.3.9)
We choose ¥(p) = [e(p) ™! — e(p) 2]¢(p) in (3.3.9): clearly ¢ € Q(b). Then
1 1 )
sz [[ e om s s favap

R3 xR3

:/R3[e(p)_)\]{i_ ;Q}W(p)lzdp. (3.3.10)

On substituting (3.3.10) in (3.3.9),

Aol = [ 162 / elv) - 1{%—6(;)2}@@)%
= R bra L

R3 xR3

]
—~
S
~

]
—~
~

whence

[ o i g o= [ e - g e

l//aﬁ "VK*(p',p)o(p )[ (;)+L}dp’dp7

e(p)
R3 xR3
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nd
- [ |¢<p>|2{1 - @}dp

* 1 1
+ 2% // ¢*(p")K*(p', p)o(p) L + —} dp'dp. (3.3.11)
R3 xR3
The corollary is therefore proved. 0

3.4 The absence of embedded eigenvalues

Theorem 3.4.1. If v < 7., the operator b has no eigenvalues in [1,00). The spec-
trum in [1,00) is absolutely continuous.

Proof. From (3.3.6)

Pt oot }dp

2l / / ¢*(p')H(p', p)|6(p)|dp’dp

R3 xR3

3 2 le(p) — 1][2e(p) — 1]

h / o) =2 —Tap, (3.4.1)
H(p',p) = o [ . +L]

5 ’ n(@)n(p)lp —p'1? Le(p’)  e)]
et

1 1 1

I = 5 o +

and let h be an arbitrary positive function, which will be chosen later. Then,

[ 16 i) ow)dp'ap -

R3 xR3
- I (Geeen i)

/ 1/2
x < P o) 720, p) [Z(p))} )dpdp’

n(p’)

< p2
- R3 TL2

pldp [ G pap, (342
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by the Cauchy—Schwarz inequality. We make the choice h(p) = p~3/2 and so

h(p’)
rs h(p)

1 1 3/2 1 1 3/2
:/ 7 2 p/3 2dp’+/ / 2 p/3 2dp
rs [P = P2 /p2 193/ rs [P/ — P2 \/p2 + 1%

=1, +1, (343)

J(p',p)dp’

say. We now follow [Jakabussa-Amundsen (2004)], Section 1.5, to obtain more
precise estimates for I; and Iy than those in the proof of Theorem 3.1 in [Balinsky
and Evans (1998)]. These are based on the simple estimate

1 ,ifq<1
— << .
/¢ + 1 E,lfq>1.
We first note that
1 , 27r1 ‘p—i—p’

—— d =
s2 [p’ — pJ? pp' |p—p

Hence,

1 [e’e)
I, < 27rp1/2 {/ p_1/21n P+P dp +/ p/—3/2 ln dp}
0 b= 1 b —=

p 1+t o 1+t
:27Tp/ t=1/21n ‘1+ ‘dt+2 / t3/21n‘1—+t‘dp'. (3.4.4)
0 1/p -

Also

12227'('

t=1/21n ‘H_ﬂdt.

V241 /

The next step is to substitute the following integrals evaluated in [Jakabussa-
Amundsen (2004)], Appendix A; see also [Gradshteyn and Ryzhik (1965)], p. 205
206.

a 1 t 1
/0 t— 1210 11_?5 dt = 2\/aln ‘ ‘+4arctan\/_—21 gi—l"
o 1+t
/ 2 m | = g — o, (3.4.5)
0 1—t
o 1+t 1 2 1
/ t=3/21n el dt =27 —2In va+t —4arctany/a + —In Sta .
. 1-t Va—1 va |l-a

It follows that

1
I < 4w2+4w{2\/]3 In |7

i_i‘ +2(p—1) arctan(1//p)

1+p

—(p+1) In T

} =:4n%a(p) (3.4.6)



Spectra 103

say, and
47?p
Vp?+1
On substituting these in (3.4.2), and then in (3.4.1), the resulting inequality can be
rewritten in the following form:

I, =

) PR S S Ui
0< . [¢(p)| {1 " e(p)z}{l A+ ®(p)} dp, (3.4.7)
where
R S S 57 O p  [elp) —1][2e(p) — 1]
Mm{le@fﬂww}‘n%»<()+wﬁ:7> wF
This gives
_ P’g1(p) ~ g0(p)
®(p) = p2+2—p2+1 {7 gl(p)}’
where

2y/p2+1-1 p+alp)y/p?+1
golp) = L1 g, (p) = EEX .
Ve +1+1 Ve +1+1
A numerical calculation gives minyer, go(p)/g1(p) = 0.973. Since . = 0.906, it
follows that @ is negative for v < ~.. Hence, from (3.4.7), we conclude that A < 1,
thus proving that there are no eigenvalues embedded in the essential spectrum

[1,00). The absence of a singular continuous spectrum is proved in [Evans et al.
(1996)], Theorem 2. The proof is therefore complete. O

It is also of interest to analyse the implications of the virial theorem for the
operators by ;.

In the partial wave decomposition of B and b in Section 2.3.1, spinors ¢ €
L? (R3,C?) are expanded in terms of the spherical spinors ; ,, s,

o(p) = Z P Btm,s (P) s (@) (3.4.8)
(I,m,s)€d

over the index set 3 ={l € No,mn = =1 —1/2,--- |1+ 1/2,s = £1/2, Qs # 0}
and

/R3|¢(p)l2dp=( > /|¢>z7m,s(p)|2dp. (3.4.9)

l,m,s)e€d

This yields the representation (2.3.21), namely,
((ba bdj) = Z (¢l,m787 bl,swl,rms)a (3410)

(I,m,s)€I
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where

((bl,m,s’ bl,swl,rn s /6 ¢l m, S 1/’1 ,m, s( )
0

3 |Q
0\8

0

and
b p) = le(@) + Qi (A[Z + 2])[e(p) +1] P Quras (32 + £))p
A n(p')n(p) n()n(p)
= ki (s 2) + K () (3.4.12)

say. The nature of the associated self-adjoint operators b; s is described in Theorem
2.3.11 and Remark 2.3.12.

Theorem 3.4.2. For all values of (1, s), the operators b s have no eigenvalues in
[1,00) if v < 7e-

Proof. The analogue of (3.3.6) is

(A - 1) O/Oolaﬁz,ms(p)lz{l - % * 6(119)2 }dp

_ % 0707@,%5(p’)kﬁs(p’,p)a(p) [e(p,

— / |¢l7m,s(p)|2 [e(p) — 1] [26(10) — ”dp. (3.4.13)

e(p)?

Since Qo(t) > -+ > Qi(t) > 0 for all t > 1, it follows that for all (I, s) # (1, —1/2)

ki (0, p) < %Ql (% {% " I%D

and, hence, on writing ¢ for ¢; ,, s in (3.4.13), we get

(A—l)f|¢<p>|2{1—$+@}dp
w/“b dp/h ([ z%D(e(;)*e(l_p))dp/

0
— / |¢(p)|2 [e(p) — 1]}[)26(10) — ”dp, (3.4.14)
0

|2

<
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for any positive function h(-), on applying the Cauchy-Schwarz inequality. We
choose h(t) = 1/t, so that in the first term on the right-hand side of (3.4.14) we
have

i r 2 p?

f(219) {Il - 12}dp

. / 9P
0
say. Let g1(u) = Q1(3[u+ 2]). Then, by (2.2.8)

7 du
I; < /gl(u)— =2,
u
0

and since g1 (u) = g1(1/u),

B < [0 = [ o
0 0
Furthermore,
1 1 1 1
/gl(u)du: %/uln(?ji)du—k %/%hl(?ji)du—/du
0 0 0 0
1 n 172 1= 72 1
2 24 8 2
and

oo

11, (u+l Tfu (ut1
/gl(u)du—g/zln(u_l)du—k/{gln(u_l) —l}du
1

1

Hence, Iy < and from (3.4.14)

4 Y

(x-1) 70|¢<p>|2{1 - % " ﬁ}dp

/|¢ + 2 dp /|¢ |2 ) 1}[26(}7) — ”dp

e(p)?
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On simplifying, we obtain

A = sy [ (RESR L) I

where
U(p) = WS fi()ﬁ)_ D) {77<2_Z2> (ﬂ; +2) - %}

< PP+ { 2 (W—Q+2>—1}<o
(VPRI +2- PP+ ImP 44
for v < ~v.. Hence, A < 1.

For the case (I,s) = (1,—1/2), the Legendre function Q; in (3.4.14) has to be
replaced by Qp, and we have to consider

N ) e e

The more precise estimates used in the proof of Theorem 3.4.1 are necessary in this
case. We now make the choice h(u) = 1/y/u, and, with go(u) = Qo(3[u + L]) =
In |4t4|] (3.4.15) becomes J; + J2 say, where on using (3.4.5),

o
J1 ZPO/WQO(U)CZU

1/p

1
< — i
<p ; \/agg(u)du + /1/p . TE go(u)du

1+1/p 14+ +1/p
:2p1/2 ln‘i +4p arctan+/1/p —2p In | ——=——=
1-1/p / 1—/1/p
1++/1/p 1+1/p
4+ 27 —2In|—F—==| — 4 arctan+/1/p+2\/p In
1—+/1/p /p+2vp 1-1/p
141 14+ +/1
=2r+4(p—1) arctan\/l/p+4\/}—71n‘1+1§p‘ —2(p+1)In 1—'_717)
—1/p _ D

— 2ra(p)

and

p 1 P
Jz—/— u)du = 2r————.
2T | e

On substituting in (3.4.14) (with Q; replaced by Qo) we deduce that

0</0°o|¢<p>

1 1
2 <1— \/172—4-1+p2+1> {1=X+T(p)}dp,
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where

o+ 1 \I,(p):’ypz[a(p)\/p2+1+p]_ P22/ +1—1]
VPP +1 o PPl PCADVE 1+l PP rirl

and, hence,

T(p) = P*(a(p) VP> +1+p) o 2/p2 +1—1
p*+2—vp* +1[Vp* +1+1] ap)VrE+1+p )

Thus V¥ is negative if

2yp2+1-1
v < min _.

=:70-
PeRt a(p)v/p® +1+p
As we observed at the end of the proof of Theorem 3.4.1, 79 = 0.973 > 0.906 = ..
It follows that A < 1 and the proof is complete. O
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Chapter 4

Miscellany

4.1 Stability of matter

A system of N electrons and K nuclei is known to be stable when governed by
non-relativistic quantum mechanics. This means that the ground state energy Ej
associated with the Hamiltonian, which, in appropriate units, is of the form

N
Hyx =) (-Aj)+aVo (4.1.1)
j=1
satisfies
Ey > const. (N + K). (4.1.2)

In (4.1.1), a is Sommerfeld’s fine-structure constant, whose physical value is ap-
proximately 1/137, and V¢ is the Coulomb potential of the electrons and nuclei,
namely,

1
Volx, - xn _‘Zzzm AR DI ey

j=1 k=1 1<j<I<N
1

R; — Ry’

+ 272
1<j<k<K |

(4.1.3)
where the x;, R denote the co-ordinates of the jth electron and kth nucleus, re-
spectively, and we have taken the nuclear charges to be the same, namely Z, for
simplicity: in fact for the problem of stability, this does not involve any loss of gener-
ality, for, as proved in [Daubechies and Lieb (1983)], if there are separate charges Z,
the energy is concave in each Z; and stability holdsin {0 < Z; < Z:j=1,--- K}
if it holds when all the Z; = Z.

The result (4.1.2) was first established by Dyson and Lenard in their pioneering
work [Dyson and Lenard (1967)] and [Dyson and Lenard (1968)]. Subsequently,
a different, and considerable easier proof was given by Lieb and Thirring in [Lieb
and Thirring (1975)], who also derived a much better constant. Stability became
a favourite topic of research and a number of interesting generalisations have been
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achieved. We now give a brief summary of some of the highlights. A significant
advance of relevance to this book was made by Conlon in [Conlon (1984)] who
investigated the quasi-relativistic Hamiltonian

N
Hyx =Y {(=8;+1)"? =1} +alVe (4.1.4)
j=1
and proved stability as long as aZ < 107290; Fefferman and de la Llave improved
on Conlon’s bound for aZ in [Fefferman and de la Llave (1986)] to «Z < «/5, with
the improvement a«Z < 7/2.06 on using a computer assisted proof. Lieb and Yau
then proved in [Lieb and Yau (1988)] for aZ < 2/m, the optimal range in view of
Theorem 2.2.6, that (4.1.4) is stable if and only if « is less than some critical value
ae > 1/94. Lieb, Loss and Siedentop introduced a magnetic field, B(x) = curl A(x)
in [Lieb et al. (1996)] and considered

N
Hy x(A) =Y | —iV; + A(x))| +aVe. (4.1.5)
j=1
They proved that for arbitrary magnetic potential A, (4.1.5) is stable if o < @,
where

1/a = (7/2)Z 4 2.802%/ + 1.30. (4.1.6)
For ae = 1/137, this allows Z < 59. The presence of the magnetic field, for arbitrary

A actually eases the stability problem for the magnetic Schrodinger operator
N
Hy k(A) =) (=iV;+ A(x;))* + aVe (4.1.7)
j=1
on account of the diamagnetic inequality in Theorem 4.5.1 below. However, dif-
ficulties are encountered on replacing the one-electron kinetic energy by the non-
relativistic Pauli operator,

3
Pa=[o-(—iV+A) = Z {oj (=i0; + A7)}

= (—-iV+A)?L, +0-B,

where ¢ = (01,092,03) is the triple of Pauli matrices defined in (2.1.5), A =
(A1, A, A3) and I» is the 2 x 2 identity matrix. The presence of the Zeeman
term o - B allows for the possibility that arbitrarily large magnetic fields B can
cause even the hydrogen Hamiltonian

Pa+aVe, Vo(x) =-2/[x],

to have arbitrarily large negative energies, despite the fact that Pa is non-negative
for any magnetic field. It is the existence of zero modes of the Pauli operator which
makes this possible: a zero mode of Pa is an eigenvector ¢ corresponding to an
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eigenvalue at 0, thus Pap = 0. To see this, let ¢ be a zero mode, and for k > 0
define ¢, (x) = K%/ 2¢(kx), so that ||p.| = ||¢||. Then

]P)An Pr = Oa
where A, (x) := kA(kx) and hence B, (x) = [curl A;](x) = kB(kx). Furthermore,

1
([P, + aVeolon, or) = —aZ / L lon()[2dx
R3 |X|

L 2
= —afo/Rs W|g0(x)| dx.

Therefore, on allowing K — oo, we see that Pa 4+ aV can have arbitrarily large
negative energy for arbitrarily large magnetic fields. To remedy this problem for
arbitrary large fields, the field energy

Hp = (87a?)™! IB(x)|?dx
R3

is added to give, in general, the Hamiltonian
N
Py x(A) = Pa(x;)+aVo + Hr. (4.1.8)
j=1
In this case, stability was first announced in an unpublished note by Fefferman for
sufficiently small a and Z, and a proof, with physically realistic constants, obtained
by Lieb, Loss and Solovej in [Lieb et al. (1995)]. A special case of the latter is
a = 1/137,7Z < 1050. As in the quasi-relativistic example above, a feature of the
result is that the system is unstable if « is greater than some critical value, no
matter how small Z is.
A Hamiltonian, which is both relativistic and also includes magnetic fields, is
the following modelled on the Brown—Ravenhall operator,

N
By.x(A)=Ar | Y DY (A) +aVe + Hp | Ay, (4.1.9)
j=1

where
DY) (A) = - (—iV + A(x;)) + 8.

In (4.1.9) there are two obvious candidates for Ay, namely the projection Ay n
onto

N
Hy =\ 7Y,
j=1

where 3‘(53) is the positive spectral subspace of the free Dirac operator Déj ) acting

in the space of the jth electron, and the projection Ay x(A) onto

N
Hy(A) = /\ P (A)
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where fHSf)(A) is the positive spectral subspace of D((Jj ) (A). However, it is proved
in [Lieb et al. (1997)] that the first choice yields instability for any «, while the
second yields stability for small enough « and Z. In particular, with the choice of
A+ n(A), there is stability for Z < 56 and o = 1/137.

In the case of no magnetic field and with Ay = Ay y, it is established in
[Balinsky and Evans (1999)] that the one-electron operator B; x(0) is stable if
aZ <22/r+7/2)"t and o < 2n{(7? +4)(2+ /1 + m/2} L. This is the analogue
of the result proved by Daubechies and Lieb in [Daubechies and Lieb (1983)] for
the quasi-relativistic operator H; x. Hoever and Siedentop [Hoever and Siedentop
(1999)] consider arbitrary values of N and K, but with the massless case of the
Dirac operator, that is, Dy = —ia - V. They prove that for v < 2(2/7 + 7/2)71,
there exists an ag such that there is stability (in fact By x(0) > 0) for all aZ < v
and a < ag. With o = 1/137, this allows Z < 88.

Our main concern in this chapter will be with two features of the problem of
stability which have a pivotal role in the problem and many of the works quoted
above. The first is the existence, or otherwise, of zero modes of the kinetic energy
part of the Hamiltonian. We have already hinted above that the Pauli operator can
have zero modes. This was not established until Loss and Yau gave the first example
in [Loss and Yau (1986)]. This and other examples of potentials that give rise to
zero modes for the Pauli operator will be discussed in Section 4.2. Note that —A
and Hy have no zero modes and so zero modes are not relevant to (4.1.1) and (4.1.4).
If Potp = 0, then the kinetic energy term in (4.1.8) vanishes for ¥(x) = Hf;l P(x;),
and

(Pn x(A)V,T) = ([aVe + Hp) P, P),

which is not bounded below for large o and Z leading to instability. The existence
of zero modes of Po has other important physical consequences; see [Adam et al.
(1999)], [Frolich et al. (1986)], [Lieb and Loss (1986)] and [Loss and Yau (1986)].
An important mathematical implication is that, even if the scalar potential V in
the one-body operator Pa + V, is such that the operator is bounded below, there
can’t be an analogue of the celebrated Cwikel, Lieb, Rosenblum inequality for the
negative eigenvalues of Pa +V;, in terms of some LP(R?) norm of V, since any small
negative perturbation V would produce negative eigenvalues, contrary to such an
inequality if V' is sufficiently small.

The second feature referred to above concerns the Lieb—Thirring inequalities for
the sum of the negative eigenvalues of an operator. The need for such an estimate
appears naturally in some of the proofs of stability (e.g. in [Lieb et al. (1995)], [Lieb
et al. (1997)]) in which the operator is bounded below by the sum of N identical
copies of a one-body operator f, say. Since electrons, being fermions, satisfy the
Exclusion Principle, a lower bound for the many-body operator is then given by
the sum of the negative eigenvalues of . The results in [Lieb et al. (1995)], [Lieb
et al. (1997)] will be discussed in Section 4.6 below, but the original papers should
be consulted for full details.



Miscellany 113

4.2 Eigenvalues of the operators Dy and Py

We shall see that there are distinct advantages in approaching the problem for the
Pauli operator Pa through the Weyl-Dirac or massless Dirac operator

Da =0 (—iV+A). (4.2.1)
Note that unlike the Dirac operator, this acts on 2-spinors. We then have
Pa =D3 = (-iV+A)’ +0-B. (4.2.2)

If I B(x)| — 0 as |[x| — oo, it is known (see [Thaller (1992)], Theorem 7.7)
that the Dirac operator Da + § has essential spectrum R\ (—1,1) and so Da has
essential spectrum R. It is shown in [Helffer et al. (1989)] that this remains true
under conditions that are much weaker on B, without even the requirement that
|B(x)] — 0 as |x| — oco. If A has continuously differentiable components and the
associated magnetic field B satisfies the conditions
l‘im IB(x)| =0, lim |xx B(x)| =0, (4.2.3)

|x|—00

it is proved in [Berthier and Georgescu (1987)] that D has no eigenvalues embedded
in R\ {0}. An eigenfunction corresponding to an assumed eigenvalue in R \ {0} is
proved to have compact support and is therefore identically zero on account of the
unique continuation principle in Theorem 2.4.1.

4.2.1 FExamples of zero modes

Loss—Yau examples
The first example of a magnetic potential A and magnetic field B = V x A for
which PA has zero modes is the following constructed in [Loss and Yau (1986)]:

2%1333 — 2332

3
A(x) = e 2wow3 + 21, (4.2.4)
1 — % — 23 + 23
and
12 2951953 — 2(E2
B(x) = 123 2xox3 + 211 (4.2.5)

2 2 2
1—27— a5+ a3

where x = (1, 22, x3) and r = |x|. Their example is based on finding a 2-spinor 1
and a real-valued function X such that

[(o - p) ¥](x) = Ax)¥(x), (4.2.6)
the magnetic potential A = (A4, Aa, A3) that they seek then being given by

Ai(%) = A(x) —W(Ti)’(j;f;(x» . (4.2.7)
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The above example is determined by the solution
1 . 1

of the Loss—Yau equation (4.2.6) with A\(x) = 3/(1 + r?).

It is observed in [Loss and Yau (1986)] that in addition to their simplest solution
(4.2.8) of (4.2.6), there are similar solutions with higher angular momenta. Using
instead of the constant spinor

1
(o)

iy _ (\/l+m+]—/2 Y—l,m—l/Q )
Lm —\/l—m—|—1/2 }/l,m-i-l/Q ’

where m € [-1—1/2,1+1/2] and Y are spherical harmonics, they found the solution

the spinor

rl

¢l7m(X) = W

1+ix-0)P (4.2.9)

of (4.2.6) with

20+3
Ax) = T2

For the special case of maximal number m = [+ 1/2, these solutions simplify to

Yy ot . 1
Yi(x) = Yriq172 = W(l +ix-0) (0) (4.2.10)

and the corresponding magnetic potential and magnetic field are

2$1$3 — 2372
3+ 21
1-— 33% — x% + x%

and
2;101953 — 2$2
4(3 4 20)

2 2
1—27 — 25+ 23

The following two features of the Loss—Yau examples are of particular relevance
to what follows in Section 4.3. These are

IB| € LP(R?), for any p > 3/4, (4.2.13)
$(3+2)B(x), [ €N, also yields zero modes. (4.2.14)

In [Adam et al. (2000a)], it is proved that with the above A(l), the multiplicity
of the zero modes is at least [ + 1. This was the first result to demonstrate that
degeneracy of zero modes can occur in three dimensions. However, multiple zero
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modes were also constructed in [Erdés and Solovej (2000)] and [Erdés and Solovej
(2001)].

In an attempt to explain the origin of zero modes, Erdés and Solovej in [Erdés
and Solovej (2000)] and [Erdés and Solovej (2001)] consider a more geometric view-
point. Using the known behaviour of the Dirac operator under conformal trans-
formations, and the knowledge that R? is conformally equivalent to the punctured
3-dimensional sphere S, they establish their zero modes as pull-backs of zero modes
of S? under the Hopf map S? — S2. In many cases they are able to compute the
multiplicity of zero modes precisely, with examples of arbitrary degeneracy being
exhibited. In R2, the celebrated Aharonov—Casher Theorem gives a precise value
to the dimension of the space of zero modes: see (4.3.2) below.

Elton’s examples
In [Elton (2000)], Elton constructed smooth magnetic potentials A() and A(?)
yielding zero modes of Pa, which have the following properties:
1) A™M has compact support and the associated zero mode is contained in L?(R3);
2) A® = (—z9,21,0) + A® where A® is bounded and supported on {|zs| < 1},
and the associated zero mode is in the Schwartz class.

The construction of Elton’s examples follows from the “if” part of the next
lemma, which is Proposition 1 in [Elton (2000)] and is a summary of observations
made in the first part of Section 3 in [Loss and Yau (1986)]).

Lemma 4.2.1. Suppose that 1 is a smooth spinor field on R® with |1(x)| > 0 for
all x € R3, and A is a real magnetic potential. Then v and A satisfy

o-(pt+A)yY=0 p=-iV,

if and only if they satisfy the pair of equations

W (lcuﬂ <, 09 > +Im < ¢, Ve >> (4.2.15)

and
div <y, o > =0, (4.2.16)

where < 1,0 > is the vector-valued function with components < ¥,0;¢ >, i =
1,2,3.

The construction of both of Elton’s examples use a common auxiliary function
g with the following properties:
(A1) g : R — R is smooth, compactly supported and non-negative;
(A2) g(t) = (4 — )12 for t € [1/2,1/2];
(A3) supp(g) C [-1,1];
(A4) +¢'(t) < 0 for +t > 0.
Then R(g) = [0,2] and the radially symmetric function g is smooth on R3. It is
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helpful to note that for any spinor ¢ = <$1 ), we have
2

QRQ(E’QZJQ)
<, >=| 2Im(¢1)2)
1] — |1he]?

Elton’s first step in the construction of his example A() is to define the real-

valued function
r 1/2
s = (- [ e o)

0
for all » > 0. Then, f(r) is a smooth, strictly positive, radially symmetric function
on R3 and f(r) = 1/+/3 for r € (0,1/2]. Also the property (A3) of g implies that
f(r) = Cyr=3 for all r > 1, where (1 is the strictly positive constant defined by

ct=— [ vy war

Elton then defines a smooth spinor field (!) on R3 by
1) () — T3 ig(r)
w060 =10 (, )+ ().

WM )=+ g7
Since f(r) > 0 for all » € Ry and g(0) = 2, it follows that |)(") (x)| never vanishes.
Furthermore,

Thus

22173 f2 + 232 f g
< w(l), 0'@[1(1) > = 2$2$3f2 —2x1fg
(23 — 2t — 23)f* + ¢°
A straightforward calculation gives that div < v, gp() > = 0.
The magnetic potential A(}) is that given by Lemma 4.2.1 with ¢ = (!, For

r>1
L) — o, 3 L3
¥ Cur ((El —l—ixg)

2%1%3
<ypW(x),e0M(x) > = C7r 0 2w913

(€3 — 2t —23)

and

Further calculations then give
— 29
curl < M (x), 0™ (x) > = 207770 |
0
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and
—2(E1 — ixg
<P (x), VD (x) > = C2r~ | izy — 229
—2.1?3

Combining these expressions we thus have from Lemma 4.2.1 that A(M) = 0 for
r > 1. Therefore A(M is supported in the unit ball {x : [x| < 1}. Moreover, 1) is
smooth and [P (x)|? = CFr~* when r > 1. Thus, (") € L?(R?).

Since R(g) = [0,2] we have 4 — g?> > 0. Thus the following function is well
defined:
—(4—g2(t))/? for t <0,
h(t) = 2 1/2
(4 —g%(t)) for ¢t >0.

Using h, define another smooth function k¥ on R by k(t) = fg h(s)ds and consider
g,h and k as functions on R? depending on z3 and constant in z; and z3. Define
a smooth function u and spinor field 1) on R® by
w2k and @ Z oy (p* = 1)(=h + ig)

2({E1 + iﬁg) ’
where p = (22 4+ 23)Y/2. A calculation gives that div < ¢®)(x), o9®) (x) > = 0.
Elton’s second example A(?) is the real magnetic potential given by Lemma 4.2.1
with ¢ = ¢(?). A tedious, but straightforward, calculation leads to

A® = (—z9,21,0) + A?),

where A® is bounded and supported on {|z3| < 1}, and the associated zero mode
is in the Schwartz class. We refer to [Elton (2000)] for more details.

Adam, Muratori and Nash examples
Elton’s magnetic potential A1) was the first example of a compactly supported
magnetic potential giving rise to a zero mode, but this example belongs to the type
studied in [Adam et al. (1999)]. In this section we present results from [Adam
et al. (2000d)] where a whole class of zero modes of Pauli operators with compactly
supported magnetic potentials have been constructed. This demonstrates that the
possibility of having zero modes in magnetic fields of finite range is not just a
curiosity, but a rather general feature of the Pauli operator. This is particularly
interesting from a physical perspective since magnetic fields with finite range are
the types of magnetic fields that may be realised experimentally.

Following [Adam et al. (2000d)], our objective is to study specific solutions
U € L%(R3) of the equation

oc-(p+A)T =0

where the magnetic potential A = (A4;, As, A3) and magnetic field B = curl A are
non-singular everywhere in R® and are different from zero only in a finite region of
space. Further we require ¥, A; and B; to be smooth everywhere.
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We first observe that the spinor field

) I3
UO(x) = —
() 73 (xl + ix2>

solves the equation
(e-p)¥’ =0

in R\ {0}. The spinor field ¥° is singular at 7 = 0 but it is well behaved for large
r. So, it is natural to ask whether there exist spinor fields that are equal to ¥°
outside a ball of radius » = R, and inside the ball they solve the Dirac equation for
some non-zero A; and are such that they are non-singular and smooth everywhere.
In [Adam et al. (2000d)], the authors construct a whole class of such zero modes.
Their construction is based on the following ansatz for zero modes from [Adam
et al. (1999)]:

¥ = g(r)eli70%0) ((1))

(4.2.17)
=g(r) [cos(f(r)) +isin(f(r))§a’} ((1))

for some real function f on Ry to be determined. The spinor field (4.2.17) leads to
a zero mode for the magnetic potential A with components
(V(x),0:¥(x))

A9 =M e

(4.2.18)

provided that g(r) and h(r) are given in terms of the independent function f(r) by

dg 2 t2
dr 7‘1—|-t29

ho Lo (a2,
142 \dr )’

t(r) := tan(f(r)).

A sufficient condition on #(r) to yield smooth, non-singular spinor fields in
L?(R3,C?), and smooth, non-singular magnetic potentials with finite magnetic field
energy [oq [B|%dx is

where

t(0) =0,
t(r) ~ cir +o(r?) for r— 0, (4.2.19)
t(o0) = 00,

which we shall assume hereafter. If ¢ — oo, then ¥ becomes ¥° and A vanishes.
So, the main idea in [Adam et al. (2000d)] was to find some function ¢ that becomes
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infinite at some finite 7 = R in a “smooth way” and stays infinite for » > R. To get
a more manageable condition, we rewrite these functions in terms of the function

1
() i= os(f(r) = T

Then,
dg 2 9
~__Z(1—
dr r( c)g
1 de 2 o 1/2
h:(:(‘m%ﬁ(l‘c) )

We need ¢ to behave like

and

c(r) ~1—cor®* +... for r —0.

Let us assume that ¢ approaches zero in a smooth way at » = R and stays zero
for r > R. Also, suppose that de/dr = 0 at » = R, and that the second derivative
d*c/dr? is finite at r = R. These assumptions then imply that

A =0 for >R,

and
R . )
g(r)=Fk-r* for r > R, with k= exp —2/%(7”)617"
0

The last identity leads to ¥ = const - ¥° for r > R.
By choosing different functions ¢ many example of zero modes with finite range
magnetic potentials can be produced. For example, the choice R = 1 and

C(T)Z(l—TQ)g for <1, ¢(r)=0 for r>1

gives
2 s 4s 1y
g(r) =exp | —4r° + 3r y —l—zr for r <1,
25 —2
= —_— > .
g(r) exp< 12)7‘ for r>1
and

2 (1—r2)° (2 - dr2 4 4pt — 16
h(r) = (=) ( i 7“127“) for r<1
(4 — 6r2 + 47t — r6)"/

h(r)=0 for r>1.

Another example is

c(r) = exp <

r2

2_1> for r <1, ¢(r)=0 for r>1.

r
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4.2.2 Chern—Simons actions for magnetic fields with zero modes

The Chern—-Simons action for a magnetic potential A is the integral

1

where B is a magnetic field with magnetic potential A. A conjecture that stood
for many years was that the Pauli operator Pa has a zero mode if and only if there
exists a certain functional of the magnetic potential which admits only discrete
values. The simplest possible functional that could be imagined was the Chern—
Simons action. It is a topological invariant of the magnetic field, i.e., independent of
the metric, and therefore, if the existence and degeneracy of zero modes is related to
some topological feature, the Chern—Simons action would be an obvious candidate.
The conjecture fitted in well with the results in [Balinsky and Evans (2001)] and
[Balinsky and Evans (2002b)] (see also Section 4.3 below), that the existence of
zero modes is a rare event. It was also supported by examples of a whole class
of magnetic potentials with an arbitrary number of zero modes from [Adam et al.
(2000b)]. For all these magnetic potentials, which are characterised by an arbitrary
function and an integer ! (the number of zero modes for a given gauge potential),
the Chern—Simon action indeed admits only the quantised values

1 1 1\°
—— | ABdx=- =
1672 Jos o 4(”2)

The Chern—Simons actions for all the magnetic potentials from [Adam et al. (2000b)]
were calculated explicitly in [Adam et al. (2000c)].

However, in [Adam et al. (2003)] the conjecture was contradicted with the coun-
terexample which we now present. We show that the Chern—Simons action may
admit a continuous range of values for magnetic potentials with zero modes, so
it is not quantised in general. To see this let us look again into ansatz (4.2.17)
with conditions (4.2.19). For the corresponding magnetic potential (4.2.18), the
Chern—Simons action may be expressed (after performing the angular integration)

as

o0 2 oo 24/1,2
A-de:47r(27r—4)/ ﬂdr+47r(8—27r)/ rith
0

L
1+ o 1+

R3
—dr [ (of 4 sim(2)(8 ~ 2m)ef + (n - Dsin(2)
0

where t' = dt/dr and f' = df /dr.
Consider now the one-parameter family of functions
to(r) = r(a+1%),
where a is an arbitrary real number. The functions ¢, satisfy the sufficient condition
(4.2.19) for all values of a, and therefore each ¢, generates a magnetic potential with

zero mode. From
3a + 512

t = 32, hg= ——————
a=a+9r 1+7r2(a+r?)?
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it follows that
(3a + 5r?)?2

/A.de:IGW/O 7’2[&4-(5—7T)7"2](1+T2(a+r2)2)3

The last integral can easily be evaluated numerically and it is not difficult to
see that the Chern—Simons action (4.2.20) is a continuous decreasing function of a
taking all values greater than 972.

dr. (4.2.20)

4.2.3 Quaternionic description of zero modes

We now give a formal treatment of zero modes in terms of quaternions, which
clarifies the construction of examples of magnetic fields that give rise to zero modes.
It is based on the discussion in [Balinsky and Evans (2003)] and is motivated by
the constructions in [Loss and Yau (1986)], [Elton (2000)] and [Adam et al. (1999)],
which were described above.

Let H denote the 4-dimensional real vector space of quaternions, i.e., x =
(x1,29,23,24) € H is represented in the form x = 1 + x2i + x3j + x4k, where
the elements i, j, k anticommute,

ij =k, jk=1, ki=j, °=j°=Fk =-1,

and x1,T9, 3,24 are real. Multiplication in H is associative, but obviously not
commutative. The conjugate X of x is the element X = x1 — x21 — x37 — x4k, |x|2 =
xx = 2?2 + 22 + 22 + 2% and x~! := x/|x|?. It follows that for all a,b € H,ab = ba.
Quaternions of the form x = x9i + x3j + x4k are said to be pure and we denote the
set of pure quaternions by Im H. Note that, if a € Im H, then for all ¢ € H,

Yay € Im H, tap™t € Im H (¢p #0). (4.2.21)
The maps
Li :xvwix, L;j:xw jx, Lp:xm kX,

of H into itself are real linear maps. A complex structure is introduced on H by the
map I : x — xi, with respect to which L;, L;, L become complex linear maps on
what is now a 2-dimensional complex vector space, for, since H is associative,

Li(I(x) = i(xi) = (ix)i = I(Li(x)),

and similarly, L; and Lj commute with I. Furthermore, the L;, L;, Ly, anticommute
and satisfy

L}=L3=L}=-1, L;Lj=Lg.
We can therefore make the identification (cf. [Rastall (1964)])
Li = —iO'l, Lj = —iO'z, Lk = —iO'g,

in terms of the Pauli matrices o1, 09, 03.
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Consider now
3 3
Dath =[o - (—iV + Ay =Y (—io;)0h + Y (—ic;)(id;)¢,
j=1 Jj=1
and regard 9 as having values in H. Then, in particular, iA;vy is now I(A;%), and
hence

[0 (—iV + Ay = Lia—‘” +L e + Lkg—f + Li(IA1)) + Lj(IA2%) + Li(IA39)

ox T oy
= Dy + ayi, (4.2.22)
where
D = z% +j§y+k% (4.2.23)
and
a = tA1+jAs+kAs = Aji+ Axj + Ask (4.2.24)

since A1, As, A3 are real-valued.

For ¢ to be a zero mode of D4, it must satisfy Dy + ayi = 0 for some a of
the form (4.2.24), i.e. a € Im H. Of course, to be a zero mode, ¥ must also lie in
L?(R3,C?); see Remark 4.2.6 below.

Lemma 4.2.2. Suppose that Dy = f. Then DY + ai = 0 if and only if a =
W(fi)y~t. Also, fi € Im H if and only if a € Im H.

Proof. We have that
Dy +avi=yvf+api=0

if and only if @i = —1) f and hence ay) = ¥(fi),i.e., a = Y(fi)y =1 and fi = = tay.
It follows from (4.2.21) that fi € Im H if and only if ¢ € Im H. O

Remark 4.2.3. The special case of Lemma 4.2.2, when f is real is the basis of the
technique used by Loss and Yau in [Loss and Yau (1986)], Section 2 (see Section 4.2.1
above), for the construction of the first example of a magnetic potential yielding
zero modes.

If @ € Im H, then a = a1i + azj + ask and the correspondence a < (a1, as, as)
identifies Im H with R3. From (4.2.21), if ¢ : R® — H and @ : R® — Im H, then
P(x)a(x)(x) € Im H, and if P(x)a(x)(x) = A(x)i + B(x)j + C(x)k we can
identify va1p with the vector field (A4, B,C) : R® — R3. We now prove that this
fact can be used to construct a zero mode of D,, for some magnetic potentials a,
derived from appropriate vector fields as was done in [Loss and Yau (1986)].
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Theorem 4.2.4. Let ¢ € C1(R? H) and denote the vector fields associated with
Yih, Yjib, Yk by A = (A, Az, As), B = (B1, By, Bs), C = (C1,C3,C5), respec-
tively. Then A(x), B(x), C(x) are orthogonal in R® with equal norms |1(x)|* for
all x € R®, and if ¢ satisfies

Do+ dbi =0, aeIm H, (4.2.25)
then the vector field (A1, B1,C1) has zero divergence.

Conversely, given a non-vanishing vector field in C*(R3,R3) with zero diver-
gence, a function v € C1(R3, H) with 1)(x) # 0 can be constructed to satisfy (4.2.25)
for a = (Dy)ip~t.

Proof. 1If
D+ ai =0 with a € Im H,

then

P(Dp) = —ayi
and from (4.2.21) it follows that ¢/(D1)) has no i-component in H. Equivalently
D(DY) — (P(DY)) = (DY) — (DY)¢

has no i-component in its range. On substituting

_5_¢ 0 O O Oy O
Dy =i gy e PV e e T et
we get that
OA OB oC

b (DY) — (D = — 4+ —+ —
has no i-component in its range, and hence
diV(Al, Bl, Ol) =0

Also
3 — —
A-B =) AB =-Re{(iy)(1hjv)}
=1
= —[[*Re(ky)) = 0
since ¢ = || and ¢kt € Im H. Similarly A - C = B - C = 0. Furthermore
[A]? = |y|* =B =[C|~.

Conversely, let X = (A;, By, C1) be a non-vanishing vector field with div X = 0.
The 2-dimensional planes which are orthogonal to X at each x € R3, constitute a
2-dimensional real vector bundle over R3. Since each fibre has an induced scalar
product and orientation we have an SO(2)-vector bundle. It is well-known that
as R3 is contractible, this SO(2)-vector bundle is trivial, and hence there exist
orthogonal vector fields Y = (Ag, Ba, C2), Z = (As, B3, C3), which are orthogonal
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to X, have the same norm and X,Y,Z has positive orientation. The columns of
the matrix
Ay Ay A3
Q = | By B B3
C1 Cy Cs

are therefore orthogonal with the same norm and det(Q) > 0. Hence the rows
A = (A1, A9, A3), B =(B1,Bs,Bs) and C = (C1,Cs,C3) are also orthogonal and
have the same norms. On using (4.2.21), we see that any ¢ € H; = {h € H: |h| = 1}
defines the orthogonal map z — ¢x¢ : Im H — Im H, and so, on identifying Im H
with R3, a map ® : H; — SO(3) is defined. Both ¢ and —¢ are pre-images of
the same member of SO(3), and in fact ® is a double covering of SO(3). The
orthonormal basis (‘%‘, %, ‘—8‘) defines a function ¥ : R® — SO(3). Since R3
is simply connected, it is well-known that ¥ can be lifted to ¥ : R3 — H,, such
that®¥ = W o ®. The zero mode v that we seek is given by

v(x) = VX U(x).

For, we now have
Yih = A, i =B, ki =C.

Hence, as in the first part, 1D has no i-component in H if div(Ay, By, C) = 0.
Since this is given the theorem is proved. 0

The next theorem connects the geometrical approach of [Erdds and Solovej
(2000, 2001)] and the analytical approach of [Adam et al. (2000a)] to construct
multiple zero modes.

Theorem 4.2.5. Let g € C1(U,H), U C R3, satisfy
Dipo + apoi =0, a:U —ImH (4.2.26)

and let g = u +iv € C1(U,C).

(a) If vog is a solution of (4.2.26) in the domain U, so is ¥og™ for all n € Z.

(b) Let A, B, C be the vector fields in Theorem 4.2.4. Then 1og satisfies (4.2.26)
in the domain U if and only if, at every x € U, (Aa, B2, Ca) and (As, Bs, Cs) lie in
the plane of grad u and grad v, which is perpendicular to (A1, B1,C1), and g is a
conformal immersion of U into R?, i.e. the images of (Aa, B2, C2) and (As, Bz, C3)
under g are orthogonal in R? and have the same length.

Proof. Since the range of ¢ is in C, we have gi = ig. Hence

0 = (Drbo)g + avpoig
= (Dibo)g + a(thog)i
= D(vog) + a(tpog)i
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if and only if
.. dg . Og dg
Z?ﬁ()% +j1/)08—y + k¢oa—y =0. (4.2.27)

This implies that if ¥og is a solution of (4.2.22), so is g™ for all n € Z. From
(4.2.27)

(%Wo)% + (%ﬂﬁo)g—z + (%kwo)g—g =0

and so
. . Oou  Ov _ . ou ov
(A12+A2]+A3k') (%—FZ%) +(Bll+B2j+B3]€) (6—4— G_y)+
. . ou .Ov
+(Oll+02] +03k) <$ +Z§> =0. (4228)

This yields in particular
(Al,Bl,Cl) -Vu = (Al,Bl,Cl) Vo = 0 (4229)

so that the vector (A;, By, Cy) is perpendicular to grad u and grad v. Since vectors
(A2, B2,C5) and (As, B3, Cs) have been shown to be perpendicular to (A1, By, Cy)
in the proof of Theorem 4.2.4, the first part of (b) follows.

Let x(t) = (z(t),y(t),2(t)) be a tangent curve to (Az, Ba,Cs) in R?® with
(#(0),9(0),2(0)) = (Ag, Ba,C3). The image of the vector (Ag, Bs,C3) under g
is given by

%(U(ﬂc(t% y(t), 2(1)), v(@(t), y(t), 2(1)) [,y

ou ou ou ov ov ov
= (3x a2t g O gp et g Bt azc2)'

Similarly the image of (A3, B3, C3) under g is

6uAa + 8u33 + auczs, 81}143 + Ov —Bs + — dv —Cjs
ox Jy 0z

Oz oy 0z
But from (4.2.28)

ou ou ou ov ov ov
%AQ-Fa—BQ—Fa Cy = (8 A3+8—B3+8—C3>

(4.2.30)

(4.2.31)

and

ou ou ou v ov ov

—As;+ —B C3=—A By + —C

T T R A e R Tt R P
It follows that (4.2.30) and (4.2.31) are orthogonal in R? with the same length, as
asserted.

O

Remark 4.2.6. As noted in the paragraph before Lemma 4.2.2, for ¢ to be a zero
mode of Dy, it must lie in L?(R3, C?) as well as satisfy (4.2.25). Thus, while the
above theorems provide useful indicators, and indeed, as we have observed, special
cases were important steps in establishing the existence of zero modes in [Loss and
Yau (1986)], difficult analysis remains in the problem of constructing a for which a
zero mode exists
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4.3 Zero modes of Dy and Pp in R™, n > 2.

We shall consider a self-adjoint realisation of the Weyl-Dirac operator,
Do =0-(p+A), p=—iV, (4.3.1)

in L2(R",C?), for n > 2, but our primary concern is with n = 2 and n = 3, and,
indeed, the operators in preceding chapters have been defined with these values in
mind. We shall be assuming conditions on A which ensure that D is defined as
the operator sum of o -p and o - A, and Pp = DgA. Hence nul Po = nul Dy

The case n = 2 is of special interest in view of the Aharonov—Casher Theorem
in R?, which gives a precise value for the nullity of Pa in terms of the magnetic
flux, namely

1

nul Py = {—

o /R B(x)dx } , (4.3.2)

where {y} denotes the largest integer strictly less than y and {0} = 0; see [Cycon
et al. (1987)], Section 6.4. Note that in this 2-dimensional case,

2 1 2
PA = Z {Uj <;8J +AJ)} y
j=1

A = (A4, A2) and the magnetic field is identified with the scalar B = 01 Ay — 924;.
In an unpublished work (see [Cycon et al. (1987)], Section 6.4) Avron and Tamares
considered the analogous problem on the sphere S2. There are difficulties in defining
the Dirac operator with a magnetic field on S2. The correct definition should be
as an operator acting on sections of a U(1)-bundle over S?. The magnetic field
is then the curvature 2-form of such a bundle and the nullity of P is given by
|(1/27) Jso Bldw, which is the absolute value of the first Chern invariant C of this
bundle.

We follow standard practice and use p to denote the momentum operator, taking
care to avoid the possibility of confusion with points in momentum space: thus —iV
is denoted by p, rather than by F~'pF in terms of the Fourier transform F. It has
operator core C§°(R™, C?), that is, it is the closure of its restriction to C§°(R", C?).
To simplify notation, we denote L?(R™,C?) by 3,. The operators |p|,/|p| and
1/4/]p| are non-negative self-adjoint operators in 3(,; they are also injective and
have dense ranges R in H,,. For s = 1,1/2, —1/2, we define D? to be the completion
of the domain D(|p|®) of |p|* with respect to the norm

[ullps = [lIp*ullsc, (4.3.3)

Note that C§°(R™, C?) is dense in D? for s = 1,1/2.
For ¢ € R(\/|p|) = D(1/+/|p|), we have

= [1llsc,

DL/?

[
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and so 1/4/]p] : R(y/[p|) € H,, — Dy, Y2 is an isometry. Since D(1/|p|) and R(1/|p])
are dense in Dn/ and H,,, respectively, it follows that 1/ \/B can be extended by
continuity to a unitary map from H,, onto D}/ 2 Furthermore, 1/ \/H extends to
a unitary map from D, 12 onto H,,. Thus 1/ \/H has three roles: a self-adjoint
operator in H,, and unitary operators H, — D}/ 2 and D, V2 H,,. We shall
continue to use the same notation for all three as the precise meaning will be clear
from the context.
The following facts will be needed from Sections 1.6 and 1.7.

(i) There are natural embeddings

D < L#5(R",C?), n>2, (4.3.4)
Dl — [2/(=2(R" C?), (4.3.5)
H'(R?* C?) — LY(R? C?), Vg€ [2,00). (4.3.6)

(i) The dual (D3)" of D3 is Dy 2.
(iii) Kato’s inequality holds for all n > 2: for all u € Dn,

1 R

/ L u)? dx < e / Pl dp = callul®,  (43.7)
x| D2

R Rn

where the best possible constant ¢, is given by the case p = 2, a = 1/2, of
Theorem 1.7.1.

We shall write || A zngn) to mean || |A] ||1n®n), where |[A| = (3 |A;]%)Y/2.
j=1

Lemma 4.3.1. Let |A| € L™(R™), n > 2. Then

1 1
— (0-A) — : H, — H, (4.3.8)
g VIp|
is compact. Moreover, for all ¢ € Dé,
oAl -3 < vl AlLe@nlel s (4.3.9)

where 7y, is the norm of the embedding (4.3.4).

Proof. We have seen that 1/ \/H is a unitary map from J,, onto D,ll/ ? and from
D, /2 onto H,. It is therefore sufficient to prove that the multiplication operator
o - A is a compact map of D}/z into D;l/Q. Let ¢,, — 0 weakly in D}Z/Q. Then
||¢m||D711/2 < k say. Given € > 0, set |A| = a1 + a2, where a; € C§° () for some
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ball Q. and |a;(x)| < ke say, and [|az| n®n) < €. Then, for ¢ € D2/?, we have the
inequality

(o Além,¥)| < /<a1+a2>|¢m||¢| dx == I + I,
]Rn

where, by Kato’s inequality (4.3.7),

ho< ke [ [V [ﬁwxn] dx

Y0 1
< K ( JCls dx) ( [ oo dx>
Q. R
3
< ([ 10n G0 ) ol e
Q.
and
I < llazllzn@n I9mll 2oy g 1901 c2mr
S ErYanbmuDi/Z”quDi/Z S 6'}/nk||w||Di/2
Hence,

i - Albmll iz < K llomllLa) + ek
Since Dy/? < L?(Q) is compact, we have

limsup [|( - A)dml| 172 < 2k,
m—00

whence the compactness of (4.3.8) as € is arbitrary. The proof of (4.3.9) follows
from that for I above. O

Lemma 4.3.2. Suppose that the following conditions are satisfied:

(i) when n >3, |A| € L™(R"),
(ii) when n =2, |A| € L"(R?) for some r > 2.

Then, given any € > 0 there exists k. > 0 such that for all ¢ € D} NI,
(o - A)glI* < ||¢llDs + kell o]l (4.3.10)

Proof. Choose |A| = a1 + ag, where |a1(x)| < k. and [Jaz||pn@n) < €in (i) and
llaz|| L2y < € in (ii). Then
lo- M)l < lardll + ozl < Eellgl + elléll e

where ¢ = 2n/(n — 2) when n > 3 and t = 25 € (2,00) when n = 2. The lemma
follows from the embeddings (4.3.5) and (4.3.6). O
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Lemma 4.3.2 enables us to define the operator D 4 as the operator sum of o - p
and o - A. Its domain D(D4) is given by
DMA) = {¢ : ¢, o-(P+A)P € H,}
= D(Dy) = D} NH,. (4.3.11)

Theorem 4.3.3. Suppose that

A € { L™(R™), when n > 3,

4.3.12
L2(R?*) N L"(R?) , for some r > 2, when n = 2. (43.12)

Then, Da is the operator sum o -p+o - A on the domain (4.3.11) and nul D¢y =0
except for at most a countable number of values of t in [0, 00).

Proof. The fact about D being the operator sum follows from Lemma 4.3.2.
Suppose that

Da¢ =0, ¢ € DDa)=D}:NKH,. (4.3.13)
Then, ¢ = \/|p|¢ € DL/* N H,,, and
1
)2 = (Iplg, ¢) < §(Ilp¢ll2 + [1811%)
Hence,
(E-K)p =0 (4.3.14)
where
E L (o -p) L H H (4.3.15)
= o-p) —— : n — Jn 3.
p| Vaid
and
1 1
- H,, — Hy. (4.3.16)

(0-A) — :
Vbl Vbl
Furthermore, E? = I, the identity on ¥,, E* = E and, by Lemma 4.3.1, K is
compact. Thus, from (4.3.14)

(I -EK)yp = 0. (4.3.17)
Since ) € D}/z N H,, it follows that
nul Da < nul (I - EK) (4.3.18)
and, hence,
nul D;a < nul (I-tEK).

The theorem therefore follows since the compact operator EK can have at most a
countable number of non-zero eigenvalues. 0
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Theorem 4.3.4. Let (4.8.12) be satisfied. Then the set
{A : nu Dy =0 and |A| € L*(R")}

contains an open dense subset of L™(R™, C").

Proof. We shall prove that with F4a = — EK4, Ka = ——— (6- A) ——, the
’ Vel NG
set
{A : nulFA =0 and |A] € L"(R")} (4.3.19)

is open in L™ (R™,C™). The theorem will follow from (4.3.18) since the density of
(4.3.19) is implied by Theorem 4.3.3.
Given € > 0, suppose ||A — Agl|zn@n) < €. Then
KA = Kapll < 7

by Lemma 4.3.1. Let nul Fa, = 0. Since EK 4, is compact, this means that 1 is
not an eigenvalue and there exists § > 0 such that

inf I - EK > 0.
nf (= BKa)f | >

: 5
Hence, if € < 392

0
inf I -FEK > —
nt [ (1= BT | 2
and hence nul Fo = 0. The theorem therefore follows. O

Let L = FK. Since L*L is a non-negative, self-adjoint and compact operator on
H,, it follows from [Edmunds and Evans (1987)], Theorem I1.5.6 that the number
# of its eigenvalues A;(L*L) that are greater than or equal to 1 satisfy

#H{A\;(L*L) > 1} = maxpex (dim R),
where X is the set of all closed linear subspaces R of H{,, which are such that
llz||* < (L*Lax,x), forall z € R.
If » € N(I — L), then ||v]|? = ||L9]|? = (L*Lp, ) and so
{2 (L7L) > 1} > nul (I - L).
Hence,
{2 (JL]) > 1} > nul (I - L), (4.3.20)
where |L] is the absolute value of L.
Lemma 4.3.5. Let (4.5.12) be satisfied. Then
ml (1-2) < £\ (p| - [A]) < 0}. (4.3.21)
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Proof. We have

1 1\’
LL=KK=|— (6-A) — | .
(x/lpl( )\/Ip|>

The symmetric matrix o - A has eigenvalues +|A| and is diagonalised by a unitary
matrix P, thus o - A = P*diag(|A|, —|A]|) P. It follows that

1 1 1 1
(0-A) =U" (— diag (JA], —|A]) —) U
VIpl vaial vaial VIpl
where U = /|p| Pﬁ. Hence, U*U = I and the extension of U to 3, is unitary.
P

The singular values of L therefore coincide with the absolute values of the eigen-
values of —— diag (JA|, —|A|) —, and, hence, the eigenvalues of the compact,
1ol g (|A],—]A]) 1ol g P

self-adjoint operator

in L2(R™). This and (4.3.20) give
nul (I — L) <#{\;(L) >1}.

Let R denote the linear span of the eigenvectors of L corresponding to eigenvalues
Aj(L) > 1. Then, for all x € R,

z) = (La,z) > ||z|?

1 1
([=|Al—7=]=,
Vil VIpl
and, hence, for all y € Ry := (1/+/|p|) R,
(1Aly,y) > [IVIplyll?

and

([lpl = [Ally,y) < 0.

Since 1/4/|p| is unitary, R; and R have the same dimension, and the lemma is
proved. [l

Lemma 4.3.5 and Daubechies’ inequality (1.8.8) give

Corollary 4.3.6. Let (4.3.12) be satisfied. Then

nul Dy < cn/ |A(x)]"dx, (4.3.22)

n

where ¢, is the best constant in Daubechies’ inequality (1.8.8).



132 Spectral Analysis of Relativistic Operators

Remark 4.3.7. In [Frolich et al. (1986)], Theorem Al of Appendix A, it is proved
that for |B| € L3/2(R?),

Ax) = i /R 3 |(;—_;,|‘l « B(y)dy (4.3.23)

defines the unique magnetic potential which is such that |A| € L3(R?),curl A =
B, div A =0 in D’, the space of distributions on R3, and

HA||L3(R3) < C”B”L?’/z(R?,) (4324)

for some constant C. Hence, from (4.3.23),
nul Do = nul Po < const IB|*/2dx. (4.3.25)
R3

However, this is significantly worse than (4.3.22), since B may be the curl of a
highly oscillatory A for which nul Da is much smaller than ||B||s/>(gs). A natural
question is: given a magnetic field B, can one determine a gauge A which minimises
|AllL3(r3)? We require, for all smooth functions f,

i/ JA+AVf?dx=0 at \=0.
d\ Jgs
This yields
/ div(JAJA) f dx =0,
R3

and, hence, div(]A]A) = 0.

Remark 4.3.8. Results similar in spirit to those in Theorem 4.3.4 and Corollary
4.3.6 were also obtained by Elton in [Elton (2002)]. He investigates the multiplicity
of the zero modes of Da within the class A of magnetic potentials which are con-
tinuous on R? and decay like o(|x|~!) at co. A is a Banach space with respect to
the norm

[Alla = [[(1+ [X[)All L @3 r3)

and contains C§°(R3,R3) as a dense subset. Denoting by Z,, the subset of A
consisting of those A for which D has a zero mode of multiplicity m, i.e. nul Da =
m, the following is Theorem 1 in [Elton (2002)]:

Theorem 4.3.9. (i) A = Upn>0Zm.
(ii) Zo is a dense subset of A.
(i4i) For any m € Ny and non-empty set Q C R3, C§° (0, R3) N2, #£ 0.
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In [Saito and Umeda (2009)], Saitc and Umeda determine connections between
zero modes of Da and eigenvectors corresponding to the threshold eigenvalues +1
of the magnetic free Dirac operator considered in the supersymmetric form

1 D
Do(A):=a-(p+A)+8= A, (4.3.26)
Da —1
It follows from their Theorems 2.1 and 2.2 that D has a zero mode if and only if
1 and —1 are eigenvalues of Dy(A). If ¢ is a zero mode of D4 then the eigenvectors
of Dg(A) at & are given respectively by

@ 0

0/’ b))
This is also a consequence of Theorem 7.1 in [Thaller (1992)]; see the discussions
following Definition 1.1 and Corollary 2.1 in [Saitd and Umeda (2009)]. These

results also combine with Theorem 1.2 in [Saité and Umeda (2008a)] to give [Saitd
and Umeda (2008a)], Theorem 4.1, that if, for some positive constant C,

Al S C)™7 = C{L+ [xP} 72, (p> 1),
1 is an eigenvalue of Dy(A) and f7 is a corresponding eigenvector, then there exists
a zero mode ¢ of D4 such that for any w € S?,
lim r?f*(rw) = <u((c)u)> ,
where
i .
u(w) {(w-A(y))2 +io - (wx A(y))} ¢(y)dy
and the convergence is uniform with respect to w. If —1 is an eigenvalue with
eigenvector f_, then

_471' R3

T —00

lim r2f~ (rw) = <u((zu)> .

The expression for f(rw) makes sense for each w since an eigenfunction of Da
corresponding to an eigenvalue at 1 or —1 is known to be continuous under the
assumption on A, from [Saitd and Umeda (2009)], Theorem 2.1.

4.4 Decay rates of weak solutions of Doy = 0

Here
Dg:=a-p+Q, p=-iV, (4.4.1)

where @ is a 4 x 4 matrix-valued function whose components ¢; x,j,k = 1,2,3,4
satisfy

lgjk(x)] < Clx|™H, x| > 1. (4.4.2)
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Hence, solutions of Da1y = 0 will be covered, and note that the condition on @ is
only assumed outside the unit ball.

Let 1) be a weak solution of Dgt) = 0 that lies in L2(R3 \ By, C*), where By is
the open unit ball in R with centre at the origin and B is its closure. Hence, for
all p € C5°(R3\ By, CY),

I:= /<DQ¢(X), o(x))dx =0, 1€ L*(R3\ By,Ch). (4.4.3)

Our objective in this section is to shed some light on the behaviour of 9 at infinity.
This will be measured in terms of belonging to some L? space at infinity, determined
by means of embedding theorems for Dirac—Sobolev spaces described in Section 4.4.2
below.

4.4.1 Reduction by inversion

We follow the treatment in [Balinsky et al. (2008)] and begin by carrying out an
inversion with respect to B;. This is an involution Inv : x — y, y = x/|x|?.
For any function defined on R3 \ By, the map M : ¢ — ¢ = ¢ o Inv " is such
that ¢(y) = ¢(x) and yields a function on By : ¢ € Cg°(R3 \ By, C*) means that
¢ € C°(By \ {0}, C*). The inversion gives

M{(a-p)}(y) = [yl (8- p)¥(y), (4.4.4)
where 3 = (01, 2, 33) and

3
) =Y e <5jk - 2ykyj> 7
j=1

lyl?

where 4§ is the Kronecker delta function. It is readily verified that the matrices
Bk (y) are Hermitian and satisfy

Br(¥)B;(y) + Bi(y) Bk (y) = 20114

Also, there exists a unitary matrix X (y) such that X € C°>(R?\ {0}) and, for all
y #0,

X)) Be)X(y) = —ar, k=123 (4.4.5)
Setting w :=y/|y|, it is easy to verify that these conditions are satisfied by
Xao(y) O )
X(y) = , 4.4.6
) ( 02 Xa(y) (4.4.6)

where

w3 wo + w1
—wo +iw;  —iws
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and Oy is the zero 2 x 2 matrix. Let ¢(y) = —X(y)¥(y). Then, from (4.4.4), we
have

M{(a-p)y}(y) = Iy’ X¥){(a - p)¥(y) + Y (y)¥(y)}, (4.4.7)
where
3
Vi) = axx(y) (- - X)). (4.4.8)

Also, a calculation of the Jacobian of the inversion gives dx = |y|dy. On applying
the inversion to (4.4.3) and putting ¢(y) = —X (y)®(y), we derive

I =
/B (IyPX3){(c p)¥(y) +Y(y)¥(y) — Qy)X¥)¥(y)}, X(y)@(y))y| Cdy
—0
for all ® € C5°(By \ {0}, C*), which can be written as
1= [ (@) + 2. Iy Bl )dy =0, (4.4.9)
where
Z(y) =Y(y) - |yl *X(y) ' Q(y)X(y). (4.4.10)
Equivalently, the factor |y|~* can by removed from (4.4.9) to obtain
1= [ (e p)wy) + Z()0). Bly))dy = 0 (4.4.11)

for all ® € C5°(By \ {0}, CH).
Let ¢ € C*°(R™") satisfy

0,for0<t<1
<(t)_{l,fort>2,

and for y € R?, set (,(y) = ((n]y|). Then
Yy

Via(y) = n('(ﬂlYl)m

and so

IV¢n(y) = O (nx/m2/m (Y1)

where x; denotes the characteristic function of the interval I. It then follows from
(4.4.11), and now for all ® € C§°(B;,C*), that

I= / (- PYU(y) + Z(y)U(y), Ca(y)@(y))dy
By

- /B ) {(e PYU(Y) + Z(0)U(y)}), (y))dy =0.  (4.4.12)
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In 1

3

G(y)(a - p)¥(y) = (- p)(Cn¥)(y) — [(a - P)Cn] ¥ (y)
and
Va(y) = [(a - P)Cn] = O(nX(1/n,2/n))-
Therefore, as n — oo,

/ 1 <vn<y>w<y>,<1><y>>dy\ —0 (n /

By

[V (y)IX[1/n,2/n] (Y)d}’>

= O(”71/2||‘I’||L2(Bl)|| — 0.

Also,
/B (((ae-p) + Z(y)|Gn (¥) ¥ (y), ®(y))dy = /B ()W (y), [(e-p) + Z(y)]2(y))dy
~ ) (U(y), [(e-p) + Z(y)]P(y))dy.
We have therefore proved that
| (e p)+ Z)w(y). a)dy = 0 (1.4.13)
for all ® € C5°(By,C*). In other words,
[(a-p)+Z(y)]¥(y) =0 (4.4.14)
in the weak sense. From (4.4.10), it follows that
1Z(y)llcs < Cly|™, (4.4.15)

for some positive constant C.

4.4.2 Embeddings of Dirac—Sobolev spaces

Definition 4.4.1. Let  be an open subset of R? and 1 < p < oo. The Dirac—
Sobolev space H}D’p(Q7 C*) is defined as

HEP(Q,CY = {f: f,(a-p)f € L”(Q,C)} (4.4.16)

with norm

1/p
[fllp.1p0 = {/Q(If(X)Iﬁ + (- p)f(X)ﬁ)dX} : (4.4.17)

where | - |, is the 7 norm in C*, so that,

3 p

Z —iaj('?jf(x)

Jj=1

FGOE =D 1P, (e p) [ =
j=1

p
We denote the completion of C§° (€2, C*) in HP(Q, C*) by H};)’B (£2,C*) and write || -
|p.1,p for the H5P(R3,C*) norm. As in the case of Sobolev spaces (see Section 1.6),
C=(Q,CHNHEP(Q,C) is dense in HP(Q,C*) and when Q = R3, H3P(R?,C*) =
Hph(R?,CY).
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The standard Sobolev space HP(Q,C*) is the space of C*-valued functions
f € LP(Q,C*) whose components have weak derivatives in LP(Q,C*), endowed
with the norm

1/p
3
o= [ 1FGOE+ X InifeoRaxy (4.4.18)
=1
where p; = —id;. The closure of C§°(Q,C*) in HYP(Q,C*) is denoted by

HyP(9,C*). Recall that we have adopted the standard notation H'(2,C*) and
H(Q,C*) for HM2(Q,C*) and Hy?(Q,CY), respectively.
In the case p = 2, on using (2.1.2), we have that for f € C§°(Q2,C*),

3
/ (0 p)f () 2dx = / S™ (e fs pipuf) + s foprpi £)) + 3 Ipif13 p dx

i<k j=1

3
- / S [y ().
Q5

It follows that H 1% (Q,C*) = Hy?(Q,CY).
For general values of p € [1,00), we have

3
(- p) =1 "a;p;fIP
j=1

IN
w

> lagp;fly

j=1

3
= Z p; flp
j=1

p

3 4 3
5 [z |pjfk|p] Y st
j=1

j=1 lk=1
and so
11D 1m0 < 372 F 11 p.00
Therefore, we have the continuous natural embeddings
H'Y(Q,C*) — HEP(Q,C*), HyP(Q,C*) — Hph(Q,CY). (4.4.19)

We have already seen above that when p = 2 the Dirac-Sobolev space Hp, (52, C*)
and Sobolev space H} (€, C*) coincide. In the general case the following result was
established in [Ichinose and Saito):
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Theorem 4.4.2.

(i) When 1 < p < oo, H5"(Q,C*) = Hy?(Q,CH).
(ii) When p =1, Hy 1(9,64) oz H},lo(sz cH).

It follows from Theorem 4.4.2(i) and the Sobolev embedding theorem that, for
1<p<3,
Hp?(Q,C*) = LV (2,CY), p" =3p/(3-p). (4.4.20)
In particular, with Q = R3, there is a positive constant C' such that for all f €
HEP (R3,CY)
Do\ ),

pr < CHfHDJ,p
= C{lIFII5 + [I(cc- ) FIBYP. (4.4.21)
The scale transformation x = Ay, f(x) =: g(y), yields
pe < C{Algllp + (e - p)gllp}-
Since A is arbitrary, we have the following analogue of the Sobolev inequality (1.7.1)
lgllps < Cll(c-p)gllp, forall ge HpH(R?,CY). (4.4.22)

The result of Theorem 4.4.2 is analysed in [Balinsky et al.] where an interesting
connection is uncovered between part (ii) of the theorem and zero modes of Weyl-
Dirac operators with appropriate magnetic potentials. To be specific, let ¥ be the
solution (4.2.8) of the Loss—Yau equation (4.2.6) with A\(x) = 3(1+ 72)~!. Thus

1 . 1
960 = g (o) (o) 7=
and
(- p)(x) = (l%g)w(x), p=—iV.

Let xp, € C§°(R4) be such that
1,0<r <n,

Xn(r) = {O,r >n+ 2,
and |/, (r)] < 1. Then v, := x,9 € C$°(R?,C?) and for some constant positive C,
independent of n,

1@ - DYl zaces.c2) = Ixalor - P+ Xo (0 - 2)ellages )
<C.

If the spaces H,'' (R?, C*) and HB}O (R3,C*) coincide, then the Sobolev embedding
theorem would imply that Hjlilo (R3,C*) is continuously embedded in L3/2(R3,C*)

and this is equivalent to

[ £l Ls/2ms c2) < Cll(o - P)fll (s c2) (4.4.23)
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for all f € C§°(R? C?). In particular, this would mean that ||t || 1s/2rs ce) is
bounded independently of n, contrary to

lnll L3/2(s c2y = /< |(x)|dx =< Inn.

Clearly, the properties of the above 2-spinor ¥ which lead to the inequality
(4.4.23) being contradicted, and hence to the recovery of Theorem 4.4.2(ii), are
that (o - p)y € LY(R3,C?) and ¥(x) < r~2 at infinity. In fact, it was shown in
[Saito and Umeda (2008b)] that these properties are satisfied by the zero modes of
any Weyl-Dirac operator Da whose magnetic potential A = (A;, Ag, A3) is such
that

Aj measurable, |A;j(x)| = O([1 + |x|]7*/?), p>1

for j=1,2,3.

It is natural to ask if (4.4.23) can be modified to give an analogue of the Sobolev
inequality in the case p = 1 for the standard Sobolev spaces. The answer is given
by the following theorem from [Balinsky et al]. In it L9 denotes the weak-L?
space and

1f11§,00 := sup t'u{x € R : |f(x)| > t}, (4.4.24)
where p denotes Lebesgue measure.
Theorem 4.4.3. For all f € C$°(R3,C?),
1f1l3/2,00 < Cli(e - P) fllL1(ra,c2) (4.4.25)

for some positive constant C independent of f.
Proof. Let g= (o -p)f. Then g € C§°(R3?,C?) and
~Af=(0-p)’f=(o-p)g.
Thus by (1.5.17),
o 1
o) = i (5l V)al) (0

e / L (o Vy)gy)dy

_ZE

s [X — Y|
) 3 o 1
- E;"j/ﬂw e <|X_y|>g(y)dy
B _ﬁ . {ﬁ} 9(y)dy =: L5 (9)(x), (4.4.26)

say. Then

£601 < 1= | = loldy = =1(al) ).

x—yl?



140 Spectral Analysis of Relativistic Operators

where I(|g|) is the Riesz potential of |g|; see [Edmunds and Evans (2004)], Section
3.5 for the terminology and properties we need. Since |-|~2 € L3/2°°(R?), it follows
that I is of joint weak type (1,3/2;3,00), which implies in particular that it is of
weak type (1,3/2) and this means that there exists a constant C' such that for all
u € L1(R3),

HI(U)”L?,/z,oo(Rs) < O||u||L1(R3)- (4427)
The inequality (4.4.25) follows. O

It is also easily seen, through the use of a function i with the above properties,
that the analogue of Hardy’s inequality for L', namely

[ ax<c [ o polix, o),
]R3

x|
does not hold. What is true is the following result from [Balinsky et al.].
Theorem 4.4.4. For all f € C§°(R3,C?).
‘ I
Proof. The inequality is an immediate consequence of Theorem 4.4.3 and the

|-
following weak Holder type inequality on R? established in [Balinsky et al.]. Let
u € LP* v e L9 where 1 <p < oo,p~t+¢ !t =1. Then uv € L»* and

luvllzr < ((a/p)" + @/@)"7) s [0l o (4.4.29)

To see this, set, for arbitrary ¢ > 0,
A= {x:elulx)] > 17}
B={x: §|v(x)| > t1/9}
E = {x: |u(x)v(x)] > t}.

< (e pP)fllLr(rs.c2). (4.4.28)
Lo (R2,C2)

Since
1 (1 !
0G0l <57 Gl + a7 (60 )
it follows that £ C AU B and, hence,
1
tu(E) < tu{x : elu(x)| > tY/P} + tu{x: E|U(X)| > t1/9}, (4.4.30)

On substituting s := tl/p/s7 r = et'/9, we have
tu(E) < ePsPu{x: |u(x)| > s} + e Urlu{x : [v(x)| > r}
< ePllullfre + e 0l a0
The right-hand side has its minimum when ¢ = (g|v[|%,.«/p|ull}.. )1/P4 which

yields (4.4.29). The choice u = f € L3/%(R3,C?),v = 1/|-| € L>*(R?,C?) and
the application of Theorem 4.4.3 completes the proof of the theorem. ([l
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4.4.3 Decay of zero modes
Theorem 4.4.5. Let 9 be such that 1 € L*(BS,C*), B :== R*\ By, and

(o p)Y(x) = —R¥)Y (%), (4.4.31)
where
1QE)lles = O, x| =1,
and || - |lca is any norm on the space of 4 x 4 matrices. Then

[ 1w ixax < oc. (143

Proof. 1f € C*(R?)is 1 in a neighbourhood of infinity and supported in R3\ By,
then 01 has similar properties to those of 1. Hence, we may assume, without loss
of generality, that 1 is supported in R3 \ B;. Moreover,

[ Pl pruoPax < . (143

Bl
In the notation of Section 4.4.1, set

U(y) = -X""(y)o(y), oy ) (M)(y).
Since X (y) =< 1, we have from ¢ € L?(B¢,C*) tha

/ |\1:(y)|2d—y6 < . (4.4.34)
B ly|
Also, from (4.4.7),
(M(ec-p)u)(y) = lyP{X(¥)[(e - p)¥(y) + Y (y)¥(¥)]}, (4.4.35)
where Y is given by (4.4.8) and is readily shown to satisfy
1Y (¥)llcs = 1/1yl.

Let ¥U(y) = |y|?®(y). Then

) e o)
(- p)U(y) = Iy {( p>¢<y>+0( o )}
and from (4.4.35),

[(M(a-p)9)(y)| = [y[* {(a p)®(y) + 0O (%) } : (4.4.36)
Hence, from (4.4.31),
. 2@\ |* dy
w2 e mowr o (S} 5 (4457)

Since [, [®(y) |2 4y < 0o by (4.4.34), it follows from (4.4.37) that

| I paw)Pay < .
1
and so by (4.4.20), that ® € L%(By,C*). Consequently
| 1wyl 2y < .
B

which yields the theorem. |



142 Spectral Analysis of Relativistic Operators

Under the assumption

1RQX¥)[les <C)77, x) =VI+ P2 p>1, (4.4.38)

it is proved in [Saito and Umeda (2008b)] that every zero mode of D¢ := (a-p)+ @,
is continuous and decays at infinity like (x)~2, this rate being optimal. Also, Dg
is shown not to have any resonances if p > 3/2, where a resonance is defined as a
spinor f which is such that Do f = 0 and (-) = f € L?(R3,C*) for some s > 0, but
f ¢ LA(R?,CY).

4.5 Sobolev and CLR inequalities for Pauli operators

In Section 4.1 we noted that if the Pauli operator Po had a zero mode, then there
could not be an analogue of the CLR inequality for the number of negative eigen-
values of PAo + V in terms of an LP norm of V. Our ultimate aim in this section is
to show that there is a CLR-type inequality if there is no zero mode and to give a
constant which involves a distance from A to the set in Theorem 4.3.4. First, we
need the diamagnetic inequality

Let A € L _(R",R"), ie., the components A; € L (R"). We refer to the
expression Va = V + {A as the magnetic gmdzent (with respect to A) and to
Da := V3% as the magnetic Laplacian. Note that for f € L2 (R"),Vaf is a
distribution. We define H A (R") to be the completion of C§°(R™) with respect to
the norm || - ||g1 := (-,) 3, determined by the inner product

(f,9)my, = (F,9) + > _([10; +iA;]f,[0; +iA;]g), (45.1)
j=1

where (-, ) denotes the L?(R™) inner product as usual. Note that f € H (R™) does
not imply in general that f € H'(R™), or that its complex conjugate f € H (R™).

The next theorem gives the (diamagnetic) inequality, which has an important
role in problems involving magnetic fields. It is equivalent to Kato’s distributional
inequality (see [Kato (1972)], Lemma A),

Alf| = Re [(sign f)Aaf], (4.5.2)
where sign f(x) = f(x)/|f(x)|, when f(x) # 0 and 0 otherwise.
Theorem 4.5.1. Let A € L3 (R™,R") and f € HA(R"). Then |f| € H'(R™) and
IVIf &I < [(Vaf)x)], ae xeR™ (4.5.3)
Hence, f — |f| maps Hj (R™) continuously into H'(R™) with norm < 1.

Proof. We first assume that f € C§°(R™) and set

Je = \/|f|2+5'
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Then, from f2 = |f|? + ¢, we have
2f-0;f- = 2Re[f0; f] = 2Re[f(0; +i4;)f]

and, hence,

!
V =
Je=Rely
say. Next, we show that (4.5.4) holds for f € H) (R™). Let f(™) € C§°(R"™) be such
that lim,, . f(™ = f in Hj (R") and f(™) — f pointwise a.e. Then

Fom

(m

F (m)

feopm
say. Since |f(m)/f5(m)| < 1, the first term on the right-hand side tends to zero
as m — oo and so does the second by the dominated convergence theorem, on

Vafl=:Re[F(f)]; (4.5.4)

Ff) = Fo(f) = 2 (Vaf = Vas™)

observing that i — ﬁ(m) — 0 a.e. pointwise. Consequently I(m) — 0 in L?(R"),

)

and, hence, in Llloc( 35). It follows that for all ¢ € Cg°(R"™),

f-Vodx =— [ ¢ Re[F.(f)]dx (4.5.5)
R R

and, hence, (4.5.4) holds a.e. for all f € HA(R"); note that the assumption A €
L2 (R™ R™) implies that Vf, and hence Vf., lies in L (R™). As e — 0, f. — |f]

loc
uniformly, while f/f. is bounded and converges to sign f. Thus the dominated

convergence theorem applied to (4.5.5) gives
[ 1n19oix=— [ o relr(nlax
R R

where Fy(x) = sign f(x)V af(x), and
V |£l(x) = Re[sign f(x) V af(x)]
for a.e. x € R™. The yields (4.5.3) and completes the proof. O

In [Lieb and Loss (1997)], Section 7.20, H  (R") is defined initially as the space
of functions f : R™ — C such that

f7 (a] +AJ)f € L2(Rn)7 fOYj = ]-727"' , 1
with the inner product (4.5.1). They then prove that this is a Hilbert space and

that C5°(R™) is a dense subspace. Therefore, the two definitions are equivalent.

In the rest of this section we assume n = 3. The formal Pauli operator

Pa = {o - (—iVa)}’
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can be written as
Pao =Ss+o0-B, (4.5.6)
where Sp is the formal magnetic Schrodinger operator
SA = —Dals (4.5.7)

and o - B is the Zeeman term. For A; € L (R%),j = 1,2,3, the self-adjoint
realisations P and Sa are defined as the Friedrichs extensions of (4.5.6) and (4.5.7),
respectively, on C5°(R3,C?). They are shown in the following lemma to have the
same form domain under the assumption

IB| € L3/2(R?). (4.5.8)

Recall from Remark 4.3.7 that there is then a unique magnetic potential A, which
is such that |A| € L3(R3),curl A = B,div A = 0 and (4.3.24) is satisfied. Since
a gauge transformation does not affect nul Pa, we take this A to be our magnetic
potential.

Lemma 4.5.2. If (4.5.8) is satisfied, then for all p € C§°(R3,C?) and ¢ > 0, there
exists a constant C, such that

(0 - B)p, 0)| < ellSag] + Celloll. (4.5.9)
Therefore, Q(Pa) = Q(Sa) = HA (R3,C?).

Proof. Given € > 0, we may write |B| = By + Bz, where ||Bi[3/2 < € and
|IB2|loc < Ce. Then

[((e-B)p,9)| < (Bip,p) + (B2, ¢)
< |Billa2llell§ + Cellell®
< e VIgll* + Cellel?,

where 7 is the norm of the embedding H!(R3) — LS(R?), and so
(- B)p, 9)| < er?[Sawll® + Celle]?

on using the diamagnetic inequality. 0

The method in the proof of Lemma 4.3.2 also gives, for [A| € L3(R?) and & > 0
arbitrary,

I1AJell* < ellelDy + Cellel®

and this implies that HA (R?, C?) coincides with H'(R? C?) when |A| € L3(R3).
Moreover, Ppo = Di, where D4 is the Weyl-Dirac operator with domain D(D) =
D'NH (see (4.3.11)): note that we have omitted the subscripts 3 from the subspaces
D3, Hs.



Miscellany 145

The operator Sa has no zero modes. For if So f =0, f € L?(R?), then, by the

diamagnetic inequality,
0= (Saf. ) =IIVafl? = IVIfIIP

which implies that f = 0. This, in turn, implies that the operator P := Pa + |B| /2,
defined as the self-adjoint operator associated with the form (Pf, f) on Q(Sa),
has no zero modes. For Pf = 0 and P > Sa + |B|ls — 0 - B > S imply that
Saf = 0 and, hence, f = 0. Therefore, So and P have dense domains and ranges
in H = L2(R3, C2). Moreover, D(P*/2) = D(S}/?) = Q(Sa).

We now follow a similar path to that in Section 4.3 and define spaces D}, Dg
as the completions of C§°(R3, C?) with respect to the respective norms

I£llps = ISL2fll = IV afl (4.5.10)
by = IPY27]). (4.5.11)

Since P > Sa, we have the natural embedding Dll_), — Dk, with norm < 1. Also,
by the diamagnetic inequality, f — |f| maps D} continuously into D!, which is
continuously embedded in LS(R3 C?) by the Sobolev embedding theorem. In fact
the spaces D} and D} are isomorphic if (4.5.8) is satisfied, and we shall prove in
the next lemma that D} is continuously embedded in L(R? C?).

Lemma 4.5.3. Let |A| € L3>(R?) and |B| € L?/%(R?). Then
(1) for all f € Dg,

((ID-A+A-DJf, )l < 29| Allsll £l D (4.5.12)
< 2 Al £, (4.5.13)
where D = —iV, ||Al|s = |||Allls and v is the norm of the Sobolev embedding
D! — LO(R3).
(2)
Dp — Dy — D' — LO(R?,C?). (4.5.14)

Proof. (1) Let ¢ € C§°(R3,C?). Then
3

2Re Y (A;¢,D;¢)

j=1

2| Alislllls[ Vol
< 29]| Al V|
Thus (4.5.12) follows by continuity, and this implies (4.5.13) once (4.5.14) is estab-
lished.
(2) Let ¢ € C§°(R3,C?) and k > 1. Then
k(Sad,0) = (k= 1)(=Ap,¢) + {-A+k[D- A+ A D]+ 4°|A"}¢, ¢)
+ (KA — K*|AP], ¢)

= (k= 1)(~A¢,¢) + (Skas, 0) — (k* — k)(|A[*¢, ¢)
> (k= 1)(-A¢,¢) — (k* = k)(|A[*¢, 9),

([D-A+A-Djo,9)|

IN
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whence
(k= DIIV[* < EllglDy +k(k—1)7*[[Alls [V]g]]*
< A{k+k(k =)y AlEHI0] Dy
by the diamagnetic inequality. Thus (4.5.14) is established, and so is (4.5.13). O

Set

plo] == (Pp,¢), bl¢] := (IBlo, ) (4.5.15)

on C§°(R3, C?). The self-adjoint operators associated with pa := p—b and p are Pa
and P, respectively, and as we have already seen, they have the same form domain
Q = D(PY/?) = H'(R?,C?). When endowed with the graph norm

Il == (IBY2¢* + [[6]*)*/2,
Q is a Hilbert space that is continuously embedded in H; it is the space H (Pl/ 2)

in the terminology of Section 1.2. Also C§°(R3,C?) is a form core, i.e., a dense
subspace of Q. It follows that

Q=D NH (4.5.16)
with the graph norm; the embedding DL — L%(R3,C?) guarantees the complete-
ness, since convergent sequences in D]13 therefore converge pointwise a.e. to their
limits.

From 0 < b[¢] < p[d], it follows that there exists a positive, bounded, self-adjoint
operator B on Dj such that
bl¢] = (Bo,¢)py, ¢ € Dp.
For ¢ € R(P'/2), the range of P'/2,
IP=128]| pg, = &l (4.5.17)

and, hence, since D(P'/2) and R(P'/2) are dense subspaces of D and J{, respec-

tively, P~1/2 extends to a unitary map
U:H— Ds, U=P % on R(PYV?). (4.5.18)
By Hélder’s inequality, for f € Dy,
IBI2£12 < 11Bllls 2]l £1F < comst.|| £[1s - (4.5.19)

Hence, the map f + |B|/2f : D5 — 3 is continuous and
$:=|BYU :H - K (4.5.20)
is continuous.
Theorem 4.5.4.
nul Pa = dim {u:Bu=wu, u€ DgNH}
< nul (1 - 88%). (4.5.21)
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Proof. Let u,¢ € D(P'/2). Then

pA[ua ¢] = p[ua ¢] - b[uv (b]

= (’LL - 'B’U7 ¢)D]13

Hence, u € N(Pa) C D(P'/?) if and only if Bu = u with u € H. Moreover, for any
fr9 €3

(8f,89) = (BUF,Ug)py,,
whence

([8*8 = 1]f,9) = ([B - 1Uf,Ug) py-

The theorem follows since nul [$*8 — 1] = nul [88* — 1] in view of (1.2.6). O

For f € R(P'/?), g € D(PY/?),
(£,8"9) = (8f,9) = (BI'U . )
= (Uf,B|'?g)
= (P21, |B|'2g);
note that |B|'/2g € 3 by (4.5.19) and since |B| € L3/2(R?). Hence, |B|'/?g €
D(P~1/2) and P~1/2|B|Y/2g = §*g. It follows that 8* = P~1/2|B|'/2 on D(P'/?) and
88* = |B|Y2U%B|? on D(P~Y/?). (4.5.22)

This extends by continuity to a bounded operator on K.

Lemma 4.5.5. S is compact on H and
1811 < +2[IBlll3/2, (4.5.23)

where 7 is the norm of D* — L5(R3 C?).
Proof. It is enough to prove that [B|*/? : DY — 3 is compact since 8 = |B|'/2U
and U : H — Dy is unitary. Let {¢,} be a sequence that converges weakly to zero
in Dy, and, hence, in D' by (4.5.14). It is therefore bounded, [¢n[ py, < k, say.
Given € > 0, set |B| = By + Bz, where By € C§°(Q.) for some ball Q., By < k.,
say, and ||BQHL3/2(R3) < e. Then

IBI"2gnll? < kellgnlZzq, c2) + 721 BellLss2s) lonllpy,

< kellonll e (o, c2) + 7K.

The first term on the right-hand side tends to zero by the Rellich-Kondrachov
theorem. Since € is arbitrary, the lemma is proved. 0
Theorem 4.5.6. Suppose that B is such that nul (1 —88*) =0, and set

" an:l,Ufeng}lBH[ 171l ( )

Then 6(B) > 0 and
Pa > 6(B)Sa. (4.5.25)
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Proof. Since nul (1 — 8*8) = nul (1 — 88*), the compact operator §*8 has no
eigenvalue at 1 and consequently §(B) > 0. For any f such that f € H and Uf €
HN Dy,
SB)|FII* < [I(1—8*8)f|?
= [IF1* = 2(8*8 1, f) + 188 f]|*.
Let f = PY/2¢. Then Uf = ¢,8f = |B|'/?¢ and so
S(B)[IP26)* < [P20]* — 2||[B['/2¢|* + ||8*|B|"/?¢||?

= IPY 0|2 — [[[B[*/26]* + [|8*[B|'/2¢||?, (4.5.26)
since P = P + |B|I3 in the form sense. Also, for any h € R(P'/2),

I8h]| = IIBI"/*P~/21|| < ||h|
since P > |B|I3, and this implies that ||$|| < 1 in view of R(P'/?) being dense in .
Thus ||8*]] = ||8]] < 1 and from (4.5.26)

(B[P 0| < P10,
whence Pa > 6(B)P > §(B)Sa. This completes the proof. O
Theorem 4.5.6 has the following immediate consequences from the corresponding

results for Sa.

Corollary 4.5.7. Suppose that |A| € L?(R3) and |B| € L3/?(R3).
(i) For all ¢ € D(PY?) = Q,

B
IBY26)2 > (7 o112, (4.5.27)

where vy is the norm of the embedding D* — L®(R3,C?).
(i) For all ¢ € Q,

IPY%¢)% > H -] (4.5.28)

(iii) For 0 <V € L3/2(R?), the number N IF’A V) of negative eigenvalues —\,, of
Pa — V satisfies

N(Pa — V) < c[6(B)] /2 / V3 2ax, (4.5.29)
R3
where ¢ is the best constant in the CLR inequality for —Aa in (1.8.7). Furthermore,
D N < cd(B)] P2 / V2 gx, (4.5.30)
R3

for any v > 0.

If any of the inequalities (4.5.27)—(4.5.29) are satisfied, then P has no zero
mode. Whether or not nul Po = 0 implies that 6(B) > 0 is not clear. Note that
the infimum in (4.5.25) is taken over the subspace of H in which Pa and 1 — 88*
have the same nullity.

If 4?||B|[3/2 < 1, where « is the norm of the embedding D' — L%(R?,C?), then
from (4.5.23), we have

N(Pa V) < [l = 6%|Bl| /2] 3/2||V||§é,32 - (4.5.31)
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4.6 One-electron relativistic molecules

4.6.1 Quasi-relativistic model

In [Daubechies and Lieb (1983)] Daubechies and Lieb investigated the stability of
one-electron molecules with K static nuclei, modelled on the Hamiltonian

= az, 5 az7
HI,K(Z, R) = (—A + 1)1/2 - Z m + Z ﬁ, (461)
k=1 kL k=t <k 1Y k

where « is the fine-structure constant, x is the electron position, Zj, Ry, are the
charge and position of the kth nucleus, respectively, and Z = (Z1,---,Zk),R =

(R, -+, Rk). We separate the inter-nuclear interaction term and write
5 azz
Hy x(Z,R) = H° . (Z,R) + ek (4.6.2)
’ i [Bs — il
where
al Osz
HY (Z,R) = (—A+1)'/2 =) Rl (4.6.3)
k=1

It is observed in [Daubechies and Lieb (1983)] that if the R; are distinct, Theorem
2.2.6 can be extended to give that HY ;(Z,R) is bounded below if and only if

aZ, < 2/m for all k, and if Zle aZy, > 2/ then the ground state energy E°(Z, R)
of ]I-]I'iK(Z7 R) tends to —oo as the inter-nuclear distances tend to zero, i.e.,

lim E%(Z,6R) = —c0. (4.6.4)

The main theorem addresses the natural question of whether the nuclear repulsion
is strong enough to cancel out (4.6.4). Before proceeding, the following lemma, of
separate interest, is needed. It is a refinement of (1.7.8) in the case o = 1/2 for the
norm of |x|~/2|p|~1/? as an operator from L?(R?) into itself, i.e.,

1% ~*/2|p| /2] = (m/2)*/2. (4.6.5)
Lemma 4.6.1. Let ¢ € L?(R?) be supported in the ball B(0, R) centre the origin
and radius R, and let X denote the bounded operator 2~ |x|=1/2|p|~t|x|~1/2. Then

(¥, XY) < |[¢)* 7R </ |X|1/2|z/1(x)|dx> : (4.6.6)

B(0,R)
Proof. We give a sketch only and refer to [Daubechies and Lieb (1983)], Lemma
2.1, for the omitted details.

It is shown that (v, Kvo) < (¢*, Ko*), where 1»* denotes the symmetric decreas-
ing rearrangement of 1. Hence, it is sufficient to prove the lemma for decreasing
radially symmetric ¢. Also, by scaling, we may take R = 1. Thus ¢(x) = ¥(r) is
decreasing and supported on 0 < r < 1. For r > 1, define z/NJ(T) =773 (r~1) and

_ Jul), r<,
Fr) = {z/?(r) r> 1.
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Then f € L2(R?), ||f]|* = 2|¢||* and since ||X|| = 1 by (4.6.5), we have
(f,XF) < IFII” = 2]lv)12. (4.6.7)

Also it can be shown that

(f,XF) = 2(¢, Kep) +2(¢, L), (4.6.8)

where L is an integral operator with kernel
L(z,y) = 7 x| 721 + 2y — 22y) 'y 71/

and

(¢, L) = 8/%// /24(r)sY/24(s) In E+:jdrds

t€(0,1]

2
> (1/27%) [ / - |x|—1/2¢<x>dx] min_g(t)

where g(t) = t~! ln( £). The minimum is attained at ¢ = 0 and g(0) = 2, whence
the lemma from (4.6.7) and (4.6.8). O

Theorem 4.6.2. Suppose that aZ, < 2/m for k=1,--- K and that R; # Ry, for
j # k. Then

Z;Zy,

HY . (Z,R) > —3ra? S .

J.k=1,<k
Hence Hi x(Z,R) > 0 if o < 1/3m.

Proof. As noted in the first paragraph of Section 4.1, it is proved in [Daubechies
and Lieb (1983)] that it is sufficient to prove the result for the case when all the
charges are equal and take as their common value the critical value 2/am. Since
(—A +1)1/2 > (=A)'/2 = |p|, we may therefore set out to prove that for ||¢|| = 1,
K
(. Iple) — (2/m) Z (0, [x = Ry ') > =(12/m) Y |Rj—Ri[7' (4.6.9)
Jj=1 Jik=1,j<k

for all ¢» € Q(|p|) = H'/?(R?). We express the problem in the form of proving that
for a range A > Ag of constants A

K

(@ 1plY) > (2/m) 3 | 0 [l =Ry =AY IR =Ry 0 |, (46.10)

=1 k]

and our goal is to show that Ay = 3 will do, which will establish (4.6.9) and hence
complete the proof. We include the elegant proof of this from [Daubechies and Lieb
(1983)] to enable a comparison to be made easily with the analogous result for the
Brown-Ravenhall model from [Balinsky and Evans (1999)] which will be reproduced
in the next section.
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Let ay = max(a,0), the positive part of a. Then

K K K ?
1/2
o< (e < | Yo (e
j=1 j=1 j=1
and hence (4.6.10) will be satisfied if
K
(@, [ply) > (&, > W% (4.6.11)
j=1
where
1/2
2 _ -
Wit = [ = Bl = AN Re - B[
K .
For any A, W, has support in a ball B(R;,t;) centre R; and radius ¢;, where
JT=A> Ry — Ry (4.6.12)

Py
If A > 2, the balls B(R;,t;) are disjoint since t; < A™'|Ry — R;| for any k # j and,
hence,
|Rk—Rj| —(tk—l—tj) > (1—2/A)|Rk—Rj|. (4.6.13)
We assume from now on that A > 2.
Let f; denote the characteristic function of B(R;,t;). Since W; = W, f; and
Wj(x) < (2/m)2|x — R;|~"/2, we have

1/2

2 _

SW0 < (;) S I — By Ay () = W), (4.6.14)
J J

Since |x — R;|~Y2f;j(x) < |x — R;|~"/? and |x|~'/2|p|~'/2 is bounded, it follows

that W|p|~/? is a bounded operator on L2(R?). In fact, we next show that it has

norm < 1 if A is large enough. Let ¢ € C§°(R3) be such that W € L?(R?). Then

Ilp|~2Wy|> = (W, |p|*1Ww>

= (2/7) Z (Ix — Rj| 72 39, |p| % — Ry 72 f59)
j=1

K
+(2/m) D (= Ry TV f bl (1x = Rel T2 fid])
Jik=1,j7k
=: Il + IQ, (4615)

say. By Lemma 4.6.1,

K
= (2/m) ) _(f5. |x = Rj| 72 |p| 7 x — Ry |72 £0))

Jj=1

K K
<N =77yt m] (4.6.16)
Jj=1 j=1
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where
my = [ b= R4 G000 i

To deal with I we first recall that (ﬁ@( x) = (F~14 r7F¥)(x), so that by (1.5.15)

() 0 =F 0

L/ 1 by (4.6.17)

" 27 Jp x—yP?

This gives

(2/m)(Ix = R;| =2 £, plHIx — Rl =2 fu])
= (1/7%) [ 1 = R;|7 2 (0w (x) [ 1x = 3|72 ly = Rl /2 fie(y) o (y)dy] dx
<731 —2/A] " 2m;my|R; — Ry 72, (4.6.18)
since (4.6.13) implies that
x —y| > Ry + Ry — (t; +tx) = (1 = 2/A)[R; — Ry,
We therefore have from (4.6.16) and (4.6.18)

K
ol 2Wa? < [l)® =72 " t;2m]
j=1

K
+a 1 —2/A172 )" mym|R; — R 72
J.k=1,j#k

On using the inequality m;my < (m? +m3)/2 this gives

K
oI~ 2Wa 1 < pl1* = m3b;,

j=1
where
by =m 7% =7 31— 2/A]7* ) " |R — Ry|?
=y
>n8[A% — (1-2/A)7%) > Rk — Ry| 72,
k#j

by (4.6.12). If A > 3, then A?> > (1 —2/A)"2 and b; > 0. We have, therefore,
proved that if A >3, |||p|~*2W||? < ||¢]|? for all 1 € C§°(R?) and consequently
W p|~'/2|| = |||p|~/?>W|| < 1. Tt follows that

Ip| — W2 = |p|"2[1 — (|p|~/2W)(W[p|~/*)]|p|'/* > 0.
Since W? > (Zfil W;)?, (4.6.11) is established and the theorem is proved. O
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4.6.2 The Brown—Ravenhall model

The counterpart to the problem in Section 4.6.1 for the Brown—Ravenhall operator
concerns the Hamiltonian

K K

aZy, YAV
B Z,R)=A Dy — — + ——— | Ay, 4.6.19
1x(Z,R) = Ay | Do ; P w;ﬂd T ) (4.6.19)

where, in our usual notation, Dy is the free Dirac operator and A is the projection
onto the positive spectral subspace of Dy. The Hilbert space in which By x(Z,R)
acts is Hy = Ay L?(R?,C*). As in Section 4.6.1, we separate out the inter-nuclear
interaction term and write

K

YA
BI,K(Z7 R) = B?’K(Z, R) + Z ﬁ, (4620)
kl=1l k<l TR {
where
K o
B (Z,R)=A, [Dg— > —25 )AL, 4.6.21
1x(Z,R) +< 0 ;|X—Rk|> + ( )

The operator defined by (4.6.19) has form domain H'/2(R3 C*) and is the re-
striction to Hy of Hy x(Z,R)I4, where H; x(Z,R) is given by (4.6.1). Hence if
Zy < 2/wa for all k and o < 1/3m, Theorem 4.6.2 implies that By x(Z,R) is non-
negative. The problem tackled in [Balinsky and Evans (1999)] was to extend the
range of nuclear charges to Zp < v./a, where 7. = 2(7/2 + 2/7)~! is the critical
value of v in Theorem 2.3.7 for the Brown-Ravenhall operator b (and hence B)
to be bounded below, and to determine an appropriate bound on «. The operator
BY 1 (Z,R) is non-negative if the Zy < 7./a and the argument in Theorem 3.3.1
remains valid to prove that the essential spectrum of B?’ x(Z,R) is [1,00). Hence,
Bi1,x(Z,R) has essential spectrum

K
OszZl
1+ Z — T o0
k=1, k<l Ry — Ri

The analogue of Theorem 4.6.2 is

Theorem 4.6.3. Suppose that aZy < . k = 1,2,....K, and o < ~./(4 +
2y/1+4/2), where v. = 2/(5 + %), and Ry # Ry for k # 1. Then By (Z,R)

is stable in the sense that there exists a constant C' such that
By x(Z,R) > CK.
The range o < v./(4+ 2+/1 + 7/2) = 0.125721 includes the physical value of c.

Just as in Section 4.6.1, Lemma 4.6.1 had a pivotal role in the proof of Theorem
4.6.2, the proof of Theorem 4.6.3 rests heavily on an analogous lemma, but the
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argument involving rearrangement inequalities, which was used to establish Lemma
4.6.1, is not available for the 2-spinors now involved, and there is an additional
complication in that the operator (p-o)/|p|? which appears, does not have a positive
kernel, unlike 1/|p|. To overcome these obstacles, new ideas were developed in
[Balinsky and Evans (1999)], which we now present. Some preparatory work is first
necessary.

We recall from (2.3.8) that a spinor % in the positive spectral subspace of Dy
satisfies

~ 1 (le(p) + 1] u(p)
1/)(p)—n(p)< (p- o) u(p) ) (4.6.22)

where u € L?(R?,C?) is a Pauli spinor, e(p) = \/p? + 1 and n(p) = [2e(p)(e(p) +
1)]*/2. Conversely any Dirac spinor of the form (4.6.22) is in the image of 3| under
the Fourier transform. Also

(¢7B?71(Z)w) = (uv bl,l(Z)u)v

where b1 1(Z) is given by (2.3.13) and (2.3.14), with v = aZ. In Lemma 3.3.4,
b1,1(Z) is proved to have the same domain in L*(R*, C?) as b? ;(Z), which is defined
in the form sense by

by 1(Z) = |p| - %7<W + PWP), v =aZ, (4.6.23)
where
(Pu)(p) = %U(p), (4.6.24)
Lo dp
(Wu)(p) = 27T2R[ P (4.6.25)

Also, by,1(Z) — bY (Z) can be extended to a bounded operator on L?(R?, C?).
While the Brown-Ravenhall operator is simply expressed in momentum space,
it will be necessary for us to work in x-space with the operator

E(lJ,l(Z) = Fflb?,l(Z)F

1 1 po 1l po
— Ip| - —7(— 4 ———>. (4.6.26)
2\l Ipl x| Ipl
Here we have used (1.5.16) to give
1
(F'WF u)(x) = mu(x)

and p, 1/[x| stand for —i'V and multiplication by 1/[x|, respectively. Hereafter we
omit the tilde in b ;.
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The operator % is a unitary (and self-adjoint) involution; let Py denote the

projections onto its eigenspaces corresponding to its eigenvalues at 1. Then, we
1 o
have Py = (1 + IIJTI) and
1 1
Pyilp| = |p|Px, P:I:|p|—1/2 = |p|1/2Pi, (4.6.27)

P} =Py, P} =P.. (4.6.28)
Lemma 4.6.4. Let X := ’YC|>4+/2P+\_11>\P+\:<\+/2' Then X > 0 and

sup (1, Kep) = 1.
loll=1

Proof. The operator b?,l(Z) is non-negative if and only if v < 7. and, for ¢ €
H'?(R?,C?) = Q(|p|L2),

1
x|

(¢, Pr60 1 (Z) Py¢) = (Pyo, p|Prop) — 7<¢,P+ P+¢).

Hence, with ¢ = |p|'/2¢, v < 7. is equivalent to

1 1
2 _ __

1 1 1
>o——yp.P.—P —
”<|p|1/2w’ i +|1o|1/2¢>

2

1 1
Let A = |x|+/2p+|p|+/2 Then A* = WP_’.W and X = ’}/CAA* It follows
from (4.6.29), and since A = AP, , that
sup (¢, Ke) = | A"[* = 1.
l=1 0

From
(¢ P ) = (<19, x p)iw)
and
(06 ] () = (<19 % x)alx)

where @ = F~1 it follows that in both x and p spaces, the total angular momentum
operator J = (Ji, J2,J3) =x X p+ 30 =L+ 1o depends only on the angular co-
ordinates, and commutes with the Brown-Ravenhall operators by,1(Z) and b{ ;(Z)
(see Section 2.1.1). We also recall from Section 2.1.1 that the € ,,, s are simultaneous
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eigenvectors of J2, J3 and L? with corresponding eigenvectors (I + s)(I + s+ 1),m
and [(I + 1), respectively. From

1
(J)2:(L+§a)2:L2+Z+a-L

we have o - L+ 1 = J2 — L? + 1. It follows from (2.1.37) and (2.1.38) that the
Q1 m,s and Q405 m,—s are, respectively, eigenvectors of o - L 4 1 corresponding to
the eigenvalue k, where

Lo [ =172,
T\ i s=-1/2.

We have the isomorphism
H = L*(R®,C?) — L*((0,00);7%dr) ® L*(S*,C?);

any f € 3 can be written, with r = |x|, w = x/|x],

f(X) = Z Cl,7n,s(r)Ql,7n,s(W) (4630)
(I,m,s)€d
and
1= Y [ lamatlrar (4.6:31)
(I,m,s)ed 0

where J is the index set defined in (2.1.27).

The Fourier transform takes angular momentum channels into angular momen-
tum channels, and so (4.6.30) and (4.6.31) continue to hold when x is replaced by
p. We also need the following identities:

]‘ *
[ ] i) St -
S2 §2

27 |x|* + |Y|2)
= 811 O Osst 4.6.32
i (o) (46.52)

X o x

(m)gl,f,n)s((.l.)) = Ql+251m7_5((.l.)), W = m, (4633)

1 [e) L (R
D] [ . Qlﬂn,s(w)} = {m‘ ; 9(s)Qy s ds ¢ m,s(w), (4.6.34)

. d 1—-k

(o-p) [lg(r)QLm,s(w)] = Wt2s,m,—s(w) [d_i + " g(r)} . (4.6.35)

The first is established in Lemma 2.2.2 and the second in (2.1.28). The identity
(4.6.34) follows on using (4.6.17), (2.2.5) and the orthogonality properties of the
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spherical harmonics. To prove (4.6.35) we use the argument in [Greiner (1990)],
p. 171. To begin, we have by (2.1.17) and (2.1.28),

(0- : p)[nglﬂn,s] = [(U : p)(lg)}Qlﬂn,s + Zg(O' . p)Ql,Tms

d
= d_i(o- ’ eT)Ql’m,S + Zg(O' ' p)Ql,m,s
dg .
= = Drasm,—s +19(0 - P)lm,s. (4.6.36)

The use of (2.1.28) again and then the identity (2.1.35) gives
(@ P)m,s = (- P)(0 - €)Qs25,m,—s
={(p-e)+io-(pxe)} Uiosm—s
={-ix-V—-3i—io-(xxp)} %QHQSM),S

r

. { 1 k}
=—i¢———5.
roor
On substituting this in (4.6.36) we obtain (4.6.35).
It follows from (4.6.34) and (4.6.35) that 1/|p| preserves the angular momentum
channels, but (p-o)/|p| does not. However, (p-o)/|p| and Py have the following

invariant subspaces. We can write the decomposition represented by (4.6.30) as

2 1
= —1 {_ + ;(0' : L)} Ql+2s,m7fs

H = L3R C?) = b Him,
120, m=—1—1/2,...,14+1/2
where H; , is the space of functions of the form
tm,172(1) U m,172(W) + Ctm,—172(1) Qg 1,m,—1/2(W). (4.6.37)
Then, by (4.6.34) and (4.6.35)
Py Hym — Him. (4.6.38)

We are now in a position to state the analogue of Lemma 4.6.1.

Lemma 4.6.5. Let X = WCM;IMPJr‘—Pl)‘PJrM%/Q, Then for all v € L*(R3,C?) with
support in B(0, R) we have

2 Co o2
(v.50) < ol - 25 / B0 m) , (46.39)

where Cy = 1/(m3 + 4m).

To prove it we need some preliminary lemmas, the first of which seems to be of
particular interest

Lemma 4.6.6.
po x-o0olx-0

< — 7 (4.6.40)
P> = x| Ip| [x|
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Proof. Let

S | ( 1 x-o01 X-O’) 1
K= ——-—+ | — + — . 4.6.41
2 W2 \Ipl T W o] W 2 (4.641)

We shall prove that for all 1 € L?(R3,C?)

(4,58) < (¢,9%w>,

whence the lemma.
Let ¢ € 3, be of the form

1 1
;f(r)ﬂl,'m,l/Q (OJ) + ;g(T)Ql+1,m,—1/2 (UJ) (4642)

with f, g € C(0,00); such spinors are dense in H; ,,. In

1 Ve p-o 1
X
(. %) = (| o W”) i) <|x|1/2¢’ e |x|1/2¢)

it follows from (4.6.34) and (4.6.35) that the first term is diagonal and the second
off-diagonal in f and g. The diagonal term is

1 *
47T2 7,3/2 /3/2 |X /|2 l,m,l/Q(w)Qlﬂn,l/2(w/)dXdX/
R3 R3
r)glr’) 1 .
A2 7372 1372 |x — X/|2Ql+17m,*1/2(w)QlHamv—l/?(w/)dde/
R3 R3

ve [ [ g(r) g(r') r? 41 ,
+%0/,0/7\/FQPA< o1 )deT (4.6.43)

from (4.6.32). The off-diagonal term in (¢, Kvp) is

fr g(r
// 13/2 lml/Q( )| /| p-o %Ql—!—l,m,—l/Q(w) dxdx’

R3 R3
Ve g(rl) * / 1 f(T‘) ’
+ 3 // m9l+1,m,—1/2(w )mp o mﬂz,m,l/z(‘-") dxdx
RS R3
=Y (Il + IQ) (4.6.44)

say; in (4.6.44) we have used the fact that |p|=2 has kernel (47|x — x'|)~1; cf.
(4.6.17). We shall also need

4 T‘l<
// |X X/| (wm)Ql,m,s(wx/)szdwr/ = 2[ 1, l+1’ (4645)
§2 §2
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= glr)/r*/2

where 7« = min(|x/, |x'|) and r~ = max(|x|, [x'|). In I, we set G(r) =

From (4.6.35) we have

0G0 U112} = s (G + 260

and, on substituting in (4.6.44), we get

f ] T< [+2 r2p 2
= 2l+ // 372" P _+TG(T‘) drdr’

2z+ ZZf(ﬂ)(Z—i)mm{d +Mg(r)}drdr/

SIS

r

T

o0 I+1/2
i drdr’
— . (4.6.4
2// ( ) r (4.6.46)
0
Similarly
oo I+1
—1 _ Zdrdr
0

Hence, for ¢ € H; ,, given by (4.6.42), we have
e [ [0 o (P
(. 50) = o / / i G g Jdrdr
00
/°°/°°g<r> ( +> ,
— drdr
2 /
) NV T

T

—%Im[zoo/f ( )l+2drfr ] (4.6.48)

sl

In
lx-o0o 1

1 1 Yo [X-O
(v, %) = <|x|1/2¢’ P |x|1/2¢>+_< ] |x|1/2¢’ﬁW|x|l/2“”)
(4.6.49)

the first term is the same as that in (¢, K4), whilst in the second we have from

(4.6.33)
(a : %)W) =

1 1
_;f(T)Ql+1,m771/2(w) - ;Q(T)Qum,l/z(w)-
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Hence, both terms in (4.6.49) are diagonal and

v [ I (P
(¢,5<¢) EO/O/ r WQZ( St )drdr
ve [ [a(r)g(r!) LAY
+7//—r \/FQl“( 217 )d”“
0 0
ve [ [ar)at), (e
v30 [ [ 2R (S )
0 0
ve [ [ () 67 <+) ,
+ e = Qi1 — |drdr (4.6.50)
WO// NG 2rr

~ T T / 2 12
(. 50) - (v.50) = 22 [ [ 229D 0“2 Yarar
0 0

—I—%Im[/jf ( )M/erfr]. (4.6.51)

We need to prove that the right-hand side of (4.6.51) is non-negative. For this we

use the Mellin transform M.
Let Qi(z) = Qi(2)/v/z, where Qi(z) := Qi(3[z + 1]). Thus, from (1.5.21)and

(1.5.22)
Qi(= \/ﬂ/ P TEQu(p)dp

1\/jr([l+1—iz]/2)1“([l+1+z'z]/2)
([l +2—iz]/2)T([l +2+1i2]/2)

We then have in the first term of (4.6.48),

T2

L / / O (3 Y = [ o) (1+0)
S RGCRAEE

since M : L?(R;) — L2(R) is unitary. Similarly for the second term of (4.6.48).
n (4.6.46) and (4.6.47) we set O(z) = z*1/2y(x), where y is the characteristic
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function of [0, 1]. Then,

i[5 [ sl 98¢ s
where
1
Of(s) = L /p_iSHdp = L(1 +1—is)7h
V2r / V27
Similarly,

Hence, we can write
® Qi(s) inO*(s)\ (1%(s)
(v, Ko) = \/% /(fﬁ(s% 9*(s)) L (
oo —imOi(s) Q?H(S) g*(s)

Since (1, Xv) > 0, the smooth 2 x 2-matrix in (4.6.52) is pointwise non-negative,
and hence so is the matrix

) ds. (4.6.52)

Q} 1 (s) —imO*(s)
O (s)  Qi(s)

since the two matrices have the same eigenvalues. Hence,

o [QF(s) —im©¥(s)\ [ fH(s)
w [Fe Fe) | ds > 0.
oo in©i(s)  Qi(s) g%(s)

But this is precisely the right-hand side of (4.6.51). Hence, (¢, K¢)) < (¢, X%) for
all the C’O (R3) functions v in H; ., considered, and, hence, for all ¢ € H; ,, since
K and K are bounded. Since K and K map H; ,, into itself, it follows that K < K
on H and, hence, the lemma is proved. O

Lemma 4.6.7. For all 1 € L*(R?,C?)
(v, %) < Iy
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Proof. First observe from (4.6.50) that since Qo > Q1 > ... > 0, it is sufficient
to prove the result for ¢ € Hg . In (4.6.50), with { = 0, we may use Hilbert’s

inequality in Theorem 1.7.2 since ﬁQl Téj:,m) is homogeneous of degree —1.
We have

o0

(6, %) < {k]o PP+ lg(r)P)dr + ks /(|f<r>|2+|g<r>|2)dr},
0

0

where, by (2.2.8),

k= /Qo( {7’4— })dr—/lnr+ dr:l
r—1 2
0
and
T 1 71 1 1
SRS B DR RS
T r 2 r r—1 r
0 0
Hence,
(6.%0) < [ (0P +lg)P)dr = 4]
0
and the lemma is proved. |

Lemma 4.6.8. Let

Y= Y fims () ms(@)

(I,m,s)€d
¢(x) = = Z | frm,s( Q0 12,172W),  Qoij21/2(w) = ZL <(1)> .
(I,m,s)€d ﬁ
Then
[l = lloll, (4.6.53)
(v, Kv) < (¢, K9), (4.6.54)

1 1
——|(x)]dx ——|o(x)]dx. 4.6.55
/mm( ) <R[m|¢( ) (4.6.55)

R3
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Proof. The equality (4.6.53) is obvious. With

1
Yim(x) = ;fl7m,1/2(T)Ql,m71/2(w) + ;fl+1,m771/2(71)9l+1 m,—1/2(w)
we have from (4.6.50)

(., ) < 277//{\[f o2 ima2 o)

+ 1 fiv1,m,—1720)| frs,m —1/2(7’ )|)

Hence,
(’lr/)v :k’lr/)) = Z ("r/)l,m; jNCwl,rn)
l,m
ﬁ

IN

|flm8( )||flMS( )|
lms)ej b// \/_\/—
12
() o B
o0 1/2 1/2
Jo < f,m,S(T/) 2) < |f,m,5(7")|2)
2 J (1,m,s) €3| l | Z l

0/ (I,m,s)€d
X {QO T2mj )+Q1<T +TT )}drdr

(¢, K0)

again by (4.6.50) with ¢ =0, f

IN

= ( Z ‘fl7m,s|2)l/2,l=0andm:1/2,

(I,m,s)el
Finally, if du denotes the Haar measure on the orthogonal group O(3), we have
for g € O(3)

/\/— IdX—/\/—WgXIdX

:1(g)

/ I(g)du(g)

0(3)

o .
- / v (O(/) (o )Idu(g))

() o (o

163
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1 3 1/2 ;
<RZ\/E<O/3 [¥(g )Izdu(g)> d

NG / \/E( > |fl,m,s(r)|2>1/2dx

(I,m,s)€d

———|o(x)|dx.
R/gmw )

The proof is therefore complete. 0

Proof of Lemma 4.6.5.
In view of Lemmas 4.6.4-4.6.8 and a change of scale, it is enough to prove (4.6.39)
with X replaced by X and ¢ of the form

w(x) = f (7“)

with f > 0 and support f C B(0, 1), that is, from (4.6.48)

=3 [ A5 v (5

—00,1/2, 1/2( w),

I 2
§/|f(7“)|2d7’ - Co(%/?/ﬁf(r)dr) ) (4.6.56)
0 0
Define
BN fr), r e [0,1]
o {%fe), ro1
Then
2/|f(r)|2dr _ /|f(r)|2dr (4.6.57)
0 0

and, from Lemma 4.6.7,

][I0 (") o (P

e’} 1
f 2 = T 2 T. .0.
<0/|f(7")| dr—20/|f< )Pdr. (4.6.58)

e
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The left-hand side can be written as

{%0/1 ff;;f:,l {Qo(r +: ) Q1<T +: )]drdr
P /
By STNEE RS

=27.(J1 + J2)
say. We have

e [ [ o (s 1) (s ) e
0 0

> %/1/1ﬁf(r)x/ﬁf(r’){iQo(%[rr'—i— %})]drdr’
0 0

O\H

rr!

1 1
1
> — VEFWVT () drdr (4.6.59)
2

since inf [1In(}£%)] = 2. Hence, from (4.6.58) and (4.6.59),

<u<l
1 1 1 1
2 [ 1£r)2dr > 2(v. Ko) +2%(— NI )drdr)
j J]
whence
L 2
(v.50) < ol = 2 ( [ Visar)
0
—wl? - _dx
_ co( / () m)
with Cp = 7./4n% = (7% + 4m)~L. O

Proof of Theorem 4.6.3.
Now that we have available Lemma 4.6.5, we are able to proceed along similar lines
to those in the proof of Theorem 4.6.2. The argument to justify the sufficiency of
taking Z, = Z, for all k, continues to hold.

We shall prove that when aZy, = aZ = v, k = 1,..., K, there exist constants
A and C such that

("r/)v B?,K( > A’Yc Z

J#k

2 2
e R |II¢|| + CK ||y (4.6.60)
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for all ¢ € AL HY(R3,C*).

We have
K
Y= RS )
K
< (; V)
< <i Vk(X)>2
— U]Z;; (4.6.61)
where

9 . 1 B 1

and the subscript + denotes the positive part. Hence, (4.6.60) is satisfied if
(¥, Dow) 2 (v, UY) + CK|[4]|*. (4.6.62)

We now translate the problem to one for 2-spinors, using (4.6.22). In view of the
remarks concerning bY | (Z) in (4.6.23) (applied K times with the origin shifted to
Ry, k =1,...,K, to accommodate the K nuclei), (4.6.62) will follow if we can
prove that for all ¢ € H*(R3,C?)

1 P-o._p-o
¢ [lp| - (U + 2222 gb) > 0. (4.6.63)
( ! 5 el Ip| )
Clearly, p_l commutes with U + ﬁp“’U ﬁp“’ =: U and if L is the operator
o(x1, 22, 23) — 030(21, T2, —23) We have L( ol ) = (‘TPT)L and LU = UL where

U coincides with U with a minus sign inserted before the third components of the
Ry. Thus we need only prove (4.6.63) for ¢ € P, H'/?(R?, C?), where Py is the
projection onto the eigenspace at 1 for I"ﬁ. In other words, it is sufficient to prove

that for all ¢ € HY/?(R3,C?)
(¢,Ipl¢) > (¢, PLUPL9),
or, equivalently, for all u € H,

——P,UP; (4.6.64)

Jul? > ( TE ¢1|?|”)

The functions Vj, in (4.6.61) are supported in balls B(Ry, tx), where

tt=A (4.6.65)
k ; |R; — Ry Rk}
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Hence,
}Rj - Rk| (t; +tn) > (1 — —) }R Rk| (4.6.66)

so that the balls are disjoint if A > 2.

Let x1 denote the characteristic function of B(Ryg, tx). Then
V2(x) = V2()xk(x) < o
}x — Rk}

and

K
U(x) <92 {lx = Rl 7 2xn(x)} =1 /Ui (x).
k=1

Clearly (4.6.64) is satisfied if, for all u € H

[u? > PLUL Py

O v -1
U, —— ——u.
Ip| p|

With T := ﬁPJr\/Ul, this becomes
(u, TT*u) < ||ull?,

and so ||T*

< 1, which in turn is implied by
(u, T"Tu) < [lul?, we %K,
or

(w0 VEPL VT ) <l (4.6.67)

Thus, we need to prove that for all ueH
K

1 1 1
ull® > e <u Xj(x)————75 P+ = Pix (X)7U)
jJCZ:]_ ! }X—Rj|1/2 +|p| A |X—Rk}1/2
K
1 1 1
=7 Xy (%) ————= Py — Py X (x) ————
vz:(u WP *XJ(X)\X_Rj\l/Z“)
1 1 1
+ e <u Xj(X)———75 Pr=PrXx (x)iu)
#Zk T xRy Tl T g x — Ry|'?
=hL+1D

say. By Lemma 4.6.5, with Cy = (73 + 4m) 1,

flsé{nxjw U i)

1 1/1 p-a)
Po—P == —4+>22);
Tpl T 2(|P| Ip|?

In IQ
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‘11)‘, P have kernels 271'2\x L = I(;:;)?’I/Z’ respectively. Thus
I <~ >/ / u) ()| x
25 o e x— R REACE
J#kRs
1

| (xkw)(y)|dxdy

X
Ix—yPly - Rk|1/2
1/1 1 2172 2
SE(;—Fi)’Yc{l_Z] Z‘Rj—Rk| m;mg
J#k
by (4.6.66), where

[ )]u(x)]
j = |X—Rj|1/2dX'
R3

Thus
. -2
1 1 /1 1 2
L+ 1o < [ul? - S\t e
1+ 12 < luf| Cth J+47T<7T+2)7{ A] "
XZ}R Rk 1/2)(m +m’f)
J#k
< JJul®
if

Co 1(1 1 2]7? 2
F-nmGra)l-3 Zm-n
J J#k
for all j. On substituting (4.6.65), the last inequality is satisfied if

A2> (142 1—3 -
- 2 A 9

that is A > 24 /1 + 7/2. We have, therefore, established (4.6.60), and can take
A =2+ /14 x/2. Consequently, we have

By x(Z,R) > —24~, +aZ2 +CK>C’K
LK( ) = Y ; ‘R Z |Rk — - =
i < i < 2” ~ 0. . i
if 2a[2 + /1 4+ 7/2] < 7., that is a < TS 0.125721. The proof is
therefore complete. |

4.7 Stability of matter in magnetic fields

Our focus in this section is on techniques that have proved to be effective for es-
tablishing the stability of matter subject to magnetic fields. We recall from Section
4.1 that, as was shown to be the case in the last section for relativistic molecules,
when magnetic fields are present, stability requires a bound on the fine-structure
constant o as well as on Za or Za?2.
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4.7.1 Non-relativistic matter

The Hamiltonian to be considered for N electrons and K static nuclei having charge
Z in a magnetic field B = curl A is that given in (4.1.8), namely

N
Py x(A) = Pa(x;)+aVo + Hr, (4.7.1)
j=1
where P = [0 (—iV + A)]?, the Pauli operator and Hp = (87a?)™! [o, |B(x)[*dx
is the field energy, which, as noted before, has to be included for stability for large
magnetic fields. We follow the treatment in [Lieb et al. (1995)] in which use is made
of the relativistic stability result

N
DI =iV+AX)| +KVe =0 (4.7.2)

j=1
proved in [Lieb and Yau (1988)], to give a lower bound for the Coulomb potential
term Ve in (4.7.1) and thus obtain

N
Py k(A)>P:=> T;+ Hp, (4.7.3)
j=1

where the T} are copies of the one-body operator
1
T := IE”A—K’1|2V+A|. (4.7.4)

The inequality (4.7.2) is proved in the corollary to Theorem 1 in [Lieb and Yau
(1988)] under the conditions (appropriate to here)
0<2k<0.032, Zr<1/m. (4.7.5)

It follows from the Pauli Exclusion Principle that the ground state energy E of
Py x(A) is bounded below by En + Hp, where

o [NV/2]
En=2)_ )
j=1
and A\; < Ay < --- are the eigenvalues of T repeated according to multiplicity.

Define
NA(T) :=t{j : Aj < AL

Let p > 0, and suppose there exists k such that =Xy < p < =X, 1 <k < [N/2].
Then

- k
/ N_\(T)d\ = Zj(—)\j + A1)

Jj=1

k
==Y N+ kg

j=1
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and so
k o
>N =k — / N_\(T)d. (4.7.6)
— "
This gives
[N/2] (N/2] o
Z)\ =k + D> A —/ N_x(T)dA
Jj=k+1 ®
> —uN/Q—/ N_x(T)d\ (4.7.7)
I

since A; > —pu for j > k + 1. We therefore have
En>—-Np— 2/ N_»(T)dA. (4.7.8)
N

If u > =X for all 1 < k < [N/2], then Ex > —Np, and, hence, (4.7.8) holds
always.
Since Po > 0, and Po = (—iV + A)? + o - B, it follows that, for A > u,

Pa > puA"'Pa
= pA =iV +A)2 — u\ 7B

By the Cauchy—Schwarz inequality, for any x > 0,1 € D([p+ A]?), with p := —iV,

(Ip + Alp, ) < [llp + AJg[[[I¥]l
= ([p + APv, ) 2|10l
< (1/3X6)([p + APo, v) + (3Ak/4) |4,

The choice u = 4/3k? gives
T > A2 (p+ A) — (4/3)0 16 2[B] — (3\/4)
and, hence,
T+A>X"'w?{(p+A)} -V},
where V(x) = (4/3)|B(x)| — (A\%x?/4). This implies that
N_A(T) < No(T),

where Ty := (p + A)? — V and so the CLR inequality (1.8.7) gives

4B )\2 273/2
[B)| “} dx, (4.7.9)

N_\(T)< L -
M) < Ls /]R [ 3 4
where L3 is Lieb’s bound, L3 = 0.1156.

+
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On substituting (4.7.9) in (4.7.8) and inverting the order of integration, we get
. oo 4 )\2 273/2

By > —N,,L—2L3/ / [—|B(x)| -2 } dxd)

w JIBoIz3N2 /16 13 4

VI6IB()[/35% 4 2252 3/2
—N,u—2L3/ dx/ -|B(x)| — dA
RS 0 3 4

V

vV

AnLs / B (x)|2dx.
3k R3

Therefore, the ground state energy E satisfies

E>EN+ Hp
1 47TL3 2
>—N — B d
- et {877&2 3K } R3| () dx
> —Np

if K > (327%/3a?)L3 = 12.2a2 when L3 = 0.1156. On inserting this in the Lieb—
Yau conditions (4.7.5), we have that E > — Ny, where u = (4/3)x~2, and, hence,
stability, if

200 < 0.071, 2Za? < 0.052. (4.7.10)

For @ = 1/137, this requires Z < 490. If (4.7.10) is assumed, the choice k =
min{0.0315/2, (7Z) "1} yields the lower bound

E > —Nmax{5380, 13.27%}. (4.7.11)

Note that (4.7.11) holds for all magnetic fields B. In [Lieb et al. (1995)], it is
also established by a direct method that does not involve the use of (4.7.2), that

E > —2.62*/*max{Q(Z)?, Q(11.4)2}N'/3K?/3, (4.7.12)
where Q(t) = t + /2t + 2.2, provided that
2Z0% <0.082, and 2a<0.12.
It is shown in [Lieb (1976)] that this gives the correct dependence of the ground
state energy F on Z for Z > 1.

The following Lieb—Thirring inequality is proved in [Lieb et al. (1995)] by the
same technique

Theorem 4.7.1. Let A\ < Ay < --- be the negative eigenvalues of Pa — V,V > 0.
Then, for all 0 <y <1,

> Nl <ay /w V(x)*?dx + b, </R3 |B(x)|2dx> o (/R3 V(x)4dx> v (4.7.13)

where a,(2%/2 /5)(1—~) "Ly, b, = 3'/4279/477=3/8(1—~)=5/8 L3, and L3 = 0.1156.
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Proof. Asin (4.7.6), it follows that
d o= —/ N_x(Pa — V)dA
0

_ {_ UOZ/:O] N_A(Pa — V)dA}

L +D, (4.7.14)
say, where y is a parameter which is to be optimised. For 0 < A < p,
Pa—V4+A>(p+A)?2—B[-V+2A
and, hence, by the CLR inequality (1.8.7)
N-A(Pa = V) < No((p+A)* = [B] =V + 1)
< Ly /R (IBX)| + V(x) - \)¥2dx. (4.7.15)
For A > u, we take
Pa > pA"'Pa > pA~ (P + A)? — BJ]
to get

N_\(Pa—V) < N a(uA(p+A)P? - B[ -V)

N
No([(p + A)* = [Bf] = = 'AV + 17 12%)
L

/ (BGO|+p AV (x) — 7 'A%)dx. (4.7.16)
R?’

IN

We now claim that, for any 0 < v < 1, the integrand in (4.7.15) is bounded
above by

V2 (B =72/l + V() = (1= 9)AY)
To verify this, we first write
Bl +V =X =[B] =y "N + [V = (1 = )A] + (=1 + p~ 1A,
which gives, since \ < p,
(IBl+V =Nt < (Bl =y W44 + ([V = (1= 7)A])+

The assertion follows on observing that (1 + z)%/2 < v/2(1 + 2/?). Similarly, on
writing

B[+ p AV = 7N = (IB] =7 IN%) + (u7 AV = (1= )p” X%,
we see that the integrand in (4.7.16) is bounded above by

\/5{(|B| - W,u*l)\z)i/z + (T AV = (1— 'y)ufl)?)i/Q} .
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On substituting these bounds in (4.7.15) and changing the order of integration, we
obtain

DNl < V2L /R3 {/OOO[IB(X)I — A2 %A
i /M[V(X) - ”Wi/zd“r/w[u’lw(x) - —v)ulv]i/zw} i
0 n
< \/§L3 Ag {/OOO[|B(X)| —’}//J_l)\Q]i/2d>\
- 1 3/2 °
s [Tveo - a-aa |
— \/§L3/ {1+ Jo + Js},
R3

say. The following are readily verified:
3/2 oo
2= (1) [ e B0l - ¥
0

37T 1/2 )
Too7z BOIP;
(-2 | Tl - )V ) - A 2ax
0
- SV
(1—7)*2

1% 0
3

4
281 =y’

(b IV (x) = (1 - 7)#‘1A2]i/2d/\} dx

Jo

‘We therefore have

ul/2
Sl e [ {5 Ve ¢ S e

=) 167172
37 4
+ 128572(1 = )2 V(x) } dx.
The theorem follows on optimising this with respect to u. O

The paper [Lieb et al. (1995)] should be consulted for further details of the methods
and results in this section and for important background information.

4.7.2 Relativistic matter

The Hamiltonian considered in this case is that studied in [Lieb et al. (1997)],
namely

N
By.x(A) = Ay [ Y DY(A) +aVe + Hp | As, (4.7.17)
j=1
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where
DY (A) = a - (—iV + A(x;)) + 3

and Hp = (8ma) ™" [o5 [B(x)|?dx, the field energy.
It is proved in [Lieb et al. (1997)], Theorem 2, that if A is the projection Ay n
onto

N
j=1

where fHSf) is the positive spectral subspace of the free Dirac operator ]D)E)j ) acting

in the space of the jth electron, the Hamiltonian in (4.7.17) is unstable for any

fixed «, if the particle numbers N, K are arbitrarily large. However, it is shown

that there is stability for a suitable range of values of @ and Z if Ay = Ay y(A),

the projection onto

N
Hy(A) = N\ 5 (A)
j=1

where ﬂ-(gf) (A) is the positive spectral subspace of ]D)E)j ) (A). We shall sketch a proof
of this last result from [Lieb et al. (1997)], but see the original paper for a fuller
treatment and discussion.

The proof uses the following special case of an inequality due to Birman, Ko-

plienko and Solomyak in [Birman et al. (1975)]; a proof of this special case is given
in [Lieb et al. (1997)], Appendix A.

Lemma 4.7.2. Let C, D be self-adjoint operators which are such that (C? — Dz)l_/2
is trace class. Then

trace (C — D)_ < trace (C* — D2)£/2. (4.7.18)

Recall that the negative part A_ of a self-adjoint operator A is defined to be A_ :=
(1/2)(JA| — A). It is in trace class if its eigenvalues A,,n € N, lie in the sequence
space ¢!, The following application of (4.7.18) is noted in [Lieb et al. (1997)]. A
special case of the Lieb—Thirring inequality (1.9.3) is

ST Aal(p+A)? = V)2 = trace[(p+A)? ~V]/* < Ly / Vi (x)2dx, (4.7.19)
RS

where Ly 2 3 < 0.06003 and the A, ((p+A)? —V) are the negative eigenvalues of the
exhibited operator. On applying Lemma 4.7.2, we obtain the relativistic inequality
proved by Daubechies in [Daubechies (1983)], namely,

3 Pallp + Al = V)| = trace[|p + A| - V]_ < L1/2,3/ Vo (x)*dx.  (4.7.20)
RS

The main theorem proved in [Lieb et al. (1997)] is
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Theorem 4.7.3. Let Z < 2/(wa) and a < «., where «. is the unique solution of
the equation
(87TL1/2,304c)2/3 =1- a?/df,

with d, := [(7/2)Z + 2.2159.21/322/3 +1.0307 - 21/3]~1. Then
N .
By.x(A) = A n(A) [ Y DP(A) +aVe + Hp | AL n(A) > 0.
Jj=1

When « = 1/137, this requires Z < 56.

Proof. Asin Section 4.6.1, the first step is to replace the Coulomb potential Vi by
N copies of a one-body operator. On the fermionic Hilbert space /\5\7:1 H'Y2(R3,C?),

N
> P+ A +ave >0

j=1
is proved in [Lieb et al. (1997)] to hold if & < a. This yields

N
By, x(A) > Zﬁj + Hp,

j=1
where the B; are copies of
B:=A (A)DaAAL(A) — AL (A)s|lp+AJAL(A), (4.7.21)
with kK = a/d., and Ay (A) the projection onto the positive spectral subspace of
the operator Do = D + a - A. A lower bound for By x(A) — Hp is therefore
given by the sum of the negative eigenvalues of B, i.e., —trace (B_). We substitute
C=AL(A)DAAL(A),D = kAL (A)lp+ A|AL(A) in (4.7.18). Since A4 (A) com-
mutes with Da, and Ay (A)? is the identity, we have that C2 = A, (A)D3 A4 (A).
Furthermore, setting X := k|p + A| it follows that
D? = AL (A)XAL(A)XAL(A) < AL(A)X2A4(A),
since XA, (A)X < X2 on account of 0 < A, (A) < 1 and X being self-adjoint.
Thus,
C? —D? > AL (A)[DL — X?]AL(A).

In view of the final paragraph of Section 1.4, this implies

trace (B_) < trace (AL(A)SAL(ANY?, S:=D2% —k’p+ A2 (4.7.22)
Next observe from (2.1.4) that

2o (ooprn)” B )

D2 — Pa+1 O
A 0 Pa+1)°

and this gives
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where the Pauli operator satisfies
Pa > (p+A)* - |B|
It follows that

trace (B_) < trace [(1—«*)(p+ A)*>—|B|] 1_/2 . (4.7.23)
The Lieb—Thirring inequality (4.7.19) therefore gives
trace (B_) < 4(1 — k%) ™*/2L, /5 / IB(x)|2dx. (4.7.24)
R3

The 4 appears because the trace is over 4-dimensional spinors. In fact, it is shown
in [Lieb et al. (1997)] that the factor 4 can be replaced by 2. With this modification,
we have that

T

B>{ L _on_ ) / IB(x)|2dx
213 a2 1/2,3 -
>0
if

(16wl jn3)%3 <1 —a?/a? (4.7.25)

The left-hand side of (4.7.25) is increasing in « and the right-hand side is decreasing.
The unique value of o which gives equality is a.. The proof is therefore complete.
O
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RELATIVISTIC
OPERATORS

Over the last decade, there has been considerable interest and
progress in determining the spectral properties of various operators
that take relativistic effects into account, with important implica-
tions for mathematics and physics. Difficulties are encountered in
many-particle problems due to the lack of semiboundedness of the
Dirac operator, and this has led to the investigation of operators
like thase of Chandrasekhar-Herbst and Brown-Ravenhall, which
are semibounded under appropriate circumstances.

This book contains an up-to-date, comprehensive and self-contained
analysis of the spectral properties of these operators, providing the
tools for anyone working in this area. Another major feature is the
work of the authors on zero modes, a topic which has important
significance for the stability of matter and other physical problems.
Up until now, these topics have been scattered throughout the
literature, without a systematic and cohesive treatment. The book
will report largely on the progress on these topics published since
1992
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